Classroom: CGW6K'7B
E-mail: alfredo.urbano@uniroma.l.it
Receipt: Friday, 11:30 - 13:00

The course is divided into 3 parts:

1) Recap on QFT
) Renormalization theory (in QED)
3) Spontaneus symmetry breaking

Exam: oral with /3 questions



Part 1
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Univar.sali"_rti > related To ‘(E?Q’&s&iﬁa“\‘bh heory : able e a’s{fy the same & mmdry
Frmcifales ta ohjects that sre fotally different between each other

f.g- tretation in space

Beovly «— Jie qroups ove 1he most beacly objects jnferseplion befuwwen slgebra and
0 J 8 J
ol /. aeom£+nf)

The fa vansian dtécrti;hon howeever iwlroduces rec{unolancy : in order Yo malie

the forhali m consisten] we introduce more varidble than the achal d.of

Exam 'les ! ho‘&on’s J.@f J PDivac .saoi_m.r.s dof nfﬁ (3 "|li")2 ﬂ#’igflﬂ O_)" ‘{hl?;c;lc:f fﬁa’f
ong .

comeuistions in @FT srve

How To ONIFY QY witH S.R

let’s consider a free pavticle - ]
We Know how o ﬁ):d Jrht Shrodinger equation: {E - f% Qﬁgiwim
& 7 P4V
CE=P S o @EY - L VED
We can do the same for the velativistic digevsion velation :
. E*= pZtm? — (D% mz)c}?(i',t) =0 [lein Gordon e,

-Frc-m which we can E)C%rafc\a+& the Wlein Gordon faavm%ian clEﬂs.Hl‘r:

2= £ (NP-TF

and then f:romdffng 4’ ds {‘S’ (b?'}w’amaﬁng the Jovrier cocff. Fo  aunihilalion and creslion op.) and
:‘m,ﬂo&ng’ lhe commutation rle we can quaniize The Hﬂfﬁl}' . The same we canm do wilh Dirac. 'Hm?}f.
This s net 4he af:?rﬁa-:h that we want to follow becsvse hydts the generali‘l*f of 1he
constreclien of & &FT. ,in farifcular +he specia\  role ofs:;mme’fries.

OPERKTORS

We Wnow thst since H= Ly [H,P] = [f‘l f’:’]:o (conservation of

£m Whomerity m)

So we haoe a comelete descriplion of {he system if we consider 1he eigen states of P.
Th&‘refore i ’ I

BIP> =PIP>  ; <qlp>=S(p-q) [Bpipepl=t  HID=E1p

RS (s = [dp Ip<p) 9o = [def(Iip>  Po = cpip
I

Sy per F’OH:'I'TEJ'I'I o

momevtorn ef«aen states



All of {his is relaled Yo momentom conservslion and we Wnow that it is related
to =patiol Yeanalstion invariance . Se mafyée The Fﬁy fo vielock q’!f}ﬂfﬂf d'c‘scr{,n-frbns is fo look
ot this Kind of prblem from fhe pont of view of symmetries.

SPATIAL TRANSLATIONS

Groop of transltions in 40 T

ROLES -

e T (&) #T(8:) = T(3:432)
- To= ¢ ISOMORPHY oM = g = (FR,-I-)

¢ T@ =TC)

We coen t:leﬁ“ﬂe a wap (hgmomﬂ?)h?smff.e. it preserves the C:rwf- stroctore)

between T3 and (R,+) :
- STy * T(H)=B(T)) S(T(H)
‘]? :T'i = (ﬂ_\)ﬁ') nevtral elemm)-l' O
4’(1'(&)) —> a inverse element @ -2

This gives S way fo visuslize The frau%ﬁrmafl‘ani (H-B. in this coorce we Qdﬂ[';} the
aclive faoir‘f} cFﬁew af‘]'r&n#)rﬁrf‘ma‘,fdﬂa)

Consider the Hramslation : X —s X' =x+a Cnm he evieu 3 *mnsforma‘kien,
ie. we cannct descrive T 95 & malrix ynuH{Fh‘f:é:-h“m) . However there's a SimP\E Frick
to transform ;7 in an hamoa enevs ope | Idea chanae rePresewf'af:;pn.

We can cfg{;'nf fﬁe ma',a:
P Th — sL(2F)
doen — (42

it lis|.a r‘elpr:mnfaﬁan - fis an bmomorphygm and a b}lj'ed:"on | ﬂ-‘t‘re/@re r?”grves
the aﬁp&'“fum-‘& 7[1:: AP_)C&?P _-";. as :

s [(£2) <ot + oen]

snd pew fo do the transistion we can Limply e o watix mdliplicalion. (ie. dhe
translstion 8s an hn‘maaeneus Traus fermation’)

b ()= D0 -(C8)
New , therefore , we can 1'mmea’:‘&'r‘£fy /Cfauv‘e ost what (s is a|aebra.
=l {x e M(N.c) : efIEG,{'élﬁ}

NxW
complex malvices
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So 1he a\%cbra of the c{;,‘roug: i8 simp\l{!

t(t) = {(‘; j), yem} t)=R

Problem : the 2-dim f-‘m"k keFresenTaﬁon thst weitduzﬂr fevad s nct vaitevy.
This 15 dee by the fact that The ?rauP iz 0 cempact.
T would lie {fo have mstead & wnilary wf?&bcw‘}ef{an Lecavse & enerstors of
vnifary repr. are hermition objecls ({he fypicsl op. were interested in i«?oﬂ )
(Fivst condidales += be observables).

How To Fivd A UNiARY REPEE SENVTAT ey

The 1dea s to consider fﬂna‘:’ans . let% ol‘.’ﬁwe:
VI = P (x-3) > Y = Y(x-3)
The 1dea is te interpreter Y! a5 :

Yoy — F69 =D OV Fz-a)

.a) = _a d d? -5 d :
'q/(x a) ’L}z(x) ad_x’qa)+£-£gzg;zmr(z)+.u = (1 aa+-§.a jﬁa*--') ‘lr[x)
_ad -¢a?P

— D@=ec * ='e P=-id qoncaicy

QBSERVAT ION : & dx  Ctheolycbr

« It ia lan hnmamc‘rph;srn / ‘L (Ib'l;;::ﬂhgze
*THis a L;:wd?déo\l : il E!Faﬂen'fial map i 4 pm)

— is a valid represenisiion

But wail, alse w the 2xe fi'la[fe dimension we can deﬁne the e.xfcnem’.-‘af 3P

3 -+aP
(: D: exp z Z): exf(—ia (:; ‘;)): e1°T | Pis 2 o mattia

Th!‘-’ steuctore  befween ‘qu Lie greop and the Lie algebra s given E‘y the same expaneﬂﬁafmqb.
However the je-nara‘fﬁrs hove a fotally different form : in the” 1% case iz o Jifferentiol operator
inthe 2% cag’ is & 22 matrix. Morevver in the 279 cose we can By ?m‘sﬂft‘g fhat +he vepresadiali

i= ot unm"l'arvf becavse the .aunevators ave not hermitian.

To checlh +hat the f’reFracm'n‘lafr'an is onifary we need to equ pe the space with an inner
prodoct (in order fo check unitarity) . The space’ of fonetions is |*(R)

+00
<fi92 = fd:r. chxJ %(1) =L Pg) = <in,'}> - 'H\e. %Q-V\Er&".’oh" s —» the rﬂpr@se.vﬁ atien
=< hermdisn, is uni‘i&rr .



FOURIER STACE fINT OoF VIEW

The facf 1hat 1vanslafions in This r:‘,orcaen‘l(aﬂan act as derivstive in space

.s-?rawafy e est +o loo at tais a'lescn‘f’r.‘on from the point of view of Fourier
spece cin éhich derivatives act as predocts |

1 |
<) Jnverse Fourier '}ransfarm: 'lf/f?f-) = fﬂlf’ a i ":P(P)

i) Actien of tronslstion in Foorier space V:P'(P)=E"C3P‘{P(P)

i) Action of framslation on Ket (vector space) ?

Given thaf TPCP) z <p l'lP> > what is | %> — ¥ %
J#'s possible o show that | y> — 1> = PR if Plp=pip
Se we learn that we have a rePreseﬂ'}e'}fen adr'rﬁ en momeytom eigenﬁfé“}:s 2

= P =
D@ = ¢“7TI1p = e 2T (where Pip=pIp>)

Lensider the sub-space given E? Just 1 sinsle vector {lP)j‘ with P {ixed . T'nerej%m 1he
repre&emfaﬂcn that we just weste s irreducible | becavse Va P remains the same.

However it is not u*ni”rar-r |

Genereli 2zation in ¥ - dimension

;rn, H?f& case ﬁae rouF s h-climenafc-na\ fsinr;e 'qu efeme.mf cf‘”ﬂf
a that has n cemponents, and It is 1somerphic fo R". We can exirect ‘fa

Jub"i uas:'ma the defén-“l:‘m . 0 ‘7
5 X = ( i ) ' ? E.‘E"’J
9---0 |0

The 3%3?&1’0?& , which form o bosis in 1he Lie al%e‘\omi aye :

{T"= (0"*" ') R} Tn_.(ﬂm |>}
0o __.o0| 0 e...0|0

We can See that these caemera’brs commale with each other . [T4,T] =0

reup 18 JE’)CHCA

e a‘.ae‘nm

We can lLa"ﬁE 1he &xfonen*\'ia\ map an )C‘nJ the Um"f’ér?r pafresenfafx“an:
IOl AT M

Fﬂqeﬂf"”" the E‘?ﬂﬂ'f-"ﬂﬂ PIp>=pIP> is veplaced b(f DE)IP = 6-4:5713'“3>



5.;, 'Une eV:c\?oitﬁ'kE i 'H'}Ed' wWe caw c{xescrlbe 2 nohn 'L'Ella'\i\a'l's.‘k?c:
acca\fﬁ‘:‘ﬂ%_ to unHartf reTsresenfafrbm of The s mmetry
There fore |, ma‘(fbe, i erder fo describe a relafivistic Hicle we should find a unita

rermaenfah’pm of the Fé.fn:am‘grmp which muybe It is 7:0."1‘(.::' simildr fo the one That
we saw . However we’ll have fo “conszider slec the presence of- besst , and rolstions.

PO INCARE G.ROUP

a‘f“r icde 'n & .M.

Lecdore 2 2%/02)2024

Def (roinehre sroor) : The Rincore qwop is 2 fo-dimensiansl non compact and  hon - belian Lie $rep
a-[:HinKuwsl.-(; .Slaaafﬁme M&'ﬁ‘lﬂs

We can have 2 Kind of frausformstions

- 4- DIMENEjoNAL SPACE -TIME TRANCIATIONS

they v co\iy trenslate in space Aime he Foirds
G'F Ni Fow-ﬁkr' -?&Q.me.se ‘f'mmﬁrmaffom ;,Grm
the 3””*’ Tis.

- TRANSFORMATIONS THAT JEAVE INVARIANT &S : (b8% is the dishence fromthe origin in M) These
‘hfdn.sfomaffans Jorm the o called Lorents Gmuf

LORENTZ &RouP

Conﬁfdlﬁ'ﬂ'ﬂﬁ 'Hae meric 3=diata (1,-:‘,-1,-:] and fai‘i-'ng a 4-vecler (;) We  can 3ee ‘f‘h&ff:
=T t -\t =2
(%) 3(;) = (t r‘?‘r)(i> = ¢% [
(_-ca.losea uen‘f!} .r'f tese 753{4:3 E'fmua}%l'mdﬁon A

&) "G

it leaves NS? inveriont iff:

(t,Z7) N'a A (;) = (t,%") 3(2) — (NgN-q
Therefore we con mathemslically define The Jorente group as :
043 = {Ne6L(4R) | N'g A= %} with o= diag (4,-4,-4,-4)

We wnote that the condition f\Tﬂh;’? can be also wriffen i the form:

AT = 9 A”‘a"‘

Tt's simf-]'-lr To prove Tha 0GR is a groop ie. it sslisfies: clesuire NAgh, €002
has an idendity elemerit  Auxy , it has an inverse clement K* sochdhat AN =4



Com me I"'I.T

Ubiw% the 1‘6‘&}3&1&%6 of 4 vectors (fensorial iawnaua%e.) we coold  rewrite I\Taﬂﬂb m a teworid

way . \We define:

3’“?: 1"1-‘!‘0 Snuv:(d' ,'_40
9 T4 * i

WE. callect sFace-'ﬁme. coordi nates fnfe the 4-veclor with upper (cdr!ravatian'i)camfamenf‘s‘r
ak = (*) 5 Ao L2 = aAxY
z o
Tf we ivitroduce the covariant version — Xu= 2/ o (whera We say that indices are lowered

Lsing the melric tensor a,w) we hawe that™ £ %"= a*x,
Contrariwise , (ndices are raised b-‘.- the inverse melric fensor :

G ot G =8 — (el
-4

Tn other words ;'nﬁm‘ Min Kowsk: Space 3: a"'= ca*i L T7’F"“9"T peeple Jusﬂr write aﬂi:a#u
B — G R LYY = R 8=

The action of the Jorenit qroup can be wriflen as :

M v
XM —s x'ﬂ: A yx
N leaves invaviaqt k%= xf“xﬂ :?ﬂu AR x¥  There fore :

zz ?[z= a#vxlﬂxJV = a’uv/\jjﬂf\‘:‘ x}nxq- - x_z = BFQ. ?ﬂﬂpx-r

> /\Taf\=a —> %ﬂv*’\’}ﬂvﬂ‘:‘&;w

O BSERVATIENS

¢) A#F C{e)(iﬂgs '“’19 ' ad{fﬂca on a corflyavariant 4-yector 2= Aﬂy)(]’

1) Consider now Auv = IMp Ny . We can write: (N'},w = Avu Conse;au.enﬂy we have

(A= N

1) We can vewrite g‘Ara =A% as

Y = (3 A% = (537 (N Ber = (5 TAT e = AP — [(F )5 = A

{:V) Haur'Pulaf:'n %H“= N 2¥ we can find that fﬁr cevariant svectors - Wx‘:‘= A,u"x;- . that can

be rewriften as:

LN
x:.,. = A}q* ?:v' (ﬁ‘)v_ﬂ )‘? = xp(r\‘})ﬂ -

If we interpret  du = (t,~x7D) then  (t,-x7) — (t,-2)A*



From 1he condifion :"\Tah=3 we note that « det (I\Tﬁ;'\):;lei'fa) —> det(N)' detg7 = detg)

—— def(NP =4 —>s|det(N) = £¢

So it males sense ?{o a'@)(r'we:
S0 (4.3)= {Aeo(a,a) | det (m=+¢} 0(4.3)= {AEOG.E) | det (mri}

Moreover we note that:
2 L3 i 2 -
RN P § ALY 7 = g(n*o) —> (A)= 4+ > (V) 24
1 4
=T f.'\oo?".l. v f\uo £-1
So i Yctal we can  have 450]9tamufa

(003 7 R
only this is & ‘ m.{:{f:‘.] N —— .
Srovp |
(Tt is the onit{ to
contain the nevtra)
E".emen‘*)

\.

Figura 1.3 Structire of the Lorents group,

— O(4,3) = 50"V 50'(4,3) v Ol L OI(43)

It is a."ways Poba.'b.re fo redoce a 5cmrm lorents transformation 1o a rectricted one i En'fradu.:in% the
thiee o])erah)rs

Nt =°ha'6 (-3,4,4,4) f'\p=diaab (4,4,44) N =dia% (-5 -4,-1,-1)
a 0
ONEF)) 0l@3 S0 ¥ (13)

‘,[,) Consioler Ne 01[1;3) —3 Aphi?\ € S0"(43) and since :‘\-é=ﬁ? — ﬂ’ﬂrﬁ
9 Consider Ne0l(1) — MN:zK €50"(13) and since Af=he — A=A
3) Ccnsrdg‘r I'\ [ SO‘(I-IE) e s ArI\T’\ !ﬁ & &1‘(1,3) and A= P\f!\fﬁ

PARAMETERS o©F 7HE LORENTZ EROLP

The uomber of indipendent real pevamelers is 6 : (2 velations ) and (3 bossts).
Hpré ﬁrrmaﬂ O(I-;S) consists of 4x4 veal matrices . Sc in Sgnerai there ave 1¢ elements
Hoewever 1he constraint N'3f\ 9 decreases this number frmm 48 1o &



LIE ALGERRA
We can apply the defindion wetve foal{ma_ for X such {hat

-1

et o Al wwith 94N = A
CGW&‘E U-f-n‘f;[?' : T -4
3 — (g =)
3_1 etx'ra- 1 Cth
fta"x"'% - e—f‘X
P
—> |80(43) = {x e M4 R) IxTy = -ax]
Sinee =aT 5 |[(xa) =-ax| . This allow vsto rewriie ths aleebra (na
&i{fﬁenﬁ watf: : g a L
Consider » aener{c matrix X = <21_ g) we write :
_ (1 0o\/A b R T LAl €
8§ <oT ﬂ)(cT )_ (—ET-D)- (3% *<—*T DT)

From the cam/oarr'san we exfract that: A=o, b=c, D

&

A %eneric elcmen‘i‘ O]C the a'taﬂb'ra:r ‘fa'.ﬂe,s +h€f¢f"m‘.

l‘.t k:'.
X =

a b
Tke-ln we can write meﬂdfa'fffy a basis (aﬁherr}urﬁo

° 5V e M(4,R) |b e R A D=-DT}

b" D

Sa(4,3) = {

Q K;
KL o
K: -3
Ky =b

4 > € 50 (113)

-£ 9
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1 o]0 00 olo O 4 olo-10
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olo 2 0 o|-4 00 olo 0o
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's 5 basis of a sob alsebra that 1s Tsomorphic Yo su()



Jn the physicist conventon :

iy (8558) G (2E23) Gy

o
l.o-ren‘i% ‘!ramsforma."riohs enevated by linear combinalions of T ee decevibe rofations
NB. if welocK to the entie’ L.6. the vapre.aen'\a“"cioh is ireducible since it is not possibledq
fmcl an inveriant subspace. ; if we resirict te yolalions 1he Jeﬁnm% rrzfresevth‘iion is
redocicle. This is evident @:ai( the block -diagonal strvetore of Jivee : i is not pessible
to mix Jemfaral 2 slpaﬁaf .-:armfgnenf_g of @ 4 vector. This implies +hat with & relation
1be femFmai Comfonenf 's vatovched while 1he Sfafiaf part {ransforms aa:aw)rm?%o 'reFra-(&:{:‘a

M‘*ilﬂ% on veelers of R3,
) ey

loran‘li- +mmsfarm¢+}ah5 aengraieA b?f linear combinalions a}C wa‘ degevibe boos‘}s
Contrarf to rotatiens beoosts’ do not form a subgveop of L.G. —> if we combine Jwo boosk
it is not auamm'leed that we obtiin a2 boost (unlees if we consdider beost on the <ame Jir)

0
4
0
0o

=N =)

o

O Don
oo oo
.0 0|0
O 00D
(sl o W w) L=
e laNul o)

> [J::wc I d: h’ca]: -ﬁl E{ju J,:m

<
0

Tiﬂe la st =

t Pt K
[L({wclu# }_ A g\ju J‘rver.

[ ;iw&pwfwr ]= f&JH K‘:u

INE(NITESIMAL _LORENTZ 7RANSFORMATIONS (ie. close to the r:leﬁﬂ.f)

A(‘Jé: d%) = Wiy _i'dg'i’qm "‘f-.d'?b'qz.v.:c € SC'T(’-':S)
r—4

infinite simal
Yeal pove meters

T4 can be rewriflen in 8 more cempac“t fensorial hotation considering the avrff*a!fmmaﬁn't
ranlk-2 {ensor  JThpe=-T Ve (so it has & ind. comp. I, I, 0% J“,?\’]”, J%)

—_— A(w-) = iL4_,u, _% wﬂy U:I:C

FINITE LORENTZ TEANSFORMAT|ONS

To move to f[wffa “h"athdﬂ'?B*l_oﬂ . We cownsider Hme e‘xfomew’l‘ia\ 'mafo:

exp 3 50(1,3) — SO'(43)
b4 o Ex

We ll deﬁmed . we Know 1hat e** £€501(4,2) — aleo for t=4.

Tt is Foeaib\e o show that +he Evaonemi'ial map is SUrd'e.:Jifw; tany A e &A(3,3)
iz ihe EKPcnenﬁa\ of some element of the Lie a(cdp_bra of the L.G-



NGB = exp (4T Faue 47K

P ROTATIONS Ag(n‘?ﬁ) = exp (‘iﬁﬁ'fﬂm)

P BoosTS /\B(ﬁﬂf) = e)'-’ID (—L?F- R’qvﬁ)

SPACE-TIME TRANSLATIONS| XM — XM= XMy M

These transformalions form a g roop of dimn. 4 (4 Favame.#ere.) called -ri;s
The qevnerators in 1this case " are PH=(P° PLPLP?) , 1herefore  the {finite
SFaCE ~ time 4ranslation is aiuem. laT:

b pe S
T{EV“) C:: fiaﬁp = £ (see the n-dim case ,_‘2)

STRUCTOURE OF POINCARE  GROUP

- \We inlen-l'ifrf an element of the Fuincare greop 85 P(na) .
/ =

* The %\mup is chavacterized btf 10 P&l’ﬂl"ﬁﬂhﬂ'ﬁ

. Pvc?_e.r‘{ie.s d !

> Groop comsosition wle: PNz, 2.) * P(As,30) = P(NN\s ;) N2as+32)
p Nevtral element: P(U,0) =¢
P Tuverse element P(Na)*=P(N? -A%a)

» Consider | = P(4,3) (pore space-lime framsl) and 3,= P(nb) {aenen'c Fincave” transf.)

— grha gt = PAb)x P(1,2)# P(N-A%E) = P(nb)x P(A, - A'b +a) = (4, Aa)

Jtis sdill 2 space time Translation —> 74,3 is an invariant S”b&m“f of so’(4,3)

> Auy Foincore” tronsformation con be writlen as a product of & pore tronslation and
an homoaeneus Joreulr transFormation :

P(n,3) = P(1,3) % P(A,0)

Tn offer words +the %Incare‘aroop is the Semid product  of the L-6. and
the g roup of space-time Translstions,

N.R . I)C we Wwrite P(ho) # P(1,3) ¢ P (d’é’ net commute)

|so” (4,3) =Ty43x so® (4 (3) ('Prdptr Orthechronus Rinare

Tepicall ople incdicate :
pica e
fhcally  peop i



le‘l'fs consioler o 3enen‘c rﬂfreten?'afr‘an of the Full FBincave g roop:
D(P(A,3) = D(A,a)
ﬂae fad'arr?aﬁmfmﬁeﬁy is vseful o write
LouPt (G- T iR

D(n8) = D@)-D(A) = e €

Theve sve diffevent ways To paramefrize a fransformation. Jn this covrse wefl vse:

= i -3

£ O~J ~<én

- Pavamelvization feov dhe vetation: “Axis amal.e f@vame'in"taﬂnn“ e - € =
Nole that these relations, since the pavametevs avenot baunded , ave com pact |

- Par&me‘{r{%aﬂpn )C;.‘V‘ 'H;JQ. &p“g'f': e-""?P'K
Contrsry fo rofstions 9 dees not /ive in a bovnded interval . Tn fact

gsinh (9)= T —> -1<pctd
3-vt

when we rotate

7}’7;’.5}-.;..‘:4 can be viusvalized with +he Hamfa.’\:} Struetore <f fhe Jorentz ?mu?.
Wwe ave descrfbm

\"i;//
=
&—/

this WKind !ch'rb‘. 5

(which are wm?ar_’r)

A

("Hﬂ&lf leave unfouched the

anh'le_ Flal'y o FBﬂEV\+} /\

COMNUTATION RELATIONS BETWEEN GENERATORS OF [L.G. AND Ty3

STRATEGY : Tepreserilation of The alae‘om — vepresewniation of The groop.
by expone.wfiaﬁnaﬂ

In aenerat f we storl Jfrom Some al’aeb'ra then it Fe;zss.t ble “‘o have a'f')%ﬂﬁ

%roui:a ssoclated to T

GEROUP N
&Roof

Conse uenﬂY if we slerl Ffrom a representation of 7he algebra s nel quaranteed
thet W@ gef (by &’fponew‘iiai'wﬁ] a representation for each one of these YOOPS .

It is | inslead ) gars aleed only for 1he q roup that is simply amnected (i1 can be cﬂn|5f one
@mohe& b s ) . Thisis fmrfﬂﬂf fe undglgfana’ the existence of fermions .




Examgm : V@) (cirde %rwﬂ
We Know, in 33\':91:"&‘. that : U) = {L{ﬁ GL(N,C) - utu =ﬂ-um} i’ V()= {Eédf s |1‘|2=:|}

rices Wwith
& slementa

+
:-mc:tf Lt unifary

The movifold of O() is jest SG) . The alﬁebm instead is the *awaeuﬁ spae fo the

iaievHHr( cie tn this cese s R

R
S()

Alse Tz has R as algebra . Sowe find an example of this ¥ sitvation : VW and Ti shere
tue sawme slogbra , fhey ave loca'{'ul,r the same but %\u‘mﬂ.? Jdiffeveut | in fact for U@) the wanifeld is

r.:amlp&c‘l‘ wibi le j::!f' Te the wani fold s itself.
Therz)(are j'j-' we f‘alﬁ.e arejpmseﬂfaffon afﬂ:}e El-faebhn awdl we a?onan‘ffa‘jf .-"f F8 nc:d' ?araw'.’e&d’ 'fba‘}

wie ?s’i a rsfresm'faiim of each ?rnup.
E{fi" —s —LB
ForTi we fond tht: Pl =plp ZEST ¢ jp . gty

Je R slse & ve?«as.m"f‘a"ﬁen for BE)? OF covree ndd |

Becavse a mfm.sen‘raﬁoh For U(4) Ts

R(@.) R(8:) = R(84162) i  (Ptam)
R(e=o) = ¢ . R(tem)=R(@E) — e i Efm il P
R@)*=R(-6)

Tt s vsefol to write in infnitesimal form, in order fo malke conscdersiions sbout Fhe

aleebva of the gvoup: |
g ? D(ﬂm,s] ~ 4 +«i§uP*“ -;wrviﬁv

,Lef"l*. combine 3 Peincare” +ﬁ:ms/€rmaffam

D(h,2) D (1 +w, &) DA,

we can wyite this exprassion in 2 eﬂj,w'\fale.h"l' ways:
o p=D(A2) (ﬂ+f£}u9f"a%wﬁq~‘“’) D(A,a)*

5 » = D(N) D(L+w,g) D(X? -K%)
=D(Na):D (E‘*wh‘j-!\'ﬁ ~wh’a te)
=D (:Ih AwR:, —a=Awh?s + Ae+a) — thisis slill an infinites ima)
fﬁ-‘-hsﬁrma'}rbn -3 and @ cancel ouf,

o, I = o -
=4 %(ﬂwh’“}_v\]”" +4 {—;‘\wh‘ai-)\e?,w



CamParm% the 2 vesults | we 3&4‘ 2 relations :

. Cﬂmeriga ith ’E[! =

i) — .D(.'\JSI)ﬂL PH D(Aa) = N P PHM tesns forms as & 4-vector

onder a Poincare transformation

O(ha) PTo(nay* = N TP* = (N uP”

* comparing 1he 3. part:
L u L

D) (& Wy T*) DT = L (AWK )y T*% 14 (-AWK*2 )4 P

—> D(A3) ¥ Dyt = (Y (K ¢ (aTP’- a2P7+ 377) [Fcr delails: & ]

If o — D(N) IDU)E= (K (K)«TT

—1
) — [D(A) 3V D) = A e N 077 T dransforms as a vauk-2 tensor

onder a Poincare transformation

Now we cawn ose the orevioss two velalions to extract the [ie alaebva of the
Foinecare” gmop- We sfart’ feom (1) and rewrite it as:

D(A3) PHD(NaY*= DN PH DA -N*a) =(K*) P/
We wvow rvewvile it as an iufenfesimal frousformetion: (vremember 1hat at 1¥loder Ata=g)
; T . 5 |
D(Lrw &) PAD(H -wqe) = (L -4 w32 i, P7) PH(1 +_f§.w?;LJ'?’iﬁsTP?) = PA-w¥pPf
. Pﬂ"iff(PFP"P— PfPﬂ> '"-;"Q)f¢(aP¢P’u- 9“(1”)3 FW- C{J/jﬁ Pf

—  Proig [PFPF] - 2w [07) PF]= PH-wh, PP

— [P# Pr]=0

15 _z,g wpe [075 PP = w/p PP = 9 e PT
— [J7TPF] = -2i9M P = i (9 PT- g+ TP
v 1 [375 P# = 4 (Prg7- PRe)

Repee."rlma the same for the 2" relation we aef:

(575 3] = (8757 139" 3" %7 379™)

_HP.E ,{I'E ﬂlaebre is c-:mm"r'fuea’r !7? Zhese 1hree relafions.



:rn 'H‘:E 'Hareé‘ cfr'lmeﬁj-{'ﬂhaf hcﬂtaﬁan we can rewrite Hem tn & sevies -a-[: commulators:
[see & for more details ]

— et I T = depd®
+rﬁﬁhlaﬂ:ﬂ“ aehen‘ﬂnﬂ: P"' = (Eﬂ Ir H = Po [ : . ] ?Jﬁ k
p2 [.)”, KJ] = ‘t'E-,;j;‘-Kr d
: . 1 o
relation atne.mhms'. J"' = zi&‘j“Jd“ = gﬂ) [JI, P}] = 'i‘['.-,;j;,_-Pk
3= J' P% =0
; o ' —
boos+ aenera’wrs’- K*= (ﬁ: = gu [,,- ] . .
K3 3 [f& ,K"I] = _'3fi_-,r'kv" :
(K%, P*] = —i6; P°
[Jﬁ:iu P[}] =—iP* 1 STt 8{\12\'&’\0:‘3 and
W s do netY commute ,ie.
[P!s PJ] =0 they cannct b:dr‘aﬁnmh'm"
[PF PU'] -0 {'Oa'ﬂﬂ'{'ﬂ-r.

LASIHIR OPERATORS  of the Foincare qroup

,&{J[er :Letium:ha-‘:ln.e algcbra we ave now skle to consiroct the om"farr rerresew}as"ﬁuh
::;-F the zpm'nc e ?mut: First c:-f a2l 1= ivnqu'l"avﬁ e it reduee the Casimiv CTET&*GTS

Casimir ofefa‘icr: SFECEai cl;:eraﬁcv thal commules with all the element of the Lie
akca,ebre.

T;)e pm‘lﬂcare' aruu-]:: ac]mﬁ.s = Casimir G/Dera'f'ar.s 3
2
pZE. P*

z
Wi= W,uWF with WIM =2 (o %Eﬁﬂf Jva F} (Psoli Lolbsusli \re.c‘ro'r)
¥
Levi Civita
tensor g%y

CONSTROUCT\DON oF The UNITARY REPRESENTATION oF THE {PONCARE GRoOP

The method fo construct the Unr'fﬂlv"y vepresentation of the Foincar’ grevp is called methed
ef indvced repre seniation . Since we-re a(eaffﬂa with a Jlee amuf-‘v the |e-a'rc we ﬁof’fow is +he
}wﬂawin% : fo construet the elaments of the grevp i a E.t‘usw, representation we fivst focus on the afaa,ebra

and *hen we exponentiate . So firs? we find o refmsenf'a:r':‘cm Sor the 3ewarafars , then thauks fo the exp .
map we find a represevitalion for the elements of #he g redp (that s exacfly what we did before with
the c[fﬁﬂfﬁlﬁ repr. and thets what wetll do new .

S we focus first on the qenevafors. The strat ¥ welll Sollow Is stmilar 1o the one encanicrd
in @M. when consfrueting” a "csco" ({gmf;/slfc Set of &»nmu#:'w’_ Oferafora*) . We find such c}perafbrs
we a’mﬁonaﬁi‘& them and oo we constroct the vector space. This .s-frm‘ej y /s atficolated  in various steps.

STEP 4 : Definifion of 4 mormenlom eiﬁens'la'ies

We siart frsm EE b The carresf:end:fn agnerafara are PH . We Know that.
[P"", P"]=a — P¥and PYcon be Jf&zanau%ﬁd Jroaeﬂev_ The e‘:-aamalue eclu,aJrEen (6:

PApro = preipm

We Kuow lhow these states ‘fwms}'a’rm vnder Hronslslion however we Know nothi
how ﬂmey tran sform under SO (3,3) transformations. — we need 1o add more labels.



iy 24 jﬁfroafﬂcffﬁn Pf 'fh& {asimir P and orbita cf R'ﬂncars' SYOop- ({fassihf;'caffon)

Since [P7PAs0  P?and P* can be di aodmna.liiad Jfﬁﬁa&ﬂ'l&'r :

PXlpry = plpry
Pilpw> = p2lpt>  with  pr=Gp- Y

Since PYis a2 Gesimir |, its eigenvaloe Pe=(P)-IFI° Yemains unchan%e&
ﬂhclé.k“ a'n!f ' S Wwe £ahn do a .:n‘asaiff‘céJrian Easeof on tThe value ::F FZ

4 relevant cases:

L , 3) F‘t:o °=c,_|5'-=-a null vector

f P um?f:;]e{ l:) p*o Er‘ma- ke case

0 &o s C_') Fi‘-:c: Fo'-'éoffo; !'.F' !lllah'l"'“l{e £
A placa te d) pPleo .sl:aace-h'l{e case

ancther
'If Pz.bc' we can show that thee s an additisna\ cunsecved ¢=?u-'a~ﬁ1’r«1 .

R S"a“ () (decentz  invariant)
oT =

J_Ef'::: consider FJ"': (Fﬁ,-ﬁ) ; F2=(F")1~(F*)1-CP§I- (’1;-5-)'2‘

Soppese PPie — p= (;2% 1912 — Pfiyl (P +¢Y

We cannat dum? oh
the others branches with

+r¢mf. e 8ot (4.3)

We can move Slofnto &l
branch witha LT R =
of sot(4,3) iy | p3

# N\

# Ak,
o W
/__ 3

o My

i ID?.JC:- We seé ‘fh:‘d' sian P° i= cmaew&:l bezaube ca'nil-'(

(ccr‘ﬂrsr'r to pPiee)

with a time veversal

& sc™(4,3) we caw d’umf. fo the other bravch =
i Name T Description .h‘tmnr]ard reference vector | Little gruup.
]- Null vector p [ pt =0 withp'=0andp=0 | Phg = (0,0,0,0) i _S'GT“EJ.} :-i
- Time-like p | F=Ms0 withp?=0 I oy = (M, 0,0,0) - SON3) _‘) Wassile Lase
| Timetike | P=M>0 withp’<0 Py = (=M.0,0,0) ‘ SO0 |
Lighe-like p |;F=[J with ' >0 and p#0 i = (5.0.0.5) | Ey _ﬁ massless £Ase
[ o= -k 0.0, 8) . Ea

[ Light-like p | P =0 withp" <0 andps£o0 i

|
L Space-like p | J':" MEeD | IIJ:_II.I = (0,00, A SOTLL2)




MASSIVE CMSE
SieErT 3 (H&E&E‘I\le case P2=Hz H>0 ) jojzﬂfrﬁ'ca‘”nn E)Ca refevence vector

We vewrite the eiaemua‘.ue a-:lma’ctcm &ys‘tem as:
B 1M #2= PAIM,pr>
Y M P>~ M2 M, pr>

These ayuations ave valid foreach PFand M such that P*=H? Hx . Hewever
I male a st:ecif(c choice : L move fo the re ference Frame where :

R@fereme vector P'{:‘F = (H,3)
PA M 3= B IN, 3>
—

P?IM,8>= M2 M, 3>

STEP4: (Massive Cose) Tdentification ofthe Litle qreuy

&_ﬁ (LIHIE amtﬁF—) : | sed ef restricted L.T. which leave the !‘eferﬂnc:e vectoy ihvariant
Given a PM (fixed): G(F}=[ Ne so*(33) : N'5pP” = F’"]
We can check that it s actoslly g greop (aubﬁmu?)

We can aﬂﬂy this %Eﬂerl‘c definifion where P/ = sz";

— G(®)= [ Nesotad) : N P =PL |
A cossible condidate for cor case Ph= () is AR=(§|%) > So(8)

7 G(F’F{:‘)= SO(3) LitHe 4 veup for the wassive case

Paorentheses: T this cose G(P)is quite trvial . Tn the wmassless cose "Pééf pere,
ina{'ead, G(P)is wnore -:]{/rfc':.aﬁ' ?t'ofr'ms/ . We need a criterium fo fdternff'f}' It

T'ﬂgargm (G‘Bﬂer5+9fﬁ Gf G(P})
T"lE H’“E ﬁraup G(P) is ﬁemera‘iad' L" : w=dJdr+r H;,,P with P"u= PvaJ
eor:

A generi c Ne 50M4,3) is defined by 6 pavameters snd obtained loy e,xpohe,nfliahma a linear
cembination of all a’acnera‘for:s of L.6. I'm]ﬂcsin NP =P (which defines Ae 6B))
imposes & sel o f conslrainds that sllow enly .s‘pe.o:;/—’.-% tombinations afg&hgrafors fo &ppear

I"emavfwj 3-:".;:.}'. It's vacful #o move in & ne‘gbarhw& of 4l ¢

I , PT
}\ b dl' -% wf"J4vec



Tensoriol nofation — Ny =8~ ;— Wps (a-‘:lu;)ﬂv

Observaliona -

4) Aukispumely onder pese —> Wpe=-wep
2) Relstion belwean Jpe, € Whne  —> I = £ Kaw
IH foma oot hat there is & compact way do write (Ifc)'v
_""'D;;)ﬂv: < (3"“'" §y ‘ﬁﬂrg'ﬂv)
Little Group cond.

N Prg = Plag | — [§% - ?}: woe(3P)", ] PY= PH

PA ~ & e (a7 Yy PP

_‘;_'wfwl; (ﬁﬁr Sq‘v_a-}‘rf"p-p) PY=0

w'pq- af‘f Sv‘? Pv’ o

Wfq' g’H"P PT: o

Wﬂq- PF=op : constrainT

Jn conclvsion we have he 1‘ransjmmﬁgn jenam'feaf éy ﬂ;e [inear combivnation of Loreniz
3&»3%191'5. wfq-d'f:c with Hhe Pammer‘ers Lo restricted é:y W PY=0.

Panmaf rization

T " - = - = ke . ]
ST SARIE T AP ) dyé - wie; de*= Le,w

/4{-—-0 g m",P"'w’;PWmEP*‘
=—w"‘iP‘::
= P . = =
= df-F =0 —> |[de-T-e

M= | w‘vPv=aJ"jnP°+mﬂj'P‘f=

=W e wtiPls |
=dg? P°- £, d6*pd =
“dyiPtrEde <o — dfpadirFeo —lif-

48P

=
G:'nf-fz-auenﬂy S we fr’nof that, of the & parameters which de fine a generic L.T. cw.’y 3
are +'rullf im:JerEwo"ﬁm'f‘ We can rewvite * as:

T —5 ey —r
L w15 = AR T, - w_;t.mm

Usiuua a.(bx¢)= ¢ (axh) = b-(exa) :

T — 2" -.’E — - = — T
"':—“w)""a.ﬁm 5&3'3;1.@:‘ dﬂ;, Kgpee = JB'\Tﬂﬂ -‘JQ‘%‘L




e
-[-{'IETE‘}-_QTE we demesirated fhal a qeuneric element &€ &(P) can be @Kfresged

— —
as a linear combinalion of the 3 %emera'l-ahs itbos—s Wiy Bl 2

= di. (3' - Exllen). g7 (s,r » B 7

WwW=3r T;;f ¥ Fref O

Now, fets falhe the gewerafc:rs a)iﬂ:e el le Greop G(P) =So(3) : T (mas=ive csse) .
We Kuow fhat in 3eneraf Jd an P do not commute Since:

[ff, Pl =0 bt [J4P¥]=ce. ¥
J
Jf we restrict fo the Jubapace hat corresponds 7o the reference vector then we have P=o

it is I:ao.se,ib'.e + have wommen dissonalization .
Therefal‘e we caun wrife the )éffow;w;_ E:’gen system :

PAIN,G, §. o2 = plhe |35,

B* 4,5, j, s> = M? [N, B, >
134,38, 3, > = j(j+0) 1N, 8, g <>
J2 S, > = T|Hr6:'~jf¢>

Obsevrvalions -

¢) We recall tHhatacur Hoal is fo aho.eznd addidional labels fo the states [MZ> . We construcfed The sfate
|M|§:‘J:‘T> £ |H,E}3 RTR4

the state [ gives the Trreducible repre sentstion of the rolafion group S0 . Given +the
last 2 e;?u,a'lfows we ad'fevna’s‘\ca‘ﬂr Kuow hew ING, )< tran s forms vndevr rotsttone
5 L 60 Tyee n

Consider a pore votation f\g(ng)_ e < 4yec {:-_J-efiﬂe.a[ lo'f B,H) wijt'n AR list acts
on 4-vectors) . How is the actiewn ‘re?rtumﬁfﬂ on M@ J,T 2

The restation will e relsre:;ew}ed BL{ a cerlain ;-_:Fera‘fer D (h8)
DR a)=le TV | By bl

‘DC;";‘;’) | M, Enj.rq')

n

— n.? 1= = B [ n._q =
f,?'“?“ |H,O“|.|ﬂ‘> =IH,.0,>® e‘gudi\}lv?:

. . -i6R T
= 3> ® 15, <jre”

N7
I can a’ef."m.';':

[DJ (ﬁls}] S ST 1% T1jm> = g9 (2jts)

this (s nothing else that +he wmateix form of Hhe freop clemerit in Hae irredocible
refrg.sem‘f‘ail'an =f dhe yotatfen oup (labe'lqu bY ,j) . We can c.am-im‘ia His matein withost
Prnbfems-; nfect we Kaow how ~ TJa asud F2, 32 (exPre:.seé 2% comb.of d ) act:

. . ST o
Sl =wlds> ; JEe> = e -mm)] ", t>




with  T*=(G*+aV2e and T*= -4 (3372

s D@ B = S [Dihe)] M3

g

{'.f') The Tefﬁhm EF verify the afaEBra af angulsr memenfum. JTn 33»&@! T is the fofal ansular momentom
owever i our case the |H,?J',d',-r) deseribe Far‘\ic'&:- =t rest ‘F’r._:f=c —> ¢ orbilal anaular momerion

— | decribes the spin of the pavticle = [j=s

1)) What are the possiblevaloes of 87 TRicky Pont
In f:rinc:'lpfe. J:o,?{,i,%,Z,._. and -Jécré’rd'

Theve are 2 3""’”f"" that <share the same ai%eblra of awau\ar mementom : SOE) and
So@ (sawme ‘l‘avmom‘*i spce at L) = lecally the same but 31919331'?{ di Lfercent.

S0@) - Manifeld : S@) So(@ - Manifold : halfef a schew

SU(2) S0(3)
" PRI ik ’ all the Foivﬂ& sl e
COVETINE, EHHNCINOrHism . i

- taeli ) e lee=0 /-;boﬂam Cam'{?fcdal)

e e \ 5" are fdgli@fr'f-féd foag‘fhgnr

a; =1100N] ¢ lx=0

[y =—=1,0,0,00 ¢ {r

(1.141%

SIWC:: We 10&%& +wc> That ahare The sawme olgqcbra there is only one of them
e gl Y i
which is "rbj:cla%fc.a.i .siml:»ly connected : SUE)

— Zf we sfart From a rejpreaeﬂfaﬁ'on of The afasbm we 86& l:)-‘?r exf;omew'f‘{a{:na
a reFreamfafr'on Sor the gvebp So ().

SLE) So(®
t_J:ﬂ.-‘fzfs,-“-- J:o.l’fzfs
555

Comemfr‘awaﬂy fhe 5£mffy cownecfed one (s called vhniverzal coveri‘ma Le. SUGCR) is The
Lhiversal caueﬁm% of So(3).

What EEfch should IdeE? Half f'ﬂ‘faacra_; inf ers b{f infeqerst fﬂf'cgam ? Twe ;D‘erslpaaf}‘me 7
onswer. Fivst of sll note thatT we do net have too much r‘nﬁ‘ 7o 2ay that The J:“#’rﬁw
= SO(2) . The naive ar-sc;menf‘ was that So@) left wnfeached Her. If we falke 2 BEnE’n'C 4 vector snd
We A&Mfﬂﬁﬂ it (E S| mon et e
@) ie
% the 3-vecter traunsforms wnder the
i"ef'rnsudaiian with :,-{.



Since the r!rremu‘f«l]‘:’an with j=1 (sshared by both grevps  we canngt auian fo G(P) , SOQ@) or SUCD,

4) GROVP THEORY ARGUMENT

Fom = G.T. Per-ﬁp&:‘fiu& S0 s wnore ﬁndamen‘fa[ than 0@ becavse o is the universal
Cﬂver'imeé‘ nf Sol&8) (*hereﬁ?rr ff we falke he repr. of the a-l'g,gbra apd  we wsomenf;‘afe it we 5.91' '}Le I’I?C'I’I ofd}ﬁ)

Iw:wfd’ be {Emfnfea"’ 7 a.ss.-‘jn SOE) 58 a [t g roop and J‘L?Erefake inelude also Iizary/ r'nfagar -CPJ'J';

?) @.N. ARGUMENT Why J‘—‘i’{,"{,.“ are nadt Felorexenfa‘."fahs of 80(3)7?

Jet’s take J"?‘E : J"“’*}(; :)J- 3= —;—c -'L.)J' Ja"%(: n) @%au matricies)

(2D feFreselﬁaﬂsn of the al-aehré‘)

—_—

2 ; i b eviliatin Cos Bl _;i3ainlal  _rga, 2y sin 130
_{.p(A-G"‘-: —{;-3:—-_;_ ld|:<‘5 eﬁf"’” ‘a ;D%(Idha)ﬁ 7 ~A el sin l:a-fh:-c]smT
(x*-ix') sinléﬂ cos %‘— H'Q“.sm!;"l
let s talke 2 retations :

Dy, (61,%) Dy (61, &) = Dy, (614 6:,R)

and lef’s talhe the csse in which B8:=8, =7

-4 O L
) = -de — =% is not a0 homemerphysim —> pcf & vEpreselilifin

> .D’#z' (B'TI". g(]' = (
o -4
However they ore slmest & vepreseutstion : they fail cmfy for & phase — they are a projectiu
}"erreaem'la*h@m . Now we remember that in 2 a.y. aeﬂ?va T dont care about the fhase and
”H‘lerefar’e T m allowed 1o consider & f:r%}‘fc‘ﬁue I'E}aresgnfaf';'gh

T;FEI’E}DTE T can wse belh J=:|,?, 3,... and Lj=,":;,?.;,§;,.__ with -jés<y

T here fore Fermions Emﬁ’l?f in a very natu ksl Wy .

The next step is the generslization to the case where P#0

ﬂ'lfs = & f::rt:H:_ﬂ'm becsvse J dees pet commite with 'P'

T';'IE paul{-Luban&.l(f Vec‘i’er can !me wrf‘ch ;n".'o mmFOnen+e a8 -

Wa""tjs‘lg. W:E‘P’-F-ﬁ'ﬁ W = (%’)
Theve fore I aﬂahrfwa them to Tt :
W'IH3,),s> =0

* W MG, j, > =Hj MO, ],



fo.seauewh'y/ oince W= W - 1W|* when arrlier.l to 1hat state , it eaiwe.a-_

WZ!H,'C",J,G? =-H2,j(,jﬂ) IM,3,J,
. What we %&im is that

Therefore The idea is thet instead O)C er‘“hj' T can write
Wiz s Casimir and ﬁmﬁ:r« this eiaemualue uiua‘iion remains the same even if we chanae P # Prer -

From now on T wifl rgpface J"'"'S becavse we Kunow That J iz the spin:

VUHH{ 8! 5, ¥2 = - Ml (a4 IM,3d,s,e>

Lel’s vewrite the eiqenvale ec}ua‘ffnn far 3% in terms of the W (we can voe the 37
Companewl‘ of #) becavse J®dos net commote with 3 generic P [JAP'1#e¢ but [w? P']=0

—> W?3|N,0,8v> = HJ?IM,0,5> =N |H,0,5,<)

— | W2 IM, 0, 8,92 = < |M,0,s,5>
M

771.:14- we can yewrte a‘u‘{{(mma
A =(0,0,0,4)  so that SEWu = Wy =-w?®

s |-STW -
M iHJGJ'S.rV? = TlHIO,-&,"F}

The er’aemua[ua £r5fem so I8!

PAING s > = Pheg |35, 9

B* W3, s,e>= M* [H,T)s, o>
W!|H,5, s, o =-Hs (s+4) |H,B)s, o>
—irf—"‘ [HS,s5,w> =« [H,E}sfq—}*

: i
with s=0 %,1, %, ...
and —_S<acs v cach s

STEP S (Hamive cose) Constructing The stales with qeneric  momentom
T T uJ U

[

Ap(Z.7)
e >

o
~ p=|pl2
&

|p| = M sinh 5




I cochm o o stnhey
i).f:"rarf from Reg and boost along 2 with repidily Ar(2/9)=| o© ilo lo
g o 0l4& O
Ne@in) Pes = No(¥1%) (;) = ( i"”) [P|= Hsinhg| Sithg o O cashy
Hs?uh!?
~ z ~ Cof 5.3
?:) ’E‘Ff’[‘.' a vofatien {mrn 2 to a certain P={-54 58
G :F
Ne(2 ﬂ?)‘f\g(i,ﬂ;) Preg = ( rile;w)
P

This <cembination a-/ '»'"ram)%rmaf:‘ans cIEfn&st on .Bfavamsd'srs 7 a.m:f’, o and B +hat
.J.ef.-‘ne. ’B We ean scbslitote ? with —E;—I awnd d'f'ﬁné-‘

H(F EL) =0 ArGE—p) AsGip) | sochdhad  H(p Byl 0P = P2

with & aeneric  PH = (Viprew? FIF) . NB. W Ts & axs matrix 1hot acfs on 4 vectfor .

We now intredoce the oanﬁor Uy which mwesFaan fo *the :I[mn.sj%rmaﬁgn H in the Wfﬂ.ﬁﬂ‘hﬂ&
of L.c. that acts on the siate \H,‘é"}hs;q‘>

How WUy operates

ket s consider Uy [N,8s,v> . Since P?ond W? are Casimir.
P* Uy H,0,s,92 = N* UnIM, 0, s,
WU M, 0, s> = -Ns(st4) UylM, 0 5>
What abest P* ¢
PAULN, G s, o> = UyUy PAUY NG 5,5 =
= Uy HY PYIMZ 55> =
= Uy £
= Uy pH IH;E’JS;“? =
= PK Uu M7 s,

Therefcore 'L*[HIHI,F‘,.S{Q"} s an gigensﬁ‘e‘fe af- P* with eiaenu‘aiue ‘Fﬂ(plp'laime&.
E‘f H% PI?tF'

C"““g“e“ﬂ? we ciefiwe fhe state -

IM, F,5,<> = Uaf?a@) 4,5 s,<> | *

Therefore we can rewrite the system of e;'g,emua{ua a?ua"fio% Q8 :



PHlH_ﬁS‘Q') PﬂlH F{Sf¢>
P “-I P;s_,-‘q—> Hz |H;P,‘S;T?
w? |H Frs,<D=-Ms(st1) | M P/s,<D

Wait , what sbest the 4™ eq oation?

le+ ime c-’efr‘ne:
=: H#?S;’ ; St - (H")'“,,S}i = Hyts?
'{"h&refare:
- St W IM TS, o= - SEw, Uy IN35<> =
1 PrSy v fpp YR LTSy
M
= - SE YU W Uy 435,95 =
T Tt Uy g Mol L) 0y 8 25
= -ST‘F*H,, |M, 0 s, =
= the (SN W [, 7r5,> -
= L{H 1H;a‘f5f¢>

—— - SEWu IMF s, = TINBS,
M

Tbemfare we can add 1o the sra'i‘-em

PH|IM, P55 =P IM,F, 5>
P‘ IH, p,s,:r) M? |H,F;5 T
w? IH, Frs,<>=-Ms(st2) | M P, s,<>

ﬂinhdu'ﬂ'H!P:'s;T} ‘T'HFF,SG‘)

CamP\r'n: ‘H’)é‘, action t::!{- -v:SEMW!! en ]H;If s e#f:ir.:fH?
Ay

-{s+ éieﬁ - sz ‘}E
T:U 5?:‘ Spghv é‘inha?
i (Ffﬂshﬂ)

-5‘”l - W% 83 — Sp = /\E(E"f)r'\s(fr‘?)(g)- Aei “’F)( h
Ceshq

Si’ﬁcd
1P

__)5-;‘ - |
o

M 1,

estep :  Compote -HUWe : (detail on &)
— -SWe _ _ L [3F53-PFF (5-F+%rF)

HH L E [nmJ P



Wefre intecested fothe action o]c - SF;';[’“{“ |HI$,§,T} :

M e o) =
— —_Sl;#/t:iﬂrrna,-@ - -T*;.[IPIJ? -(PfFlP 3]\14,5;5;*0-
= -"""i_ BIE -(P)| (F I
B [lPl (F)](P )| uf s>

—_— "E;LMILI”,F,'s{q-? - IF‘ f

nﬁrefare we wvader<land thst < re?re_gan'f's the ’PFQL).EE'?{;QH o)f‘fhg 5,0:';,1 afang
the direction c;/C motiol. This is +he o colled helieite .

Netice that .sfrr'c‘ff?' qoeaﬁa‘m? F;efﬁm'f} is The 'prijcfﬂ'an of the Tof. ang . mementyrm Jaleng fhe dir.
of motion . Hewever aloﬂ% the dir. of F the orbial f’&r"( vanishes and we are only sensidive To The ‘sfn‘n

rar"‘.‘.

({mr'uar.sa[ hetation ﬁ:r‘fﬁe h&‘l’-ﬁ‘!‘{}f)

C{ﬂan%e of hotaten : |aT e

PHI Hr_ﬁrsfh> = 'P"“ ]HfFISI')")

P IH, B, 522= M2 IMF/5,00
WMy Frs No=-Ms(ste) | M (P, s, N>
%lﬂ |H|F:5,l>‘>: A |H]F,S,'},?

STEP € (Maesive case) Definition of onitary irreps. of the Foincare™ grovp

Theorem (Unifary irveps of Fincare” aroup)

The subspace gewerﬁd by {IHIFIS»'}‘?I{ﬁ,s Fd) Fve= 2 onitery ivreducible veprasenfation of Fdincars
&r:mf:_ {T'na refreaemfa‘ﬁah it o2 dimensional as exfe:‘fod-ﬁﬁr Um’fm’r repr. -p)c a heh —cm‘paﬂ:'f' Lie 6@)

%f:
lonsider s Ftincore” fronsformetion (combination of ¢ & =psce Time franslation ),

P(AI&) e 'JD@;&,} » F(A0)

We indicate with -
UM2) = UML) U], 0)

the eaTt'E.:;.F:ndi\f% ogerater -Qéﬁr‘-'g on |M 52>

Mﬁﬁ How U(4,2) actsn [M,F, 5,2

i
We Know thet: U(8) = e~




— - " = -La: =¥
— | UM,) M s = e s = e uE s

ghd S{EE How “(Ajﬂ) acls on ‘HrFf -5}},)
LETE consider the slate U[ﬂ;ﬂjlﬂlﬁ $,2 and lels acton it with P~

— P*UMI IM,F, 52 = UK UMD PAUNS) | M Ps, 2>
= U(A,9 NVBEIHE 50
= U (No) N

We now define:
— M v
Py =t A v P

——  PAUMO IM,F, 5> = PAUN0) IH,F 52
nsrefare UNO) [H,F, 52 Ts an eigemsfa*a‘e of PM with c(aew value P,\"

Raged of !’;9.; the eiaema'la‘re of P* with eigenvalve P can be aleo wrtlen as:

M

The He?r fpm‘n‘f Is To ovnderstand #he relation between and

WU(NO) 1M, B3, = UNO Uy (B 1EL) 14,8, 55> =
= Uy (Br B (R D) Uuln ) Un(B DM, 3 50 o

nLeT/é focoe enL

T the Space a?C4 momend  the yﬂllew o?evai'or on |Hﬂ 5,>\) reads:

H(rn B A HP, B | A
Fﬁf 1;),1“ 2 :“p Pﬁef : FJ:___ AM,F? ( RS LT H lﬁ-\l)a W{_

Wfaner retatien - D (N P) H(@M |E| )-i;\ H(P, .LEZL) & Liflle greop.

LL:I(,’&‘F-) iz & 4-dim wmatrix atﬂimg oh 4-veclelr , Cﬁ”“ﬁr“‘mﬂ,‘f

Ds(NP) = U (B L) uin,g) U (3, 1)

reFreseMs the aclien of & Wiamer whation on M, g5, 2>




— A = Uy (B AED) > [Dsomp)],, 1188 =

al

= > [Dsomm)., 1Hi e =

Al

— | U0 IM,P s, A> = AZ,[% (u)(ﬂﬁ’))]yh |Hj Pa s,

We wow combine the 2 resolts as U(Aa)= UM,3)-UM!,0)

— " ’“ ) Kc
— [Ua) M P s = ¢ Al ; [Ds W P))]A.A IM, Pays, A cqfaﬁan

Comments

* The Kﬂ'f €q. Sfeszies the sction f-?f @ ‘aamsh‘c Foincare ” ?Lfdﬂsfﬂrm‘}?m on [H Pish> in the
sobspace JMF 5f»]{u.s. Fined)

* The map Pn,a) — U(A3) is an ff}ovnamorphfam.
P(ha,a) Ph,a0) = P(ahs, Aas+32) — UlAe,22) U(A330) = UMM, Aoas +32)

* Therefore (fwe hmit fo the subspace ﬂﬁfﬁs*»}(msfmﬂ} the representaion js irredecible
l.e. its i possible fo find & subspace invsrient under Feincare" Fransformation.

* i:fnah'y the m;preafnf'ﬂ‘i'rmn s also am’?”ary- To checkk that we uneed Ho s:ft’)(fnf an inver prodoct

- <HF s N5 20 21 Gm? Sae (250)8(F-7)
2544 d:"_’

IH|F;51>I><H|F; S,}tl

IE R L 4
e 1l = (2T)*(2Ep

42 = =
UND UM = U (n3) % ffﬁ—n%grm Fso<M B sauma)t =
2544

d3F = - —
= ? (rﬂ}aZEf. [u [Hla]“HFFISJ})][{'HrPfslh.I U{'_n}a)'i.] =
37 P — L
= 3p’ " iy 2]
> [ S INR s>t sl

i %jﬁ;—%’fr'”'ﬁfsm"”ﬁl s7) > UMAUM) =4

* the rei::reaemia’t[en 18 o0 c”mems-c'smn'l as exFeC‘[‘E:d Fé R3. ]

Conclosion -

o The states SIH,F, SJ)\>]W‘5\’_ represeat @ @.n. free parficle wifh wnass M and spins .

So<h ?arﬂcie has 2544 Dof. which ave described Ecr the helir_tﬁr C!uavﬂuim Vg ber

The sction of F. transf on These slates oceccors vie wuifary cpersiers —s Thetefore in
'actaruf;‘wca with Wr’a ners Thesrem ‘P‘Ifdmsf repr&aeuﬂ 2 .Sffmme.‘ir? offhe -Free Far‘lfcle a?tsfcm



The UNILArY IFFeps of the Little Group 50(3) mnduce the Irreps of the full Poincaré group
4,

Ms=0 M.s=1/2 Ms=1
11 MO0t

| M. 000} [ M0,— =} ! !
i | M,0,10
15k

| M, p 00 |M.p.= =) [M.pJ. 1}
o | M,p.1.0)

| M.p.s.A) = Upylp. |pl/IMY M0, 5,40
Translormations that belong to the Lorentz group but do not belong to the

Little Group generate the states with Zeneric momentum

Figura 1.6: Unitary (infinite-dimensional) irreducible representations of the Poincaré group in the massive

CHSE.

-T.Fie i‘ic"'fch’? is @ qeoed quavtom noumber since wommotes with P° (emer%‘(,[-e.
Hawiﬁ‘e'auan o-f 1he free fﬂrﬁ“c‘le) L op erdi

‘I.) For & prassive i::aw"ir'c{E' the l’leh'ci‘}}( IS not iaren‘f‘e invarcant .

2) Tt is javeviant oveder rove rofstions . Tufuitive preef heeJ P —» Fherefire

a retstion b{ ::ie)r- leaves {he =calar f:raciuﬁ{- v atooched.

'Pn?af :

Consider a pove alna‘Ha". votation Ng . let’s cornj:uTe Ufﬁg)'l”,?, S, N>

U {.‘ﬂ'i} IHiFl'sf 3o % [D5(HJMNP))] XX lHlP;‘.'SI:’b wihere F.lt= !ﬂ\p.*b‘P“ = (F:} _1;-':1;_) ﬂ,z(ﬂ%)

M.J'Mm P) S]—:F H(ﬁm JF#I—)-i Ae H(ﬁ.‘j JE:E&) with H (F;_l;ﬂ} :P Mg (é‘_,F)ﬂE(glL;ﬂ}

Since Aw 1= a fore mration |ﬂ1g‘|=|f’5 . Cen ;eauem”uf:

- =1 - T —
W (Myp) = A (5, 28) TN (G— B) Ac A G=f) Aa (G, BD)
Chain .,]C rotalions —= relation

Tt pftes 2 — 3 (leaves the vecter
alovie § invariant = 3
0 ) ) ) n _ | ""-D(Jﬁw.z
— it haste be a wWiS¥ion @voundz —7 =€

= 3
E_.,c.o( T %vec {m_ same &naie ot = (Ax, P)

]

NG = B TAL Al =23)

= z
- [Ds(?.m‘)]p.'x = <'.S;>u' l E-iﬁaémh,l) =

&?U‘t Cfgfﬁ clia%alna\ —> the exp of & ch‘aa walry Ts !:liéla
—Loc A
€ S

—_—5 — M‘

Tﬁere}%rﬂ Saxn = A=A (he'icﬂfr iuvariant vnder vofation) [



CommenT :

As we WUnox step s can be implemented in different woys . We constructed p
btlf '\awsﬁ\nm(,’ and Tﬁ*ﬁ&"ﬁm%. We could try To follow aucther way :

We a‘[rﬁ.cﬂrf app!lf a beost sleng ’P\Jfrecfabn . Aa(P17) ﬁ,,f=(£:)
— —

wheve Y and P ave rvelated '}hn—.uah c-.::.shaew.i;:—r; 5{»@[443:'_?

o &-vectors

We can vse the bUP-fw-\ocva wolatiew |Ag(f17) = L(ﬁj ”’j’ﬁ) 4Lxbnatrix hat ach

THe |ovededore |10 tomsiroe | $he rePresam1a1|'an of Pa. is swnilar ( athesh
thevre ave = c‘:uf»\e =f o\?[fer‘ewce)

let’s introduce i
U, = U(P "BH)

it ts the ocperstor that corresponds o the "}mmforméﬁioﬂ L in The rePrgs.:m“ibibn
of L.6. that acts on states |H,0, s,

We define the state |M; P, s, <>

—n ‘Jf A ey —
M s> = U (P 1B IMG 5,0

tis «tll eigenstate of P#, P? W2. < is nsh Yae helicdy ; fo undersfand
its fhtf&ica't Vheauma we deﬁne.-

Sl =: L'ys} 15 5% = (L) 5% = Ly#s%

7 = Si% LH:ﬁ'SrT) = T‘HI?:-S:T)

merefore o is the Eiacm\ralue of —% + faelic.‘ivr oFerafcr. What s +he me.afnimaof
this eperafer? We can write it more explicitly |

—waﬂ o Juvﬁg el = = “LE‘SWF = iLﬁ?uv'}-l L _-_L'_(["d);wﬁ
Y M M M N

W& c£awn alé’][r'we i &
T e 0T W

L]l =5 ¢ TK i pl] o
i ATl I
(we_ can checl that [(.T J ] "LE‘J J and [J P] <
|1 J L

prepe r*lirq:{ &pin E— Jﬂ?ﬁiﬁf;\: es the S«th

alae‘o:a af ana‘mqm

— [T IUFs = SINFsD




j-—i com clu =ion the egen valve sysfem (S hely aivew l::(-.

Eﬂ IMJF‘FSrT>= PleFFJSJT>
BEIM Bisyap= MM Bs
WEIHIFIEJ v/ = —H?5(5+i) lH,F;S,q*) with S=0%,4,... -S¢c<s
J2IN, Bis,s2= < |[MFis >

Cc:\nvex‘lrfanaffly we call :

IHrFaﬁr%> & lﬂ-ﬁ’,lfc{"-h baais -'—.-‘-"%lhelfcf‘iy

|Hrﬁs, T2 i Spin basis — = prejection of =pin a:lcma £

Thece = a liftle difference (v the WI%nE'Ir rotation . If we talke U, 0) ]H{F, s, <
; remains valid Yoal -

PHUMNY HP, s = PLUN MP 5>  — IHFrss =UL(hB) MG s
— UM IMF, 5,9 = UM U(P, LEL) M) s, =
= U (F, ) ORCRNARLY VR UGETED) v,5, 5,
We now fecos on J
Ju the space of 4 momenta

P 12 L(h By
F{:f M F’M = L% Pl':’f _A, PM = NP ﬁ] F'r"‘cf

U

f)n‘ref i= iwvariant —s 'IL'iE chain & 6‘(_@)
d A = -1 o -
— ) =T L B A L L)

ﬂ‘ierefare , after ou';tffr'ﬂf'ng ifs version that acts on M35 > , we can wriie 4hat for
a ?enem‘: Fhinca ve" 1‘rav:.sﬁor'maf:'aﬁ X

UMma) (M, 8,5 = P i 20 [ Ds (MJL[AJP})]‘W }Hlﬁlglw-'),-

T'

I)C }\ = a pore vatation Az Ag. ; Thé‘irefor‘e i ‘Hl.is SFJ*M Easi&:

"{—}L( ﬂnl?): A 4




HASSLESS casE

Tn fhe mossless case )oi’:c. ; Fﬂ;;ﬁi 15

STEF 3 (Haasless Ca.ﬁe;‘ Iart‘ﬂ fificalion oF a  yeference vecor

\We Aefme the reference vecler: Plee (Ki06K) Koo 'F'.mr = Ki

Thevefore the e{aewaluf a?uafr'ans ]Q.r PA and P? ave

P’:lo,,ﬁh = Pl lo, k2>
P '0, ki) =o

STEP 4 (maasleas case ) fa/enﬂﬁ'caffan of Fhe Aiflle Gm{;’n

It seems that G(F) = so@ (ro‘ia‘i?on avound 7 axis) . However # is alwmost covreed fndeed
theve ave other symmelries That leave Rep wnfouched . As we Muow, in fuct, the Liffle Govp
bhas Bcaenam.’mr.s , net jost one- The 3 aakerafahs are ;:’Fen.:

B T oy — = oA b A A
W=7 +—W’:P“-’f = J+ “:f =T+rhx2= T+ KR -k = (Thu?, ok, 1°)
'ref

J‘h camfewnen?fs Wwe f'ﬂd' ﬁ:e E’Jenera]‘ors

TX=’J"+“2 4 T?==J2—Ki b _‘,’;=J3

We can now cem pote the alaeﬁam (commutation velations) :
[Th,lT‘f]=9
[T T]=<Ty

[T2, Ty |- < Ta

AIEEL"& of the [ittle Group

T}::'.s a!aé‘oi'a (s “qe’ .L‘e rﬂ.fjebra af”ae 2.0 Euclidean 3}“’“? E(ZJ

G(ﬁ‘:}): E() LI”I& araul:: ) ‘N\e m&ss[&gg case

The slroctore of ER) s the faﬂawmt&?
EG)

— |E@)=T; x50%)

Translations

eneraled br
< Tx, Ty



Wf? 23l pow Tarmge:cj ;28 .;H 'Hne maesivd case [ ]‘rr:: :'W.Juce a b-mffa#'?r rer:'r.ssevt‘fdf.'an of’ 1"’."3@

Fermeare” grovp starlivg from fhe irredveible represeutalion of the ‘Litile greop. (E2)

Tn fhe massive case we stacted from |M0) and feund 4,2, §,=>=INo>e i
where | | > are the common e.E%e.nah"‘ces of the Cozimir IJ‘E and J’i‘.

Tn this mossless case we slart from |H K&) . We need fo find fhe analegue
of the state [[;©- 7o do Fhat we see Thit Ti'+T} is & Casimir for E.
C'ch.se'a weally -

Tx IW> = Wy | WD

Ty W2 = wy [W>

(T OW> = w2 W2 | W= Wit Wi 20 (Fathe mossive
case P° can be V‘-Egajlwe)

Wﬁ news uEEﬁJ ‘fn &a‘d’ %he rcﬂ"af"r‘oizal' /Ddt"f 8enera‘f“£d‘ 19?' {_T3= 7:':
J?is 4he qeverstor of SO . We contlructed se for 4he Irreps of U@) 2 80(2) .
Fn terms of the e afgebrn of UGR) each one of the il"reﬁa is idenlified -‘.'}y
XeZ

— T2 as=21 |0

Sivce. | S and LATE commyte  \we Jr‘aaoml.'se them fageﬂey (infhis way we ave forced
te nmal‘z* tlae Eclua{isne. for Tx and Ty " because 'Hae? de ~ pol commote with J3?).

(T T WA D =wiiwd x>
TP Iwi s = Awia)

What ave the posasible valves for A and why we can wvite JAd= 5107

J_ef’.:- ﬁrﬁe‘f abcut ‘H'JE‘ liﬂ'ie !arouﬁ fer a momerit and consider  U(1) =8o(2)
d.) T he §=op is sbelian —> Shors Lemma : all the cam?!ex irrefJ.s are 4b
9 The roles which dfﬁn& 1he armP are &imF'-c:
R(@:) R(@:) = R(Ge1 6:)
R(g=0) = ¢
Ry *=R(-¢)
R(Efz.ﬂ")' R(g) (Compac'l‘ ea’rm.af:)
3) The irreps are maps soch that:

Dz U6) — 6L(4,€) 2(C,) - j2ec 2 ¢
ST D(3)

Netation = D (R(8)) = D(6)



—> D)= lim D20 -0(®) _ [;, D) DKe) -dO) _
Al —e AB FaY: B Te) A0

= D(8) - lim D(he)- DO _ D(8) - D'(o)

b6 A8 ]
-G
It's a differential a?uaf;'aw 2 D(pe=e)=4  —> D(9) = e”
We need +o im pose R(gtn) = R(e) — e - €£a+ e els Fesrm
O
LT ceall & =2
Tbereforef ik concloaten *
-8
D8 =e wheye lzo}iil,izr:ta,,_,.

eA=0 — U.(e) =41 +rivial vepreae‘n'ia‘ﬂan

F’”IH FUL i8 E .
REPRESENTATIONS | e A="4 — U, (8) =¢€ rotates complex vectors (andiclockwise) %?

[‘1 to 4 C.n'rl'eapnnﬂlr_m{

-6
\;::::;:U;{‘:"‘T‘ *A=tL — Uy, (@)=€ " rotetes complex vectors (clockwize) P
cr-'ert'forl.}

N L/

NeT FAITH FUL _ Fimeé
- = ﬁ = Ty -
REPE&ENTMIUN_g{ A=tm — Usm(6)=€ me 2~1-1,1} rotate the Cvectors m times

We can use the sawme construclion from the point of view of the alcaebra. We Know thst the group
is ahalian‘, the itreps are 1 and fhe qroop gqewerstoris  J° (that we call for sivmplicity J). Thes r'r'ﬂf’,ﬂs
is also unifary snd 1heefore J must be hermifian  snd then its ee'aemuatucs ave real.

Jlxzz Xl xeR (E’EH envalue e?uah‘m)

L can falkke the ﬂbz;pcne,ﬂ‘ff';,’ mep © —> U(8)= E“‘:SJ'

I\ is no‘th(ma but 2 bas®™ in The represevtation s pace (€). P\%poo\ choire
IS
o= (19)] (er @)

What (s the action of Jon |2> ?

- A=o : drivial vepr. (;fn) 5 g,

W

b
W




TRICKY PART

As we learat in the me ssive case ,we should censider projective represenlations of 0(2) =500
allowed /mm a @& Saﬁﬂiwa.
Jin other words we should consider alse A=1x(zu+1) wilh ne N

2

—— Uy (6)= exp (f if—"—%ﬂi)
TF we combine two angles B ond 8; socn Yhat @at€a=2T we 132"-‘

Us(e) Ui (62) = exp (t{ fﬂ“}ﬂ_) e 1

Z

‘H’Lsrefara we |r1.we a ‘orﬂe.c.fim mfre sen?ﬁﬁ&ns. i-e. ‘Hrwlf 91’9 um?l alﬂre 4 when we roi“ﬁ?& b‘f 2
;’-IFL concluscen in addition fe the r‘mfeger.s value a)‘: X we maclude alze half l'wfeaers.

(Te2+ T Wi 2> = wkiwi A

JIwWA2s = AMwia Ao 2% 4,53, .

Jil Ee.me.ﬁ?‘_ elem ent of the Litile Greup EG) talkes the Form -

Dk g ¢) = EJ,{:(.#:T;H- ETy18T7)
1Py ==

CRUCIAL PowT: we wawt to vnderstand how the states |w,23 Form an {eveduelble
representstion of E@) - We have to Jm’kiim%m‘ah 2 Foasible cases:

lwr=0| (Trivial case)

A -l_xt{'Tsz IO,)-):Q 5 I T B 3
T—-"f lC'fk:’:ﬂ — D(“(FI‘?Jgﬁi L F [ J
TL; [0, x> =o

loa> = 2% o0

The trevslational pavt #rlula'-ﬂ-es o A, while the action of ratations aq‘ues us enly a
?hase . T ofher words the .sub\sipae:e {io. :\'>}}~{r;;gd is lef{' tavaviant witheut any chance of"
-ﬂ"nan?‘ima N ar cn’ea'litn} 5 vian-tere W .

— .[lo. A)}Hr_m vaifory irreps  4p of E(2) (cl&aeme-va{-a rePreﬁemﬁ‘\'Ceﬂa)

s?aﬁak kvansl — 4l

dWw o ( Th‘clr(vf case)

Tx WA £0
-2 TNW‘;-’O#O

I+('5 uaefgf f‘a Jeﬁ'we Ti =: Tx tiTy . Weecan e.&al'{"f clneck that [J:T:]=iTt
Tﬂigrefam 2
P Telwin> = (Te PP 2Te)Iwiad = )T lwtn)



The e f:o‘m‘)f s that Tx and T\f ave  lin)comb. of T+ and {"nareﬁ:rﬁ' their action will rars oy
lower The value of A — fwe aply an E transformafion we’ll mevifably increase or decrease
2 and prrce us Te -"ﬂcc?rfmra‘fe ew palues o?c}*‘ dﬂwsegu_en'ﬂy {ol aj.afar'w a ir—re’ps we akre
Ferced to conscder all 7he 'paJ-Sch velve of A

w? .F:xu]

{ | w2 A }Mq:&mg..,

- oo dim. un{‘faq,r?( r'rre'p.s of Pl ot BN (man Aeaemev&ﬂ'e ‘raFi’)

We can now finally weite the eysiem of eigenvalve equations :

P4 |o, k8, wiad = %Flo‘mé‘,w} N>
P* lo ki, win> = o

(T + Ty 1o, k3, Win> = wllo, ki, wix>

Jslﬂf l'r‘i\a"""llzr}-> = )\ iﬂ, KE;W’; L)

Thik s ls kel defined ar.sff-lm of cﬁmmquIma c:Fatr:ﬁan:
9 o [J3 P]=o0

. '__JBr f"i]tffgd.{P“ , but if we re.-ﬁrk_:‘i Yo the SupSpace Formed h:{ Prep Thew +he
onll-r non - vamtahim% cormp. of i i P2 —P[JE', P3]=O

2) Tf we resiccel te he space formed by Pref and con s(der the c:om/poﬂen'f.?
of the Pauli Lubanski vector

W= FP W =FP"s K*P
> W o, KT wiad = TP lo, kT, wi > =ugdlo ke wia>
W 10, k2, Wi A> = (TP +Rx PIIo, kB Wi x> = 1 (T+ Kx3) o, k3, wisd= kW |0 ks, wixd
W2 o k8 wioxs = kE[(I)-1WF])lokdwin> = w2 [(B)-Tt-T - ()] o, kg, win> =

= = Ll(z (T#z‘t THE] ||ﬂj l&siw'!;‘/\)

Thereforc we could vewrite the a'{s‘l'ﬁlm as:

4 [}
P# lo, k3, winy = P#F]o‘m,w'f: D
El lof Hé\; W?,h> = e
Z M
—% |o, k%, Wix> = wllo, K2, wir> w? 2o

3 5] P
\f IOIK‘LWIr:‘->= ‘A|O;LC%,W’;D )\-‘c}i %1:1:1‘,_“




OWRay, new, if we now aflempl to apply fhe methed of induced repregentation fo
the mazelezs cose we have 2 altermatives:

t) We sse -:ie&aameval‘a irceps of B Hlo,k)]lfha& witlhh. w?*=o.

— {Iof“'ilajh) 3}.{.‘3@4 irreps of F’omr:am’*avoup (mass less cax)

Pn'-,s.inhvfwh‘lfsn: eiae.uwa[ua of J° evhich is fhe ‘Pmd'e.:{.:nn of fhe 1ot ang. mom J"aiona s
—> it seewms to be bhe f.-'cf:"y

it) We use non~deaamev#€ irreps of Ea ‘HOI)O}W’*’*“"

M=o, % - WTQO
™ b ] W-IFL}('GA ~ = -
— ’“01 KT, W ,)\>] vveps of Toincave g oup (masgless cage)
A9 b ad,

F‘TI'-, L‘mLerpreJra’ﬁnn'- leas clear ) 2 a-'m'Di%un us Pm‘u‘\‘r_s

1) fer each vepr- we ave forced fo vee all the 2

2) diffevent mPTeaw.'m’ciom sve continwovsly convected b\f 1he e{‘aemraluca
vl ceniinvous .sffn reFresam fa fious,

We ll  vse ,{lo,ﬂijwz=o,>~>}”rm

Nolation :

P o, k31 %> = Pl |o,ud x>

Pz lﬂgw?f>\>=‘3

-t Wu 1o, W2, %= N o, k3D
W

Remember also that (Tx % 72) |0k, 2> = Tx Jo, k8 ap = Ty |o; k%,5> =0

(Imporfauﬁ to
Und evatand Gaugeinvaria nce) W
STEP 5 (maaaleas case) Constrocling the stales with agneric momentom
N d
r:aa'hr? o © anhﬂ? K 'ﬁ.((‘ash"ij‘iﬂulﬂf) kel Pl
2 o o i © o L 0 o = ©
'-{) AE(?F’I) Prff = o 1l & 0 o 0 Ve
Sinhg o o cush'? K K (cosha + ';iuhﬂg) Ke' Pl
T T
2) Ne(@=F) Aa(817) Py = A@—F) [ 0 | = lPI__ slill verifies assless massshel
F" PI7l condition pron
Fl

T can cff/'z'ne the fmn.sﬁrma"“@ﬂ H (4 dim matrix ac'ﬁna on 4-veder )

H(p L) =2 A=) Ns20)
H(e, LY, Pl = PE



jole e the o?erafar {hat mfrasfaonc‘s fo H in the repr. of Le. which acts on
the 5’(&":&'&

HH(P 'Fl) Uy
. PH MH |O‘,K$;>!;’= PFUH‘ﬂ;kg;B‘) — =il EI‘BEME*-B"FE C’F | i

Theve fore we could c{eﬁ'ne;

lo, B> = Uy (F, LBL) |okdn>

Meaning of N in the wmoving frome
b o

The idea is fo introdvce the aPersfnr=
H e
A T i e T

nerefnre we can write =

— ‘SMEMWE- IOJFI'>5> = >'u ‘U;F.r }P | >. is 'H'IE Eiaﬁ“\'ﬂitﬁe ":'1: _ ..SFH{“
W

What’s the F=h75icai meaning of this cperster?

We coold write = mere e.kf—liciﬂolr : 5’; = H’UPS: - (Eihh? ; ?ca&hf?‘}
SHWu = SPW. + S Wy = S} W -5 W =

= siuhty (J-F - peoshy- (TP RxF) =

2| é’“r?wﬂ lo, B/a> = ’IT [zsmh? TP - 'ﬁ.:a:,hqz .(:j"rﬁ', +}A(wp?] :
- _i_ ..smh‘? - coslnﬂz:lJ Blo,Farz  thesabrp
7 +% e T-PloFir>
/: %"? B lo 3 — Htlict’rkf opevator!

T‘jerefon: we_ cevld write Hﬂe sys'lem as :

PX o ki ™ = Phes lo,ud x>
Plo ki x> =0

F-F 1o, %3, %>= X Fl]o, k3 n>




STEP € : (wassless cose) Definition of vnitary irreps. of the Foincare” grovp

:rf: we consider “‘J’F')’}})\f:»d we need fo owderstand the actien of U(N3) on these stales

—ﬂ?rﬂ cﬁr&*eﬁ?f is to conseder UU(N,3) = H(ﬂ‘a) k“(hla;l .

- i 'a‘ i
. UM,9) IO-F”‘): f‘aﬁfﬂlorﬁh? =e” F'”.-ﬁ)-)
. PAU(A0) 1oF 3> = PEUM |0, Fix>  fi*= A% P (dransformed a:aemaiue)
We could weite - |Ojﬁ,)\)s uh(ﬁ”@‘)w,ks,l}

What = dhe velation belween |9 Pasy and UA) Lo, B 2

S UMIoFo = UM Un (B BL) [0, k8,3

2) ’M (Fn. &) UH(PA, )U(ﬁ OJU (Fl IH){O K32 (AP

det’s cee what Fnaﬂaen n the  space af 4~ momen?"a:
18l 1
P\'e{ '—’H P‘” P.-\ Jf- Pref

it leaves ﬂe{ invaviant
—3 =lemant =f SE(2) EL*.J(HE Ch\'ﬂdf‘-)

becavse of W
a8
‘WE‘&'My-i@fﬂw}f

E-m (AP X

Thia! means $hat -

Uy (B, BD) Uen,0) U, (A IFl) =

ok, x> =

'-ﬁ(ﬂ ‘J}‘- —
= £ il | O Pa 122 g (A P) Wl’anar phacg

Im =oe {UH‘OF‘J '

'-’:«P"' -48(NP)A

Uha) oo = ¢ lo, B>

We Cc-uk.ci cl’\ec.k ‘Hwa‘i'
ol Wislan homomerphism U(ﬂer;)U(ﬁ.ha;) = U (Ml y"tzas.‘l'az)

e UWisoutary UTU=14 . 7 chek it we need fo define the scalav product . (the proof is egual

fo 7he massive case)

« <0, B Mo, GA>=0mM? @ E) S(F-3)

AR TP
. = ; >‘:ﬂ .rh'l
1= ) amieey (e

{|o;ﬂ}‘>} form 'H”f minimal invarisn? Mésface vnder Rincare (a p'!‘rawsf does
et cham%e A)  —> IRREPs +



) |'D'IT" 0h—=% 1005 18, =1}

(2 lp=1 lp=3 lad ) -1}

We associate to sach um‘fa.wlf (vrep L‘fﬁ‘le Foincare” %\fouP a (naselese relativietie Par‘!:‘cfe.
We can ht’ahlfa'ﬂ.{' sowme ;'nfh‘aufn? Foin.i's:

. We fDIJIﬂC-l that ot the most primi’ fve [evel, massless !par?‘:zfea an!} have eohe cf.o,;.( . their
f-r'xad vsloe of f'mf(fi'f‘;f,
However wa @ED. we vsed to 1hink to ?hn‘}ons as particle with = do.f. This is becave
n @ED. we have an addifienal Sfaeeaﬂ‘ma symmetey: parity.

‘Pari{a/ is a L.T. whichis nol continvously connecled fo 4. This means That the eﬁecf
of Pa"..'lf is not c.affwea’ by the action of U(N) . What dees the action affbé‘w‘?’k de To our
massless particles]

P 3 G,f_)  m—— (f:'i‘j
Can.sea:cewfff i )[fnPé ﬁ—ﬁ—f_ﬁ. Lot not d_'. and ?%smfam At chawaes Fhe Sr'an
oF the he(fcfflf. Conse uawﬂy L i the presence of 'ﬁgrf{? s'ymme?‘ry The 2 massless
states  |p,t2> are linked and phalons appear o have 2 d.of.

* Of covrse in Hieories withoot Pan":lf s?mmﬂk}f the sistes willh 22X de wdl  have 1o be (inlfed.
For instance , in the early vevsien of s.H. with massless neofrines with only A=~%; oand sulinalrie
widla arl!’# A= d}i Weald intevactions de not conserwe Fnrﬂy Bind ‘}hereﬁm the 'prew’am o cs linclis
WaS Ieaiirmah. NMdﬂYf. we Wunow That My #0 this means that we need %o vse the massive

TEFreaelM'aﬂﬁn i
mazsless ¥ 1 |p, -ty (1dof) ——  massive Vi |m, ;f,%, i85 [(2daf)
massless ¥ |P,+‘f:5) @d.o,{.) —>  massive V: |m,r,%,i‘¢§) (2d.0.f)

We have ancther pessibility

]P:"’-"‘-E.')
| P+
Tu this [as? case we psir vp fhe Ffwo massless dfa.f: in a scngle massive sTate, fhis is

E'h!'lr rmssibfﬁ r'f we declare the Vv and the vV fo be the same Farﬁ‘de. Firticles that coinerde

with  their own antipaviicles ave Kuew as HaJ‘arana 'pa.rffr:fe.s (fm;l‘hh_ only if Hie/ are nel
(:lnarnﬁed). Whicl a-[ Haie two Fgaailo'ul{#ieé is troe is .SJH“ un K inew M.

i

mac=legecs Yy and ¥ { —2 massive ?‘ll’“v;f’ri’gr*"ﬂ

« Consisler The Wr‘amer P{nase 8 (M\pP). Tf we falte a pore refation Ag
== 5’(:"\9.(5:4”),?) =¢




THE VACOUMN STATE

o(u:f’(s conaidev tHoe last case with - o ; whece °=a}. F’=_O‘ . TFirst of all
since P"“'fz“=o}=o we can define the state [0 soch that:

PHl> =0 (iavavian) ownder aPace—'fime franslations)

\We can  voys a.hohl( the induced reraemfaﬂ'ow methed

* The cn[\r FOabEL::LE_ refevence vectoris: P (o 0,0)
« litte Groop: G(A=s0%(1,3)
« The L.6. adwmite acta
drivial cazel (H'&ﬂnsmf '|'ramfm'ns under Joertz) : uni‘iarv]f
M {Cﬂ{"f:-n‘him. 't'rref-a ch')'—"ol,' Klox=0
hen-frivial case: we'll evcovnder in 1 e cfae.sr"/r‘.csh‘on pff(gf:is: net U'nﬁ‘&lr}
e oco-dim. ireeps : Um:"fary ( much wove co\mrlfﬁﬂfd) | Jou v §im2

' Theose irceps caa induce umianr rePres-etﬁa‘\.ian& of the entive Foncare” %rculz (on he
cermsiclered orbit Pa:-o F°=o F;- aJ

'.Almmn all theoe irreps only Fhe frivisl ivrep is=  physical
E f 4 P PPy

1_::“|D)=o
Kl =0 — U(NB)|D=0
Jloo =0

We conclude H:a‘f we Jef.-‘we H:E vecourn |©) as= the state wihich does md}“]rramﬁ:mq

o-ncler "Pc»m:atre.’.




MULTI-PARTICLE RELATIVIST/C &QUANTUN THEORY

Jt seems we )(OL-".-"'Iel a velativisiic clesccrtrla'*?en of a free pavticle i the

masaive and wmassless case . However everything s Jﬁhmt‘eifﬂali\flffawe.d . the glaks
we haue construcled ave eiaems'fa‘les of Jef;‘m'?‘e omenTum. wnha'fe fﬁe.f Prnra'de he infermations Slacut
its Posi"t?on. i.e. the particle r:‘cul'a,n be here or in a remde P;s‘m'\' of {the vnivevse .

T‘nerefare ‘ﬂ'u'a m:‘alﬂ'ﬂ' risk v[o|a'f'{'hg frihc{Flgs of cauaal('{'f T cheelt | ifl ik ch aaK:yWhaf s the
amplitude for a parlicle 1o tvsvel outside ifs forward light - cone?

EXERciSE : Farticle ina state (YD [ocsted in x=0,te. [P =|x=0> . let’s camfuf‘t:

-LHt o
Zxle iyl lwith | H=lP™

For simplicily we consider B8 free scalar pariicle with masse M and we indicate the wmomentum
etuae.m&{a%e.a with [p> -

HIp> = Pl = E 1P

TF {he Farﬂc{e starfe from s r.:r.-‘;p'u iF should be able to maKe Frime-like u;‘ahlma'.ys . — NS >0

ASt= (t -t)- |7-2) 2o (with to=c, x=e) — 2% |%|'>0 — -£<|ZI<t

Cons.neﬂu.amﬂv if we fied aw amplitode Fo for XD — the parlice con fravel faster 4han 1’3“

1P
¢ NoN-RELATINSTIC @uANTBM HEcHANiGs: Ep = ;;
ST T R [, BT L PR RS ¢ B (FI P e
<x|e lo> “I(_n% <xle 1r)<p|x=a>=f3%f W CHIPOSP A=) =
e _-ﬂt L = oo +1 b t -—r-|
d’p “2r <px 4 i z i_lgjm_ ,LIPIICD&ﬂ_
_Lm}} e € "= dipl deose I71° e e =
o0 + 7 ° 4

A

2772 %l

- ¥ :
= Frﬂ Fle "™ sin (jR121) = (H )zexr(tﬁlxiz

zmat \ 2t
the vesult is #o for ¥z and VE. —> Nor possiseE.

e RELATIVISTIC QUANTOH - MECHANICS Ep- \I IB1%+ M2

-, it o -AEt 5 SR iFE - [FIR
<Ele o < L [ape T sin(iFR) =L [ CT-T PR
2nt 1%l 2t ) 24
. ™ -it {[FRam® +< |FI-1%|
L g_,,_)_- I‘Aifmﬂ eal-f [plEsm?® +< |
(em® | %I o

We then compuie the inlegrs! bscng complex onalysis Pl —2

o) (CA) || AU e
(2m)’ [ 7 2 poles 222K

The presence cr]E BHP”H with |%l>e .suﬁae.afs to close the contfeor in fhe uﬁer—f?a('f of the Pfane (in ordec
'I'r:- have an Ekf\, Jecreasrz gnima o |ar%¢ |F'j Le. arr!.ﬁ”% dhe Jordan -!emmaJ.



Y= Tm((P)

c. <y

-R’ = +R

L
Fd

x=Re(IP)

We fﬂ*ﬁﬁt’b’te over the contaor €  and | apoly fthe. rescdve ﬂaeorgm — j‘?ﬂd‘i"‘ﬁ . T The
limet of R fhe :'n?'?raf over 7he resl lne reproduce s Zhe r'mfegrm‘ that "Ce waut to camfu{e

. 1 PN 44 [FLI] £
(=4) _ JJJPHFI ¢ g + [f@)d2 + [fi2)de + | M2 =0
C‘En’)”ﬂ -e? Yes

C c

— I = -ff(g}a]i' —ff{i)afﬂ =l 1 s 4 nyj{EhYliﬁi -Ei‘uh(f w:_nz)

¢ c. a2 || o
— -'EH.E - ; i -rki-l 2 2
—| <x|e oy = A -[J?‘yf -s:‘nh(‘t V-H)
a2 5]

The i'i-:fearami ia a prodoct of posciive terms and the integral 1s always #£0. Lets oa
an esfimation : lefs falle om’y fhe :'wcreau‘na oxp- f)ar‘i"o <inh .

. 41 —
M

(EI-t)? T (5¢) —1)

ﬂderefare ?%e f)rafai'em is less qiram.a;fr‘c 5 aol'na cutside 'HJE Ifeah+¢aﬂe s exfcnem‘r;‘aﬂ;/
.SDFFT&.SSQJ:

z2m? || 21 %)

If |%|-t 3‘?0(%,') — viclation of csru-sa'-.ﬁ‘}' aﬂea to zevo ;":.ﬂ.s‘i!fy

Notice that +his Pra'u{@.m arises on I'anﬁh‘f scales 2 that are A< D(‘/‘i.q} ie. we have aun uncerfaiuly
on the Fa:ﬂiﬂn of the particle of the order co (Y1) . Therefore ,as a com seguence of The Heisember

FrincIchf an vaecerlainly oh the weomentom of'fﬁe order < (N) — sowller s 1he .s!ne'ﬁd:f cm‘{:nehm;
aqreater is s momnn‘ium ie. s Bueraly . TA‘:‘S auaaza'f‘s ‘I‘haff.-

at |P.nal'l+ % 0(A) (and fhevefore st energies >o(%)) we have E'Houaln energy fo have a mtJHf-‘parl"r‘cfE sTste

Therefare waybe i1 is ol &H. that is ihecompaiible with S.R., bol rsiher single-
particle a.H, d

We can think that net Just Ap is comjpfewewfary fo AX, bul also the % of Far'}i'c.'le.s_

Let’s 9o back to the simple won velativistic system of one partice a-H. .

= Y L = -y i |
HIF>=LL18 | pip-pip> <PIF>=8(F-9)



A 2 Faﬁfcie - stete which describes 2
with momenta P and B s %Tuen by

Fwde?gmdeﬂ' identical free particles
P> ® > = PR
of cevrse be{na tdentical wri‘h‘wa 1B/ B> eor IR, B> sheold net mafter

Ly IP];'P:>E% (185> +15,5>)

—  <EEIBE =SE-R) SE-FY + §G-R) S(R-F)
HIP > = (BurE) BB |, PIRB>=GafIR >

One can froceed' with +this constroction and arrive at éuf‘.’drwa
Fock Space  ie. unolﬁ-Pa.r‘Ifcle HElber‘l“apace. A aenerl‘r_ state

¥ = el + [FEHUENE> + & [FF 4 /) o .
Cra%(l,{( I is not very efficient : therers a moch beffer way Tfo do this |

the co called
in the FocK s pace is:

Efficient weo e P&T'HC'I.E ‘i'l.f\e.:onr,r

We 190’1' our a\f:ﬂem of free iu:ie.pewn!en‘i pariicles inside a square 3-O. box affenga’h L

We ose r:ve'r{'ac!l(c bound. cond.  which imposes a :ja.an‘f?"ta’tf'hh condition on The Paas.&l:!g memenTam
states that Far*'.‘i‘t-{e.a tn the bex can talke:

gl il = = l'.-.:":- 2 Nx 27 vy 2Trﬂ;)

Ny h'!.rh'i‘fz

i lll L <
[ "
“

articles are there with that wmomenlom : i.e.
(# of particles with Mmeomentum f)

1L Hf-%E;N(?l ,— F’=§P‘N(§j

We can describe ocor states muvrltm-a hew wmawn
a:uina 'l'inem the occuf'bﬁen number N(PJ

TJ(LES is ?rgcfseltf what "nafpcwa w the and - - ecivuym o
an havmenic oscillator . Weve built an amalo.a% betweea = different sygﬁéms . identreal
[;sar'l:rcles and o sefof uncau]nfeJ harmonic oscillaters ;one for every }Dm'nf' fm our

momenium space - laflice .

We can extend dhis analoanf fordher intcodocing ST@) and AP) . Tu the contextof
an -‘I’iarmo.ﬂfc m-‘”af‘gr At and 3 serve 7[q add er remove uanta fmm. {1 he ffg?(em.
In our case AT and a are invwlved i The creation orannihilatien o Faﬁﬁ:!as (n spesific

momevtom states —s molli-paclicle sfatss will be defined f;‘émuah Suecessive applical(ons
of creation af:embrs,



® We impese in amai’ggy with  bharmenic eoscillater
a®,a'@]- 522 [am.a'@]=[3@®2@)] =0

We can define

|Ps; Posoes P2 2 SF(R) at(p) --at(p) 10> a(f)le>=0
Due o |P; P50 = IR pe> —2 this formalism  describes Bos particles : we con /prff any
nember of them i the same -:juan’tum state. Moreover ‘Hn.uavf have ?nf&aet‘ -EFI‘H

So , the eneryy ond moemenlom will be :

H = 4?_5? dpe® ,;, P- ?Z“ﬁa*ma@

. ;r{n erder +a cr!E..SCTl"D'E J[ermr‘ahs Wwe impoae:
e, ct@}-S5 (B, @} = [e () e@)e #

x* revents Haat move Jce.rmfohb are in the same wanlom state asnnihilating i+. —
== thie anlicemmotatien relationa allow ve 1c have the Psoli exelusion Frrmc:?le.

We can define

\Pe; B/ Ba2 = TR (R - C' (R 02 CE)D =0

Due to % i?::ff’:')= -lﬁ”ﬁ> 38 exlmec‘f'ed‘.

(So’. the E:nﬁ‘\r%\‘ and momentom will boe:
2k ZF E e, P=-2FPe®
P

We new try to implement all the above con sidervations in the conlinvom bmet o
the sfates we consirveted frem fthe vnifary irreps of The ‘Par‘wcare’amur,

WE rhéica'l'e w;-f:h Ianr ?\} ‘H'le 54'&"‘65 'I"na+ belpﬂ te a %iuen ;lr'reT: ¢-|C ﬁinmm'amu’a
n" indicates The set of Casimic eiqenvales That define the irrep.  e.g. in The masiive case
n =.j H,ﬁ} i Therefore The i{wialq Paﬂiclc states ave deffned 'bulr‘.

[0 7% = Veg-at(n,Fa) 10>
a(n;p,a)1od =0

[3{fnr}lf-'::,,‘)k]hl a*(n,ﬁh}] = ()P § (F-3) Son Snne fn‘f‘eﬁe'r SpinN

{3(“13} A), a*fh}ﬁ?l")]f (3“')3 S(F'Eﬂ 200 vt Sevn)| - in‘keﬁer aP{h




and vcn‘f(r‘ :

<n GNP = @T) G San 2Ep 3(F-3)

Con&e?mm{.{r a2 i’?‘:c)f?‘r-—f}at’“ffclle. Sfa‘i'e is a’eﬁ'ngd' 137'

0, B ke g - B 2D = N2 870 B0 -+ (2 By ST a) 10D

with E'.Inenak[ and moementawm :

3= o - - M‘.;:r; a';evr'ued' prr'-“f‘:}"a.niuc?t'l-'ﬂ
H= %[;J% Ep af(ﬂiﬁl}a(”;f’:ﬂ] ﬁuanfumﬁ'eids bot fmn?f[raf
2 " + fr.‘m.:;'f)les aualy2ing the
E= “Z[ng—m;%]’a‘f(ﬂ;ﬂ)!)a(ﬂ,?rl)] Fhl?rg,{ca| cJ.cr.‘F- a
\
\--__; sSom cm:r the
g Weities

hel’s see fhat +he +himag worll in The case of enersy . hefs compute Fretly:

[, at0fn] = 223 [FERlmE 02tk o]

Conside rirna the besonic case [HB,C] = A[B<] + [ncIB

= Z Z J il L a+(mrl?.r}‘l) [& (m KN), a-r(_“;P_,?k]] =

o Cem?

= Z }Z‘ j Aiiz EE. (ETF)? S(F-E} s?.?u‘ Snm = Er aT(VHFr }«)

v (em?

Con -u‘a’&r:‘na 1he fermionic case [ABc] = A{Be} - [ncyB

= ZJM at(mic))|a (m|u.h'],a+(n,p,a)}= Epaf(n 7

T Cem?

Jﬂd’Efendemff}/ )rmm statistics (Bese er ferm -Dirac) we have

[H, at(n@ 0] = Eat(nfn

— Hlnfas = 26 Hat (ap,2) 10> = e (32l + Ep o™ (n o) lo> = B Iy

We can r’mme::fl'a‘feft( aémeraifze this resolt To mUHi—l::aﬁ'rc'.e states -

-H_l a*(m i F’:;)u) - at(ny, ﬁ.,}u):[ = (Eﬁ 1...4 Eﬁu) a+{”4,-f'l,u\5)“ . a*(ﬂw,ﬁ,mu)

——|H Iﬂn_ﬁ;kif = E8 “#:ﬁ:)\"): (L:l’1 t et Ep)lng B o, of A Py e 2




We ave 8mo‘|uail shifling oor focos from states to ope rators that oct vpen

olates as a' anda 11 qmau{be will 'hc-:IP us te anlemevﬂ' cavzally : we dowrt
localize Farhclea bot c'ce.ewsﬂcans .
Si‘nce we Know Iﬂcw states ‘!Ehan.:sjﬁarm vnder a 'Pﬁi'ﬂd‘afe' "frau:,f. .r? f'.Sf ;fr‘l"lf‘ld':"t." lfﬂ asik

about *['he '{'h’am%farma‘f:‘oﬂ !Drﬂ‘per'fr'ﬂa o}[ a}par—a'fd’s and n Far‘h‘cula\r i:lc:w at and a ‘I‘ran,sﬁm
tnder Tincave”

Ha s=iVe CB8e -

| MFrs,a> = \2E " (M5, v 10>

== ULN3) M, P59 = N2 U(A3) 8" (HF)s,v) 0>

— | (7)) at (Hlﬁ 5,) U(n.a)'i': 6’1{:&& %?[Da(uj(ﬂli’))]xha*(ﬁlﬁrS;ll)

and i awalam > camJuaa+iwa it we find:

#*
Une) a (HF,s<) U(na)* %Z[DS(“J(“'F))]XLQ (M, Pr S

Msossless cose:

o= - 1 & 4 (P A )
Ua) ot (FA)Uma)™? =e aﬁ‘\IEET;‘- e O St

4 ; i (\" =
Ua) a (F) UM, = aﬁ‘\l; i A a" (F.»)




ASSIVE GQUANTUY FI 3 PIN

Iﬂ. aHd an hermitisn nFera'!cr is observable , not trve in relstivistie an.

Im‘r:femfnfafrbn af :amsah"i/v noail a'f Oy carresfnnaf:: £ an clseriohle | tmeasred | in X=(X1) and O, carre.?ﬂ:

'{'u 2 cheervakle measured Tn Y‘(ﬁ”

— |[a@,00] = i (x-y?<o

J_ei’é fnd roduce 'H\f: 50 called ﬁwan*}um Field ie. The hu'!'n‘mg, block of the observables:

‘?afx) = é"“({;"’,i) : nFem'feT'— valved —functins of sraace;"r'fme

What are the properiies of fhese bm‘fd'.'wa block 2 A quentom field is defined L't]ra setof condition*

'iJ' I‘fra wot evucial ‘o E)e heymitian

L) They satisf, the MicrOCAWSALITY condfion: [@’a(x),@b(tf}h:jh (x-¥)co

With 1his we have 2 poss ibilities o implemel  velativistic cavsa\ity ;" com.

a) [%‘[X)’ @B[\f)] =0 ((Basownic FIELDS)

In this case d?“(x] ave observables . The a-’gfbrarc properties of commutslers That This f:rmfwfr rs
also Frue ﬁr :am,.w.ﬁff ofgra'fahs built b‘.h‘mz ffeu"afs as  consfitvent:

[A®800, c)o(v)] = A[BcIb + ac[8.0] + [a,]pB + c[Ap]B -0

= -] =0 =

b) {‘j’;{ﬂ,%(\’)] =0 (FERMIONIC F/eps)

In this ease $* (%) are not cbservables. However we could construct <aoc& observable c?:ram*i:-rs usi-aa

the Praciud' of an even nuwber of quantom felds :
[AGBEO, c(OW)] = AlBcto +cafdi D) + [4,dDB +c[ADB -0

= o =o

3) Tran.sﬁma)‘fon properlies onder Foincare .
. ‘r i - LY
jn &M, ;fwg have rs:,rmme‘lr?r fr&naﬁrma'hen ach na en =tates ; We can weuﬂer?reft 4 &8s a

transformalion acting on rators:
T T 1T ly> — ulp 2  ©0-—o-uUoy
KELI f&ﬁ . What is 'H.*(fl,lj) @A(X) U(ﬂ;]ﬂ)=? This role (nthe
dxiomalic @ = 7 gives

F 2
0 Y B0 - Ut (A W UnL = O (NS%K%) | e the def for 4
7uan‘!um _,fr'ei‘dt

- D(N -:arrﬂslznhda fo some /;nh"e dimensional rer:re.smfa‘l?mh af-‘Hﬂe L.G. &aam’.‘ma to which
0 transforms. (This representation duveto nea-compaciness of L.6. is ne? uvnidary)



MOTIVATION OXDER THE RULE

‘9 det’s takhe & scalar function and a transformation:

* 4D - translatien

PK) ’qﬁt'x} YK = P x-2)
| | % 3
« 2D - rotation
Yoo | e, |
g = ;
| |
! ! !
R S =

T e e
..........................
________________

o R Ryt
L AN W R ] i e ok PP
___________________________
-------------------
...........................
e NN A

...............
.............................
---------------

-------------

............
SR R A N B T | L SR A R R B R N N SR B

......................

T['II.': exflain

Fot)- RP(R'R) = R p° %
this e:-rfim'n o

What ave Hhe cansecjuﬁm:a.s? re. What asve the relstions between aenemﬂ.‘ora. sod Q. FiEws?

¢+ SHCE-TINE TRANSIATIONS . infiniteaimsl X — Xt E

Ab) — (L) — UME=41t1EP"

UL E)DUWE) = 543 x-e)

G —— | expond [ expand
(4-46.P") Q"W (L+8Pr) = $h0-£ 2430
— Pw-ig [Ph 0] = Pw- £ 8%

[
— [[P* '] = o @) —.f{

[P : $* (x)] = -i2:9'%)
[P, )] = iV



* LORENTZ TRANSFORMATIONS (infinitesimal)
(Ab) — (tw,0) — 'U(ﬂfw o) = :ﬂ——-qu"w
Ut mJ,O} ' Ulllrw,0) = DMNs $°(A*x)
(4 +4 000 T*) 860 (4 ~4 90 T**) = DV E*(A0)
0 + “%“ Wi [T Fw] +ow?) = DM D (K*x)

e Now vemember that we can alway a:.kfvand the rafrsaem‘iaﬂi'an in terms of -3&usra‘!'ors (in the f;ni‘l'e
YEfre.aen"Fﬁ’ﬁen*) :

D' = 8% - L, (327)%
* Moreover :  x# — X = (§% =4 W (J2R)5 X7 = .= XM+
J -:.ampadl‘ notation
( wn: 7Pk (ﬁﬂff*v '3‘”-3"2)
(P\c‘.ﬁaﬂl}d we're intevested i At : XM ax™ = = xa“_w#px")

— DN B (%) = [ Lo (@80e] Er-awton?) =
Now we exFand os follows :

o B° (- W) = B - (34 810) X’ = P ~5 o [ (00 0|8 = $Y0-L [ (o200 E0)
— = [s% -~ o, (a205] { 8Y0-Lay [i (o107 Fw) =

= 30 £wu (@NEW - L, 002" E

= ') '%-594.: [(J»v}ﬁa + i (x‘“a*—x”af‘)s*a ]éﬁ(x)

— 3" + £, [ E W] o) - $0ei [T FE P 52055 |
C::mf&ﬂm% the blve terms
— [ [ &'w] = - [ +i (27 x724)5%) %0

J"l[‘ 5eems afmeriﬂfe Yo introdoce

J47 = L (x#87-x"aM)

and rewrite the velstion ae fllows:



[7, &) = - [[@2)% + 32 5451 20
T resteict the affention o rofations @ (J* = _;_ Eiju JJ“
— [0 2w - £ £, (1% 30] = 26, A 354 ]8%0 -

= (|5 B @) EELTY 5 3% =

= A[(E)s + Tils% |90
L 1 4 W _ 4 ; { o = | s
I =36 I = 5 Gy é (612" x90) = () €4 (W93 = Exx! (-0)2x
anliai_‘mhtdn't
prope jsff;jg

in vecler farm - X x (1{7:)

Therefore :
= A T\ F ca|ZB g7 B e
|,—J I &’ (x)] - _[(’Js Yo el S B]é (x) where J, =X x (4V)

| ] 5,

3 generators of relations T+ desevibes Tt describes the

in“the onitary rep resewtation 4 he spin. ane. mom orbital ana. mom .

&c'Hnna o Pnrhc e states. I+ arises "’);rom the Ft arises from the

indrin sic

It descyibes the tot. ana. o properiy p;:”;g"?n'ﬁ:*; -zFva? fime dependence

Jorentt.

4) c]:}accmf)osi‘hsn in terms :*f atr and a

We ‘ve seen how quantom Fields acteon states . We sliesdy defivd a class of cpersfen of this
Kind at, a . Therefare becomes natvrsl To sy that Q. fields ere linear combimalions of creation

and awihilaglion ofe-miht‘s (assumF'}iaﬂ)- let e (wrik :

gz x
16 =3 S W FamBD)  with UM B uma)'= D s BE(Axeb)

$Ax) J’Z g%rv'(xm,ﬁv} PO with UGN 2 UM = D.(F) 85 (Ax+b)

COBSERVAT IOMs -
- N is anindex ret:vresenﬂm {he Paﬁidc 5l:e=ie.: (Far’licula'r Iruf)

v §, an J. ore free fields (since a*anda ave defined for a syslem of free porticles)
= é+ and &. (in f«rEndfie, +ramform vnder Aif}ﬁeranf D)

‘4 and v are fhe coefficient fonclions

*Ef’ i‘.:,f;xaa‘ lay on shell relaton (E.a, in1he maassive case ];f.= +Jfﬁ'1h’t)

Tk"'e _[’ra‘ﬂt"fc'fmﬁl'io l]::n:?e.rdty we wrote 7s :
Unb) SO UM L) = DIy $°(K*x -A*L)

we can ivvert it :




Remember 1hat - +°TN‘1 D@‘DH"J'
- unap = uny’ - H(n‘-ﬁi‘k)

UYL = UGS -A = U XA
—> UK -A%) $* WK-AD)' = D' ik -a%)

-

.S;‘hce & ia frve any Rincare W(ransfoﬂna‘lfon J aall f‘\-ifﬁ - AN =b
T /

— U )30 u(A,B)" = D(EY)'s 2 (Axsb) | (More Frieudly fo o)

The 2 fransformalion properlies in # impoe 3 constrait over ihe coeff. fonchions U and vt .

= SPACE-TINE TRANSATION case  (we'll only check fer w4 )

We Kuow 1hat LL(4,b) &= (x 1) = 5% §E (x4l =

—

We Kuow alse that he aclion dfspaae ~-time dronalalions is aimpl::

35 — < h - 35 - -
; ‘l—%ﬁv‘(mrrﬁ) eP® atope = J’ PE_ ,E;V“(mbm,?ﬂa*(nr%ﬂ

— Uity Fe) = UtGn F,o) EIP“D

— |vAxnFo = et

For U? we have:

U2 (X, o) = gF ut(w (=)

@A ()() Zj”ﬂgﬁ? F'uﬂ (XF“"FI 'T) a‘("“l?fq-)
Prex) = Z oz € P A P, T,

* LORENTZ TRINSFORMATION case

We uow that — U) 2UM" = D(F)'e ' . T con plug

= ag 3 3 ! -
L‘H"S‘.' — u(n Z.[-(f_rrlf_llz_ﬁ ﬂLxF v* (2,0,7)7) 3' (W Fw) UT(A) =
a2 5 j SE_ g [UN)S R UA)

(amPeE,
EL,,,FF v (e ) P JE > [0 (@ (1) 2 )

1 oApPX B
= IT]%_ v A Ff‘:"}e \J:r[ (WL("H?)]] Jt"(|"'|E"="r)

I



T 3_‘
n P — P where PENPY and we fhe fact that ——E-CEl is dorenls
P

RHS. We chanae variable
£haw1e of vaviable

nvaviant.

DM 2 |eire {m.r,_: V(W<
D (N*)'s ZI = VB (i, Be) €

£ p-AX af(n,ﬁr}=
'Pn"lx = Fx

— 5
Y =
a'(n,fr, o) =

—

w8 n, B o) a*(n 7, )

D (.I"\ .{) Z (maﬁ' El’-ll 3
D‘(ﬂ-i)“ﬁ ‘UB(ALWF;J“*) = % vﬁ(xjn[ﬁql) [DS(L()L(H,F})]TQ'

i

-

I&‘L &Halnay we aoold ](:-'WGa

Dy (s 4 (Ax,m, ) = 2wt xym B9 [ Dy (e (9]

we have that:

We ave reac\T to Im]f.:osq micmcausah#y For sure

(&0, 35ply=0 ;  [34w,329), =0

we weould liKe Fo have alee that:

[‘?:G‘) . é_g{'f}]i': °0 . However in

Bot fhie is wet Ehnoa'h

aeh&f&"n d’a Fo —}'ﬂ"abfe.m‘f
condition s salisfred :

[¢', 2 °w)zo

in & way that the abore
(ﬁ, and A can be foond wilh { re
[8%60, ¢y, =o

. we need to combine &$, and ¢.

— |¢'0 =k $ + A8
Since we re a:mbmma $s and P_into 2 -sr.ma,lle =1)dec:{- 'Hae-f have to Yvausform

onder Jerente Tn the same way

(X) Z (11']3{_ l:ﬂ” (Fe)e” Pa(“pf‘r‘r} AV p aT(“lffq')]

with - rD(ﬂ“}*B vi(n, f, o) = ; vA (0,7, ) [Ds(u.)f.(f't,r))]w.
DOy w i) = 2 Ao o) [DLS )] e

cenvanient farm U Mha

can be ve wrilten in awmore

We unshice That Yhe last =< e.cIu.a‘]'Tcﬂ
D(y7* = D(5*) -

Z UA(H l-:’:.“l) [Ds(w;.u;?))] Rt ( Q) )“B UB(hIP,- o
Z v (n,f.) ), (uh(ﬂyl’))]w (D)5 ve(n <)




We coold do the same for the massless case ,cbht‘h[na:
vA (R, M) e“0P* _ D vE(F N

w? (B, 0) e O = bty wB N

Cﬂrn'm E’.'nJl =

‘.[) We can a.f?'ll" P to the vacoumn state:

&7 :
%h(}(} |0> = Zﬁ_’i'ﬂ)’ﬁﬁ. Avhi(nFe) e *F Iﬂ;?,fr} |0 'f
X

Tj’lis is similar fm er'aausfd‘fe of},ﬂasz'},fon in a.H. :

== 5‘3—. e L ey AB "_‘-? 51
%> = j(z—rglprl*fnjé; PP

Iq'ltfp\*eﬁ'&ﬂnn v owe oveafe a Far‘]‘ic!e in .srace-A'ime Fosi'ﬁon X : the )‘rgg ﬁg."& acts as a sortef
bammer which hits The vacoum at position x and shakes s:‘nale— particle quania out of it.

-?—) P* and @”(x} does nel commute Maeuar&l 3

[P‘", @‘(x)]= i3 |

We can check i+ for m=e — P°=h = é}l?ﬁ Epdta —> [H, @a(-"]}:f"zﬁoé#{")

3) The Klein- Govden equation is m‘ffsf-‘cd G‘ar every com]wnerﬁ) :
L] @&(X) + M2 tf"(x): o

Now we would lilke to extract wnfos from +he e?uaf:‘or:s * (bathin massive ond

massless case).

HASSIVE CASE

:f_) We consder F_=E>’ (reference vectox) and A= Ag (ESOCS})

tﬂonseg;uemce : | AP =Fa=o  (dillle Greop dces net chﬂh%‘?mfj
L{JL(""'F-}P) 3 AR

*
—| D(«,8) AE ar B (Hr?‘,q-) = g"ﬂﬂ (H‘E’,,d"") [Ds[ﬁ,é’)]q_,q_

T'a

O (0" ut(n,3,9) = % u* (n,@, ') [D,,(E,sr)]




—

.2_) We cpnsfa'ﬁi" ‘F=3 and A= ﬁg{?,‘?} = L(?‘;@-)

fﬂnse.gu.&mc: W (As(Fim),p) = 4

-

Proot:  WuNP) =L (AET A LGi0)= Ag(P0)* Ae(pin) = dosy (f\*fxs =L(f/Bl) and  F=o)
O
Euerl'(-ﬂpliu} :.Emj:[(ﬁe.s a lat:
A
Uﬁ[“|?}¢} e ]:D('P\B(FI“!‘})] 8 uﬁ(n’-g{u_)

) = [D(ha(fn)] s v (0,3, )

How fo cheose the finite repye seutafion?

[et's fakhe O(h6)'s ub(n,8,) = > utng,<) [0 (2] .

T order 1o have chance fo solve this uation it is necessory that ‘Hne/'r'mﬁ: dim. vepre seitation
D(N) whew decomposed wifh fhe volstion subaraur of the L.6. centains fv:sz:‘s«e!:y the r?pwunffffon. with f=s

Exéml:sle: suppo se 7 waatl te consfruet the quantum Field corresponding te Massive .apmi ‘,bar‘hdes.
We Unow how the matvicies Dy (R,8) are constructed : (Hey Form the 2 -dim repr. of So@))

-ihT, 0o .
[D,(A6))eic= <a1 € "8 |, 0> where J>= (f’“’ °) Ji:i_(::?) J!:\I%(Ji 3 ?)

o o-d VT \o 4o C-19

The cbjects which teawsform in fhis way are 3-dim vecfews . Sethe spint  guontum field Transfem
vader Joreutz in accordsnce to a represenlation of [.6. such that | when decomposed onder votations
it contains the 3 -dim \’errese.ﬂﬁa‘iran =f so(a).

MASSLESs CASE

4) We consisler Pﬁ‘P'reF and f\: J'\uu € SE fZ) le“mo_ C:mup]

Canse@usnce Fa= AwP = Prf

— "Iﬁ{fl i )i -
—— | ut B = D) U (0 B 0)

-E) We consider i aeneri‘c and N = H(?,l{li’:l_)-"

Conﬂmemce sl = Apse R p = Preg - . P= H (7, E;—I) Fref (Eiﬁ'?-c comp. of wom. aicﬂa?
irof Pref)

- W(M=Hp)=dwy — Wiamav phase G=o0 (not rolaiing)

—— | UA(F,N)= D™ 5 U (1 Prer))

.?) We con séider f‘=ﬁef and A=hg(£r‘i’)

Lon sequence - —p F (ﬂ.nf?r 4’} i P] = ¢’ finite repr- of L.6. resiriced to rot awund 2
Pad

1""& (Fl".rf'nh) = Dﬁfd}}ﬂﬁ' Uﬁfﬁef,,\)




FINITE DINENS(ONAL IRREFS oOF THE LORENTZ G&-ROOP

We ‘ve learned that field components  form o finile dimensional  (nol uwitexy) represewtations

ef the [.6. We ‘ve alsc learned That iv order 4o ic‘-eﬂ“f wihich a.-FiQJ.:!. is caf-able -:fcma*?na
Far'll‘cle..s with = [:ar'lfco[ar si:in it = weces.sar?r 7L-= vnclevstand  how 'Hre mrre.s/mnafm& fm;'f& repr.
of the (. (vader which 1he field frmusform) a(ccamjms&s vnder ratalions. Nafore has beenw Kind

with vs @ we ouly need a basic un&era“fdue:lfna of anaular momentum.

Consitder the £ geneva'tbﬂ' n{ the J-orem{‘-'.' Z,'raur{f and ? ."”’letf span the a|aahlﬂa 5004,3)
We wow cla)(a'vie fhe ﬁf:’awf'w? g‘amf,-'ex cembinalions

M= &.:‘"T{- T=N+N [ H'_j]= CEuM"
- =2 — 2 [N‘f N‘*] =-c'f4:d~“ N¥
EREL R = 2 (R-) [ N =

There}(airt we‘ve rem-ﬁani‘&aal' The iorenh alaebm 8p(43) inte = mmmu“rlm% Sulz) ag»e'hm;
— 50(3) = Su@E) @ su@ =D  SoM1,3) £ sue) * 50@

Bot this s mnryafefe{y w because SOY(43) is nd compact and SO < S6() itis (since SUE) is compad)
However we are not w:arh'n; within the confed of the resl al‘aebm of L.6. bul valher within teo is conpleaificivy

—| 50(5,3)¢ Z5U(2), @ SU(2), @mﬁfm Lie Aa’ge’om cf L.

Farmé‘-‘”y are/orasmie:‘,an the ?[rou? that cqrmsPands to this afge}ara is 3}u'en by:

PR - :
D™ () = 0¥ (m & Dy
Hhal is cbisined by exPaneﬂffa+|'m3 the WKronecer sum of generators

NJ! ®y M.ll = NJ:. ® ﬂ'(?,ju:}x(:!j,u] + ﬂ(:jm)x(z@u,]@ H.J'l
Where )3 and {2 ave label for the irreps of 5U),

CLASSIEICATION OF L & /RREFS

ies.‘a riﬂorously the seme Prab'ﬁn arises i ordimery non-vel. .M, where we have Leth orbital and
opin an ular memeuntom . which c’oe-.tf the rotation !ﬂmur’s commdTatien rules awd

commute with each other.

Sst=0 4 ¢ The .::Femfnm { \m?, M3, |I-\i‘|2'. N?'} are muivally cemmuh‘ma and mU«S'J'fo-SSeS a

coemmen basis o e:‘aenvec?‘&?‘s

{1d¢.m;|J;.m;>E |.j'4;m¢>®|iz;lmz>}dh& with =jigms€js,; -josm <,

-‘.‘E’cjwu'f‘ped' with the scalar I,Drod’ucf' (,jn m;,:jt;'m:' |&=,m;,ja, M2 = “-'J—;lb"ﬂ{ ]jg,m,}c‘ Jz,'ml |j1l1m;,> =£m;m‘§h;ui

The opevators [NF and INI® ave (Casemive . Canseg u&i’:'Hj/ ecach r'rreﬁs s labeled J:y
2 indices  (J4,Jr) Fixed

(1)

(m’@ DGI)(A) \j‘-sos%fd‘i-'-f- \jlzofg.rir'

— DY) = D




#* What ha!:?ena if Zrestrictt  relalicns WP ionaone
-00R-T _ -4 p-(F1WV) jé—.{aﬁ ﬂ'e-ja AN

We write dhe Eeme.ﬁc matrix elemedt as:
: . 3a,82) s . -ienN -LBHH

<js,m) o, mi | DY ’}(n o) [iem foymd = <ja,md Goomi| e et Lia mefym) =

u? ﬁl\lﬂ

Z‘f. 9% ) —i@i- .
= JH“isz;mtlﬁ' |d£lh‘|dl[“!>{.ji|m1|dllwzIe mll\!lrml.)' =

s Ny
: —i6AN, . . ioh-N, .
T Z<J*-n my | € [ “h'ﬂi} Seive = Sngmy < Jz, M le i |z M2 =

.t.alfl N

w-N
= <jo, m &P " g meo<is,m (€ I 2, ma>

l

i DLJ...‘,ﬂ(ﬁle} ~ Dy, (R,0)® Djl(k?;ﬁ} : dim [D(Jhit)(ﬁ,aﬂ{z\jﬁi)-(zf,ﬁ 1.)

Tn other words if we mu‘&ue\t' the abeve 2 watricies aceu-rclm%"lﬂ the wrillewn wle we geta new
TEPrgsamfa.‘han of S0 . However ‘;Tplcaﬂy D Wit (A,8) is net an irvep of SUQR), even /f 3(5 wnten

as product of fwe irreps.
T]nere)‘::m. the jdaa s To +""f te q:l-;a%ahau'rc gjmuHameuus[? . 1”;”?-' iﬁﬁ Im’, J?'}

with this choice T can 331‘ an irredue ble re'orrznfafian. The commen craew bass is-

{u*'dl"i"m>]\i;,‘i= with — |ie-fu] €€ 1t and  —yeme

EC}M.-(,DFEG( with : &jedr, Jml e Jas Jimd> = & Sum
The relation between the zbasis is ?E\reh E\{ the Clebsh- Gordan coefficients:
|\]‘|J"r J i 8 Z C l\j“lm‘iih m:> with C‘“mdlm Jﬂimirﬂ!lmli\hi'&?!& mp

l.l-:'“id!"ﬂz
laf’.s TECOI'"_PU'J’E the wmalrix element;

: ; 85 4505 P . . : = S5 16 fom .
é.:ld'l mijj \Izlmll ‘ D(J hhl:‘(“qﬂ} |'J1|mi1'd?|mi,> = 4\"11 m;l \le m],r | “ Ilq}iim"dl’ IT|1> =

= 2 2 jomi, iy m Iana-.mm>cas.4=.4.mle 0671, & i o
LJim d m' Fly L
L I 1 e ‘/zflﬁlndiaﬁwdan coeff are e.?uaf fo Fheir siverse)
- Z - e by o3
:"FP""‘WEhl
E o Lo L
J,Zm “‘“'J u-. Mgz g dl my Ja m, {J’-rt}llﬂdmle - |-JI.J;,J,@.

+1 ) —
IS IPT S LN 100 I

iy Jz vy



-jﬂ'.j| +f
i . . T a i 1 % 'i' I
g T PR P | DY (4,0) s mepz, ma =hz . F—-;::I.jm: Cj: ::i Ja g {DJ (ﬁ‘a)-l m,m
Jrhpl | Mpmi=

This formula fells us that , under retations, {he irrep 5 b of the full lorents is
reducible ondec the subgroup of refafiens ond it breaks up inte the direct sum of 2j11
dimensional irreps of the amup SU@) with Ljsrfil < j< Jit e

i Jii 2
——| DY (4,6) ~ Dy (R,6) ® Dj (4,8) ~» D %,rDjtﬁw)
J= e
Seo, afaf‘ﬂi'cau‘f we have:
. {1@.;.%, J:,m;,-)} basis — D{J"J‘}(ﬁ,fﬂ: (24514): (2 §1+14)

: *1ﬁiﬁjl.m?} basis — [f5$}ag)=

Ti'leve}-ore We ave hnow &bte "l't: e 3}-01‘!!\'13‘1 av s wey ‘{'a ‘“‘le L{.ES'!FCIH we Okd’ Eér“er‘-

IFwe seekK a g field capable of creafing  a ]:a'riic[e with spin & # is necessory ferit
'l'o +ramafe:rm 8 ccordin c a ‘nite-divmevsconal repr. o L&, DWW soch Hhst
it s corrESFon&r‘naa d'ecam}oﬂifﬁol'? onder rolfions inclodes The refraaew'f&ffom w:‘ch=s.

C;i‘af'nica'l view G]C

T
i n ILI” m h”f
' [ '
______ TT% T
------ 1 |
| :-.-:—.- R
L ot O
.I - Il N
E; N Ll
L -+ 4 —i—
4 = - R I
Il | I |
Di0.&) 0,1
T [
4 4!
I [ i
i g i B
purte B e e i B e
A 3 BRI
L@~ - 1 Fed-a- g
"__I | () i
: G 1jo3 |
. Ll i
] e | i
i [ [ i
Dig.0) 1.0 (3.0} i)

(1.1009)

Fer exavn'::\e , ifwe want to describe a scalarparticle S:0 — we need Q repr.

with [=s=0 - ch'uj, D(k‘%}f--- / D(d*"}") L ;’f we want fo describe a 5=2 particle  we

MEE-CF \D(%’%‘}; D(‘:c‘}‘r D(‘}ﬂ/”_

OKay bot hew do we male our choice?



¥ Complex Conjugation
1 kv u

Tt's vseful To con sider +he rofeﬂﬁss of com lex  con jvaation . Jef s 1akie o oevevc
TE‘Jresam‘l‘a‘Hch D(%] g F j J7 d

D: ¢ — gL(v)
3 — D(a)

We caw cleﬁme {he conJ'uaa'fe r‘e{oresew’.[‘angn:
D% & b sifw
g > D*(g (=DG)")
The repre senfation is colled won-complex vepresenistion iff. There exists S such that
D'q)= s0@)s*  Vges

jrz 1”15 case af = 3@@37-51: Jr‘e rauF a nzf»reaen?’afr'un and its Coﬂd'uaa‘fe are ﬂ?ar‘valen‘f"
(non- complex repre’sentalion ) I? There exist & fransformalion S sach1hot:

D@ =% = 5etTst b Lsresttafr)
We can show that in the case of su(2) this is al’way.s Troe for Say irreducible represenlion
'Prm_}-’ (SKetch)

— — < =_n* — - = [} -
M and N aengrate 2 l’hdﬁﬁﬁ’ndrﬂhf—) { SE‘S_l F‘* there fore (F-N+N) - sTs*=-F*
SO Eiae@:ns " SNS =-N

The ‘f’ricl(y Far“f comes /ram E : W'i(ﬁ-—ﬁ) Y iﬂfac‘f‘:
sks'= LC-NENT) = i (HP-N?) =4 %K* — Jorents J":gebrd does  net verify S8 %
and therefore fhe refzmsewfaffun is complex (nb. enly for aminus sign)

The rffr.f.smfaﬁ‘gn, howsver, £arils 1o be a:mpfex (F we switkh the role of H e—sN. Daf‘n3 this we
Bd‘ indeed a winuy Siaw. (which does nel chanaq {he Fr")’e‘d}’ of S35 ?=-3*)

1 [wﬂ*=h>(ﬂm]*; DU (p)

i general they are complex
with the cmly exmf)ffon of
The case where js=jo O

* 'P"aﬁt}(
J—Ef"s see The e}f/ecfs of a pa vity transformetion on :?and' ?:

F S e
3) — T (sxsl-vector [ psevdo-vector) — because I%:_% S I-TxF isimveriont  and 3 is n&t
Affected ‘5/ sﬁaf}al' fvevelon — J =L 1tE (s invariont
-5 Eb -—
K ——-K (Fula'ravcc'rerf trve veder) —s becmuge T —s-3F



Sivica | TN | i K=<(N-N) , 9 Iaar."lrr transformation swifch the vole of Nand N. Therefore:

D f&h.ﬁl} (-"\‘) _P’ D(d 8 :!.1] (A}

C:vnseauanﬂr |'f the —FhEer:( reaards pavily as fa-:m’amohfa[ e?mme"rry we will have fe consider fields ?‘raﬁf;mm?
according fo regare-sewﬁfr'nns of The 1?,9.5 D) yin Jrss  (or simolaneously incorporste fields ‘fmn{fnrm'na
B aerding DY Ggh and Fields 'frdu/annirg .aamm"fha, D )

{du;0a)

CURMDSITY Felds which Trans form ,';:.:..;c-i-r.;":'r)ﬁ_ to D JiF e are called CHIRAL EIELDS
&
EJ{émiEles :
: 2 % ©9
+ Keal scalar field: () —— $(K ) : ho D

Real 4-vecter /G‘EH: VH(0) 'LJ' N V(K'Y © V* ~ Dﬁ'w

Whu’» DG”'%)? We rre loslin ]ﬁor 8 4-dim vepresewnt s {on Jiw Fhe scheme we have in
r;’mcirle Dcn'k)‘ D{%'ﬂ}I D“&i' ) The f:rs‘t e can be digcarded becavse ! Jr‘ne-f ave nol real,

t)uf cemplex Epr. nstead on {he cq::n:l‘rar:,r +he def:‘n:’nﬁ vepr A*p is a vesl repr. : moreoNer
D‘“’%x > D% jusdead 3 4vector may or may nol chamae the spatial componen! but it

C:Hainh’/ remainsS a <4 vector

Dirac feeld : qF(KJ |L) f‘\gi 'I}J(,!‘{‘x) -Ll) s §4!°}@ D(“.a‘-’i)
Ny, =orp (4 90d%")
J% = [y

W'nnf Dﬁ'c}@bﬁﬂ ? Remember that Jj =%&\;qu“ - K ’J:i

T"Je.re aye 92 ekf:[:'cﬁ' r‘eFrEseﬂ‘iaHGhs. of the Dirve wmateices . 2 of the mest Lsed ave:
the Weyl represectalion  aed the Dirac rei:»reschfaﬁ"an . We will ose fhe 75%cne :

0 A : o las ¢
I : °s Bl | L ¥
Weyl reprecentation ] ( 2 O) | (--::-JL o) i ¥ ( 0 ﬂm)

- [ F -
< T o o_[*35 ©
=—t=ip Js = B : M_; = 2
T =
=] = O 41"

The block diaaahal farm of 1he aewe-ra‘fnrs of bocst and vofelion /n ke Ws,vf repr:
maKes wmanifest fhe fact that the vepresentation is reducible

= vt (D) G

Jis easy fo see A hat if we aﬂnf:f a L7 en Y. well never <znevste a lfi mm,panen'f and yicever.
Je. Yo and e represedt 2 2-dim (wariant subspaces (under ihe adon of A4, . Fach of these 2
cﬂchnevﬂs (!t:fi‘ and n‘li'n’r hand ed Ney"sﬁmon} trans form .5elpara‘fef»i.v acrcrda'na Ta ireeducible
2-dim repr. of L.G. The black Fdiaama\ Ffam of the generstos allow ¢s fo write hew % and
\{)p. trans form !

=
I;-.
£
N
~
@
o]
o
o
14
e
~
4l
n
m|.-:”|
A
-
[t
~|4]
J
Zzl
[
~j4)
=Z|

=0 —> Jg'—“_fi 'i\jl='o



lFR —2 exp (-,:'r?-ﬂ —Ez_;+r?€r%)7fg I- f_'_,' W ci'.: — PT=-::>, A=§ — o g%
rn\elrffare
o) (= %) $1°) %
P’.H-MD G"’LPR-'U_.J :b ,}{)ND{ﬂ&D@j

REAL MASSIVE VECTOR FIE(D
Thf tnext Fo:'nf is to discuss massive vecter fi:'lcls (imFor'l'an*r becavse weatt inleraction are medisted I:-r Spin & v
ﬁcl'c‘]. NM.B. The indeces AE are rg-,p.facea’ wilh AP
JF . X 5
VA(x)= %I@—Wp[w F)e a(pe) + W(-ﬁﬁ;e“’ﬁ*frﬁ:ﬂ]
We Kuow nfg‘f the 2 masfer .e?uaf.e‘gm:
¥
PRY ! v L A [
NG9 (3,2) = S 04(3,e) [Ds(id)]L,
A M v = i =iy [}
NG yu'( 0, ) = % u* (@, ) I_Ds(ﬁisﬂ]qﬂq
Now J can g0 in the Lmf of infinifesimal Jfran:farma‘Fien and impose s=4.
AR [G.B) =14 _4-€ﬁ'a44uc

JD; (ﬁaﬁ\] & ﬂaxj-c'ﬂﬁ'J e aenera‘lrs thal -aiue, ‘HIH?. I-*eF'rehrdaﬂ'mn 3-dimn
of the vdlation 4 reop (in the basés  [4,24),14,0))

(j:m],u? “"(6‘, o) = Z u# (g,v) (qu-'qh

(Eimj":l v'(&,T) = - gvf'[h',o":} [J}’:_,q_i'

T11&.$€_ are the 2 HE-,* e?uaﬂam die pead Fo solve | Jof % do some | observations.:

‘I.) As we Know ?‘!J'-re 4 -vecfer re;pr. af 2.6 confarns  beth J"{- and J=o. We need fo iselate ?"fvfb,l-=i fﬁrf‘ (Er'nﬂ we are
interested in f;’efdrs which destrey swd creafe spin-7 Pa-ri':‘cfer This s wﬁ'y we sef Ur'fi 2nd cmngaewff? e bole
e -ashsra.hf.’m of So@@) in the s-2 represeutalion  weillen in he basis “,,i,lm.‘:'}“_,“r

-!3} On he fﬂﬂ baned sicde we have the ?ewemfam 3;.-,; ta the Jejﬂ‘m'ng, r—n_‘presen?'afrhn pf the Z.6. j;;/:g.cf, fefs
fake for e:amPl'E: — - )

. ((__f-'rmro =(J£m A (waer.)&o ==

i (J4vﬂc)ﬂ'ﬂ i

K k] _[ 2
[J-ﬁuec) J = =4 E.CJH — -:cc = Ja

We csn sdve w r."&sflry at#fﬁ?: (we can check Dsina)—/

VA(G,w) = ur @)t

For Ahis reason we new de fine the so-called f:cfarfzm‘;an veclers at 2er0 memeniim:

EX(E,5) =uw'@s) = vH@E9”




— 2 (‘j:;'!*t)ﬂv g“(ﬁ'}q-) = Z Zal (axT')(&.Jq"Q‘

==

s — o =2 £ @GN (J)eg — |£°(@)=0 fral s

Jn the rest fraome we have f—"f“ = (H,8) . There fere ¢ we compute: F¢ef £.(0w) we find :

vef

P

ref E/M (ﬁ:'ﬂ'] = HE&(E“;U‘} =0

Since tha scalar Fmdud is & Lorentr invarcant ?uam{»}fy thes means That thes condfion must
be valid als inthe mwrm% -frame.:

P EXGE) =0 Y a=110 Treasuersail"'ry cond  Tion

This fronslafes in :

VA (x) =o

7

Werve Ju.:ﬂ.— ﬂ:uvﬂ fhat ‘HTE /r‘efo" L"""F v otder te describe S?tn—ar Faﬁic[es__ most et abf?'
EBHSff the K.6. eguofr'on bt alse this addilional conditcon . This m rpr.ac.-f.r'ce reduees The #

ofd‘.a.f. fmm 4 fo =2 .

—  (@EE - 2 Eae) e
WE consider W=3 :

(Taed 450 = = 6@ e

=

We Kuow {hat J%is r:l.{aan'na-lu : J3=(§E_ﬂi) —’(J?}¢s¢= T Saiw

— (J?ﬂﬁ) IJ'EUI(‘S: ) e ; EJ:("-_’? T') T Sqr

T (J im:) ;JF E‘J.(ﬁ: <)

1

q‘Ei'@-_,-r) Efaeuuafue ﬂ?ua#ﬂﬂ far E(E, )

In order te solve it T can infroduce the Jiaaoualiaa*?:m matrie S :

—}_f'i o j{fi =
S=|-%5 0 i — STl Se «Jra?, (4,0,-4)

o 1 0

— BTl 85 ' E@e) = TS EGY




F fna“l](, con .s:'a'en‘r:-j both M=o =i

o o]
—_— f#(ﬂ,i)’ %(g) Y Eﬂ(a"‘ﬂ = é(.i) ;' Gc#(;"{(_,:): (g)
i

Now we have feo ¢agmeral'r'?e foF?‘Ea‘- o crder 1o dol that we can a.ﬁr!'y aurfn]em( boost:

0

o

i o = rewnh i 1
u* ('”'f P,<)= D(AE(Fi’?J)hB uefn,o’cr) S U (fia)= Ns @) u’(e )

L real madriy
v (n rFr‘TJ % D(AB(?I’TDAB Vi (“:3-'“') i (T (Fr“’) = Mg (Fl"l)ﬁv v (3,9
Y real matrix
If we falte fhe romfizx mﬂJﬂgﬂ‘h'en:
U B = N Ut GEo)? — E4F) = AP o 2@

Tﬁe beost molrix s aiw-f'n 1-,? (Cons,fderfmﬁ a2 booat a'mna 3)
E%f o EH/H
Ne (B 1m)- = f :
Q EF/’H

kaf
o Py
Na=a —  E4(Ip1E,0) = As(¥7) f;) =2 LONEITUDINAL POLABIZATION
4 =7

O oes 0

8]
4
T=-1 — 4 (Ip2,+1) = L *42)
Nz \o . TRANSUERSE FOLARIZATI ON
c) (inva rf‘aui‘)

T=+4 —— F4(|plg, +1) = L[ ¢
Clpl2, +1) =

4
o

:?‘ (5 r'n){ra'c tve o write 7%:9 ’po/ah‘iafr'cm Vecters /a f’ﬁc /'r?f f;'cr‘]’}/ ba sis

BN = HP L £2@0) = AGopfy NG 2760

o
e TP [€Sp Tcpcs
’JZ_ 4l FSpCo
1 S

u ) ) ! IF IPI°Ep
A =0 — é‘-'ﬂ(Pfo) = AR(E—)F)HJF:EP('F"IQJO) = (Eﬂi)= E-’:('F )
= F NIP|

d=rs — EAFH) = AR(E-P)He £L01PE,£4) =

Tn the werra -RELATIVISTIC 2/MiT Ep = \IFI#N* = IP]

LONGITUDINA L masslese
T T 1Pl pH AR =) Pr | PeaRizATION L T
—.\& (FIA'D THFR W [T 1 EXFNO) 5 | e v B Higgs
RELATIVISTIE £IMNT mee nanism



We ‘f'{aevefnre, e:;ua."fy well write the massive vector field in the dfrsf:crf’r basis

FK-E[F,).‘} + ?Eﬁ(ﬁrl)teuf’-xar(ﬁ)\]]

& P[5t P
ME %ﬂ,a .](”J?"[’?r [K )

Exercise: Oor aeal is the -:'.‘omrpui'a‘l--.on of ZEH(P;A)* ?fﬂk)
% A=t4o

We remember that 4 (PN = f\ﬁ(i\—’?]ﬂl‘svﬁ-l?@;h) Which i means I can wrile:

> S4B ENRN) = NG =P Me(3 P Z} e, N ETGIRL )

A=$40
Now the cm]:u"ta*?aﬂ s vather slm?Ie o T hnow how E“(2IF1,N) are made .

far exam,:fe: Az o
24 e Ex Pl
Ht © 0 —§ ¥ {-EI'E}D QJE‘EE _"riC’O'I'ElE'E -4 o o o
P £ O A B o o ©o o 1o Ht H H 0 0 0o
L (F1E d=o) 7 (IFIZ, A=<) = 0o 0o o o |=[o o o i
o_ﬂo o zi' a.h lelc b o o © o ©
'E'Jl-FO i Al o nﬁ%ﬁ Hﬁo c:--|-‘r';|-2 2 BT R
HI i £ Fl
E
T remember that §f= (or) , therefore 7 con inferpret ¥ as BLR]
o M*
Ipl
Now 7 have fo add sleo the 2 Hrousveree /Do."an‘em‘fma (74.—:::1)
o o o e T o T oo B o o 2 O O
Vi = |1l *® % [=[=[lJdell® & EelelJR]® % 9 P
an (122 YT (FIE. ») Zilo £ (£ [O/[Z|t0 & 4|0 A
o e e 2 D0 0o 0 © © ©
Therefpre we have
-4 o o o c O o o e
> sulina)*evem ) -FiPa+oooc+o1 o le|| L P'P; VA
A=t4,0 0 e oo o o i © i
0o o4 o ¢ © o©

F_:'taaffy we caw wrife:

2> E“(F;)\)* v{ﬁk] = Nel(2 —;?)), Ne(3 —P) v( :lf—aff) >

A=t4,0
L PR | LA™ ) r v | Dl
v 3 Ay Ar'e Hl 3;“

> s (N EE) = LE_ i

A=t40




WF. new lnaw.re. to check the m{crocausaiﬂ'-f Sl 3
[veea, vpl=o  [v#60,vif]=o

We‘ve seen fhe corvelation between spin statistics and commolation [awnticommuiation relafcons. We
are describin spin-4 particles .. besons , therefore we have commutation reladions
(instead of anficommutaleors) . However let’s consider the ss;énl':f;y thal thes = q fields can commik
(=] an‘{:cammu'fﬁ ;db.s'f }(EV C;Ja#{uafna ﬂfe .?:n—sfé"—'fsfjc' ‘J‘.‘eargm -

T &$r 4% SFENCY 5 ) gl VAP g
Vo, v, = % jm [n eFFNETaFN + 1 FN e A EN

m (&, ,\)6 a(u N)1me R "”a“(w A)]

&°f ¢

* .[Cnn’i—(zmﬁ [’f“ EXENE N e [aE»,a1@N)],

h K}? EF(F;H]E"J(K;L') ﬂ{r‘x im?[aT(Fr}");a(?.')'q]l =

Y
=

=+

8¢ 4’ i
Jm TREAFN EGI e

£PX-LRY 3 = =

R

£ wy EPENEGN) e

43-‘ I -ipx 14 - e
Z W(maﬁ (}Wfr&x §'(F-%) [s” EAFN -GN ¢ PrAdky o K? (7, ?sffv(f,»\') E;.ra ;w}_
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Theorem : As () is inveriant under ©F#3) : Di(Az2) = A:R) ¥ Acot(4,3)

Cocllary :  ZF (x-9)°<o —> Afx-y) = D4 (y-%)

Z£ {xuy}zco —> = K9 (af“’ﬂ 2 g,) (&AH*) iﬁn("“-*))

Theve fore if T consider the + si i is in aemeral d’/f}[ermffrom zero. @m'rcomm rel.)

T most consider |the — 5;5#1 (commafaf‘on r‘efa'ffan.s)
= @

n::. 3_”35 oS ,Ht& Lo c’é‘ﬁécf S’om .sfaff.sfrc fﬁeomm
Bose stofisfics ond belween

: velation fefween commotafion relation and
anticommifalion relafions and Fermi stofistics.

let’s check the 2" condition :

[, ven']= > [t

SRS & aWF APX 4o
— ATVEE, (TPE, [ﬁ gr(Pe a(pn + ?E’"(F;h) e " "at(Fn )
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pedw [ " INE
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peae [ )
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! ol EX (BN eV (F A ( z 4P (x-4) 'lcf‘(ﬂ‘:‘))
J(zszp ; FENe"ENT (urze 214

[&°F [ v PrP 2 ~Ap(x4)  a ip(x-Y)
-‘3:17]25;(3],t M2 )(IL{\ e )

(ar‘“’ g 3*) |ul‘&+(x—*fJeI'1l‘a+(~-?))=

s M") (we-1a1) B =0 e I <lyl®

We coold write U = |M€bgﬂ i ‘?-’— IKIeL_S?

[

— VW= M 4P
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Now J can I'"Ec;ie}[:'n-e.-

a(Fy) — e a(fFy L
i iy w here -2
a'(Fn — e aN

(6:6) P - S L
— V*(x)=|k|e * ;ﬁﬁfﬁ ' (PN e P“a(ﬁh) + E4(FiNe Pxﬂ‘(r:h)]

The ‘P"th;'e.s is invariant vander reszzlin of & frelds . This }Darf of freedom Zhat we have
is called field redefinction and it will be :'mPorTauf i rewormalization ﬂteor/_

J can  sef M-EM =4

So we /mai’!‘y arrived a1 what is Kuoun &8s <CAUSAL VECTOR F/ELD :

3 -i e 0 e
Wiy (k)= ? {i}:[z_fp]: E'(FNe anfﬁh) + EF(P;}')*E an-r(ﬁ)\}}

QBseRVATION - Heow The Pafam';af{an vecfors Fromsform onder Jorente fransfarm&ffan.s;

NSE (F ) = é E4(R o) [D,,(ul(nf)]]ﬂ_ (Spin boscs)
Nog ) = > £4(R ) [DoGo (P, (Hetiity bosi)

U\fa ni}sevue Jc'ha’f ‘H‘le ?n\ayfia‘lr?on vectars 'Jlrausﬁrm una’ferjamuff ﬁ);élc‘lilrr as ﬂ;e f:ﬁf;:h&f
Stofes 7{-‘;.‘3}( gim To deseribe

UM 1,5, 55> = > [Ds (@A) e, 47,55
U 1,5, 535 = > [Ds (@] 1,7, 53
N&\torail:f '”19 Jﬂ 50 according 1o a Jf/elre.wf‘ he'ph i ?ll':?e faaf_ vecters /z’:ffow;wa {he

qfe)(;‘m'm? vepr. crf L.&. (a.s ﬂre:‘{ fraw.yarm as 4—09;1‘-9?'3) while the joh'y.ﬁ:‘caf statfes
fal[/owng The um'fdrr '-\'llfﬂn.i/“arma‘f‘r'sn ;'m,pfsmemfeo" 1;7 U@ . 7The effac;l /s The same)

FEYNMAN PROPAGATOR

IWanf fo aamjpy‘f‘er

VIRV'(Y) |, xooye
<o | T [VH) V() ]16> where T [V"(K} V“Ufﬂ =

Vy) VE(R) , xo<y”
— <o | T[VHVD]I0d = g (x-y°) <ol VAG) V) 10> + 8(y°-x?) <ol V(1) VA (x) |0



WE H.WDW +|ﬂr3-'t"-
[VA00, V)] = (-9t - 203 ) | At~ A, (4-0)

T want fo relsate and ©

.+ COIVIRVYI0 = (g - 4, of 37) A (x-9)

o <o | VI VEI0> = (-5 - £of9%) Ay(y-9)
Tn’ﬂerffarr::

?

<o| TV v@)]iod = <~3P‘“--T%f3;“a:)~[e(x«-yﬂ>Mx-af) +8(y°-x) Mv—x)]

This Froccclm-e must be checled becasx the lime derivatives will alse set on the G.  when we
aHemlp'!' e move them teo !ef'!'. le?s see cose 57 case:

},M=A: ; ‘y'*-ul,' ! ne frauem because @ a're,ﬂerads onf:rf on space mm,::nrmrris

M=o V=4

G (x°-¢°) %% Dx(x *f} + B(Y°-%7) 2% 24 Ay (y-x) =

= % XD (x- vﬂ §(x°-y) ok D (x-y) + ?W‘S(x'-?’) i Dilyx) =o

tet. dlar 1. der

Since 3(x°-Y¥°) foree fo have X°=y° — At (x-y) =0

M=, y=o (where the prololem arises)

The extra ferm that we get_from this case is: (neglecting fof. derwadives)
A[@J‘a(r-y"}]az‘ D x-v) + i [ B(y=-xD] 9Dy (y-x) =

- 4 [g(x -y9] X Ay 6ey) -H—[ (y°=57)] D D (4-x)

We can write:

§0-y%) 3 Ay (x-y) = S{M”Jaojmazf
i (ﬁd B (k29 PR

B (%99 44P-GF)

=‘2i3(x°*f)

) g
= ijﬁl?_ e 'iF'(x L -4 §(z%y7) $¥Z-TF) = -L §'(x-y)
2 ) @m? 2 £
LB )= PG

§(x-y) 9 A (x-y) = §6~Y) J M) 2, 7

4 JE (x2y) -<P (- v]

=50 Hﬁ—"—m; (Ble
LA SFENL L §(x%y°) $3Z-¥) = _2__ $1(x-)



Sa h ranr!fa.sfan ‘/r}?-? e:-c'fra "!'Qfm *;"'34'!' e a&‘ll 1‘5

§9(x-y)

— <o | TRV = (-g+ - £oto2) {a0e-y) B 0et) + 0y Avly-0)] 'Hi* S0 98"

= ko[Tvevi@]iod = lim J dp e—*f’f*"‘ﬂ( 3 L&)

ta P ghon-
E—oof fZiTJ* a Y)

- A gqm
pz- N*+ig N2 a

Fﬂiz :M’fre fﬂr‘m. c’aff,fd' .:'.smfacf interactlion term Seems fe nf..-.-sﬁu‘y ?“l;e '{premri' covariance &f '”lf. H:}:vnrr

However we am'{i.cl!;\o"é" that it con siwmply be drpped when one perferms perlorbafive colevlations 0sing 1 he
E'!mman Frafsna&fah 'F‘_a\"' 'Hmls reascolr We can ueﬂ J"ea?‘[ .".l" anJ ﬂ"ff’r'fze ?‘(f:.re SO F.&-'?IEJ E}fﬁtman Frbpaaafor
in the Pos’c'l-l'm space 3wrd momentom sf»a-ce aAg:

dip _ -iPx-y) < A4
G:_*"(x—ﬂz .l‘_-’":m @T}"ﬂ (3},“, m Fa.srhan space
“ pv <
GE(P) = (3‘"" i P) e mementom space .

REAL MASsSLESS VECToR FIELD

(a* the ﬂ‘rfaih c:qc C‘rauae. rfz;l.andanac{)

We Kuow very well that A=+4 (only fransversal d.o f. ave physical) . We iufroduce the
fo“ﬁwiﬂ% vecter ff'&!i’-‘[ :

A" (x) = Z cml’slz_ [W"(F'ﬁ)ﬁriﬁxa('ﬁ;h) rgvrENePE EN]  Bei

We Kuew 1hat i 39#&;@!’}, in the wmossless ~ose:
~4 M =
w (T 0 e PN _Tpm]’, w BN
wr (5,0 e O = o], v 7

\We conscder P“: P;ff and f\il’\m € SE(2) — asa consequence Fa= A Pres= Pref

A ( Ef )i) E"'g(ﬁolf}rN: [Dmu)]‘“?u?(ﬁ“‘\}

UM (F:f.l ) E+i£i'f!"-_.,F'J.\: ]:D (nw]]ﬂfvf ﬁ:‘“)‘)



Since .If SEEMN S J|r:vl".ﬁ-‘n:-'sxt'fﬂ!? fo asszume thai A* 'Jmnsjorms 8s & - yecler
A* 0 L A AT ()

as a cdHSE?EEHCE :

-L8 (A, A x
we (B, 0) e 00 AX v 0
L8 (N, PIN
v (BN e NS v ()

We see fhat V’”=(’L¢’"}s resolves Fhe sysfem . Theresere -

vH =) = EF(Fep N
48 (NP

— [ £ (Fid) = Aoy €7 (Frer,%) AweSE

® 7o solve this e?aaﬁan we choose Aw=Me(2,¢) — BN P) = . T# means That:
0 0 o

f’" (F‘wﬂ :\) E-" ¢}A = O cesd -3ivg O it Ev ('Ffﬂfl:\) WI'H’I PFEf = K E
[>] sim? cos¢ o v
e o o 4

We have 4 e?uafr'ons.

/(,L:ﬂl_a

£ (et MNP D] |- |l d e 2=
_ N=t4
fa(u‘é‘ E>a)(tf -1) =0 —> | £(ki )\)=0

M=4,2

-3 N cos¢ -sin gt LAE = E°
P s P9 — —— | £3(us M= inE'EWE N A
£ sin¢ cosq /| g )&= £t

We consider Ei(lﬁ\;};) = "\% — 52(1{%:‘}\]' b %’

2 transverse pc‘laﬁ?.-a%ians (civeular pelarizalions)
fa) f ; o
—— | E4(KE, 1) = i : K (e, +1) = = = AN = L[
(@]

At s fvcn‘n'l we wawnt Jo aaneralize tc & %enen‘c moving frame -

EL(FA) = H{?ijﬁl)nvfﬂ(ﬁnﬁ}\) = M (E—=P) N (817) &7 (Fer N =AR{@_’?)HPE-’(FEH>')

N.B. We ussel The fact +that ff(an,)) is a pove spatial o‘b\}ﬁc'i' witln -b'hl}l X and y componenfs and
-l"na\re)@m it s unaffcdaa: Er the boost )ﬂ\ﬁl‘ft[ﬂ?)

i o EM(?.' l) S AR(S _PI?’)FV Ev (ﬁ&f:A}




E°(FAN =0

‘Ed(f;f‘k)s ARGP Ev(ﬁnﬁh) = AFOO EH(‘Fref;)\) = EQ(F:CHA) = o2
EC(FN = A 8 (P )) = RE—PIT (Fy,)
Nolice that if we cam'pufe the scalar Produeﬂ' between e sra‘ﬂai Far“ts =f -F.Z:! and £4 pe

l‘la—'.i&"r
Y A=14

ﬁ’!.fg (ﬁﬁ{ ")\] e
More over also in the moving frame , Since PH= HY Pres | — ([P =c® R(E—F) Preg  , we have:

P-g(F\ =0 V h=sx4

Se we fcohé that

E°(FiX) =0
P-Z (F. V=0
This wentity franslatesin :
A’W=-0 , T-A®-=0

The fact thal ATN)=o awy tefevence frame is 3 rsa’ffaa becsvse f would implies fhat
A (x) counet ﬁa‘lﬂf}farm 9s & 4-vecter |, :anfrar}‘ fo the nifisl >ssum plien .
ol Tx—< BT,
® lels now consider the case with Aw €Ty . Therfore:  Np(p)= e™" i
We need fo Kunow what is ‘“‘IE WCaﬂet‘ I’Jl'la&e in this case . UWe remind 4hat aagneﬂc WIa\m‘r radation -
WIAEE 5 1F) L LAk Tx-ipTy-i0J°

L

F’F:e{ A=Ao — F=Po => H(BE) =144, . Thewefore:

;{ﬂ ol c85e
- ‘-“T k) T“ -
I3 L xXTy -EBTy-4@ I3 cile-n

ﬂh’a r‘mpffeé fﬁa?‘:

f#(‘isreﬂl) =exp (-4ot ﬂiFEJ:) EP(Pig, 2)

Ty =32 Kl
:Ir J(fh:r.K 13

o o { o\
Tx= J'tK*= |2 0 o o
4 O c':ﬁ-,c' 0 -B o0
00 4 © ] I
—iocTk -4PTy= [F| 9 9 P| =A
o -i o o F of © 0 o
- 1_H§= -4 Q o nf: g = 'd 0
Ty=a Bl P
-4 ol o/
We see that :
n(e+|82 o © —g(z-—F?
2_ o F
A__ o] Q o 3 A3=O
o o © <
otpt o o -t Bl



‘if%(ﬂftrp,) —P of --;::_':"d-z‘_pej

—_— e#r(—,(o-:'ﬁ; -,{PTq) = {4 +A+ AL - -B 4 o B
i of o i -
Theve fore - “—?E =P« 1-%{1"'4,5")
uk 7 C; , AP -do Z 0 e N
i re F | —T = o = %= |-2A TA s 3 -k
E* (Fet ) 7\ T }Fﬂid) = () =y (g) f*‘(?«f.m)*r—% Phe
- o

— | £ ) - £ R e 2 1,

This e«j-.;.e"clm is inconsistent becavse Ap A« #0 oF af,fséff . Thevefore we conclde
‘Hﬂa{' H‘ is ncﬁ' O-SETJ:,E '.F"D Cgﬂcd"ruc"[' a ‘?—Ve::‘['sr r.‘lu-an"{um j-_f&la H’Ja‘* &EGCT{EE—E Imaac.[e &5
spin—1 Faﬂicles. The c:'nl!f assomplien we made , That ma'};be it is wrong, is {hst ‘*heﬁelc;
'l"ranaforma “I{e a 4-vecler. WE. lhave to clhieclk +hd+ First of' all [ets iniredece:

Ch =_‘?‘;‘L;“:_°‘ Eﬂ: = Eﬂ(ﬁﬂfih\}'fﬁ(ﬁ;”}‘] fc-lﬁll':f
2.

— E#(ﬁﬁ#h} = hw("‘l‘ﬂﬂi’ (‘—:p(ﬁ;ﬁ.}‘) 1752 Eﬂ(ﬁ:’e{,)t) t C‘-\ F'Fpef

So the intexprelstion is that the polovization vectors shift by G Pl oo they troucform won trivially,
onder |iftle roop {ranslations. Moreover onder these 4 afw’raw-yf@rmafr"ona 1he fftlyf-r"caj
states |o k1) de not treusform sinae Ty lo k3 d> = Tylo,k3 > =0 . = We find a mismad
with what we discossed Freuiou.s'-y ie. that 24 do net <have Yhe same +mmsjoufma“rfon.
propecties of the physicsl shates .

Since E'"'(_Fd"ﬂf{h‘) and gX (F‘mﬂk) & Mef most deseribe the same P‘I/l?'-sfca\ E.Jfahe we
.S'{m’:l\'( re.cju.im +\at ‘Hm? do &0 . WWe ritpcfne the Pcf. Veclovrse Qs an e?ufval.sr;-f class:

{f‘“(ﬁe{,?‘-) = E*(Prp h) + G P’?r,,c, Chéf}

Neatice that we ace wner descvibivia & .Sfl,;wme4rr7r af +he .s'fs'ferm le. a "trawsf:-rm'h'an nf‘_s‘]'a:'es
which leaves +he ?l.q;zal'ca inverisnt ; thia would ra?u.t're that 4heve is & non -Frival +u‘ansf¢rmu"s?an of
the slates
We can easﬂ.emii?e 4o gawerf‘c mwomenta . We Kuew Hﬂé‘l'f
EX (BN = H(PLELY, eV (R ) =
= |[EF (PP & GpH
Oa the other haud en Fhe Space o‘]c Phxrﬂ['ca'. states
|Ofﬁ9‘~>= uH(F‘@)loanfr}Q

Conse uewf’fz we ave fpr:eqf fe declave that fer & qeneric imomenfum al| fam}arrea’r.‘an

ich Jiger 'n;{ a cz:mfslex mul'lfl:ale ::.{- Pf“ fr’ePreaen‘i' 4he same P‘a’t'fsfca| state -

gri:"c{-::'r.s A

|0 P N> «— {E"('F":?O =&4(F N +G P, c,ea:}




.:Z'rz aﬁer Wd‘é we I'oal.rc. a rt:fynd;anc;r Iy 'f!ﬁr_' a@m{/o?‘f'on- When ‘Itlrawsla‘}ad‘ ih ‘f‘he
Lazmn%?an lam?ua e this redvndaney les ot the orirgin of Gauge invarisnce
Physice” must be invariant If we vse FX (P,\) + G P* insfead of E“YF.X) .

Tkr‘s inkravisnce c:v[c:e:-,, wg‘}‘ Corres }'Jdg 'f'::: a frve symmeTyr - | mim 2 7 s
o fransformation on fhe fk_yér‘m! sfafe that |esves fhe systens”s lbhysfcs nvavrrant .
H’E'(E , ©h ‘H’!e conira ’HE 5'fdt‘—"é da ﬂo}z fraw.:fanw at ah‘. Th&f‘efab"e & more chUTd"‘f
+o E,Feaﬁ of i“aoiutnclamar vather than armma‘}ry-

How dees AY(X) +wnsform 7 U (A) AM () u(,f\)di-_— ?

We lnow that: —LA(AP)\

) U(FNe =DM's Ut (PN

9 £ (F’:J)E_mmm = N e’ [FX)
— (A"’)”pf”(ﬁ,h} = ﬁiﬂfmﬂl 6}1 [F‘?X)
—s (M) 7 F N + (Ko BT = 000 cu(p g

by

T 3P - ~iFX_ L 5
U () Ay U™ = U [%1 Li—)fz—\l—ﬁ, (e*FN e Ta@) | '“-C-)} UW™=

£ u (i,f;&; (s4(F ) P UDaFN) UN " he.)
T ?gii:::)za = (BN T AE N 4 he)
PR = ;1 :(f;zz_ﬁ; g:( Y, G N6 ehi?xa(ﬁ D Ahe]
S B e @ e Ennd + 3 [Eforetacs bl

= (K AT(AX)  + 3mSR (A,%)
ALE‘!EE‘JV‘- 6'&03;_ 4Td.msvﬁrm-a“0ﬂ

AN = UOARUN = (K5 AT + 240 )

{ravclafes tndhe )f-'a.:'\ Ahatr

This :S'Mf’r on Fsbl. vect.

A’”(K) theve fore dees not -‘rvawa_for-m os a 4vecter . This fravsformation ie Kngw as
Erauae {—Tawsﬁr'm.f:lf@ﬂ. P’firsrca”lf i is de.ﬁcr;ba‘mg 1 he t’ed‘umJamzﬁf ‘u the afa.-.&cr-r'f‘;zr"dn.



MASSLEsSSE SEPIN-2 FIELD

We need a re re.mv:fa':‘rbn. D(A) such +hat contfains the reioresen?‘m‘:'an of rotation with J:..c_,

A f:ps.-.-:.h'-e. \auaﬁs couvld be : D) (4he ?.f;‘a.‘u will f‘f’ans)&rm onder 7hrs rcfresew?’d?"fvn)
¥ has 9dof As we con see ¥ confarus the gu.-'m‘yf/-f?" J=2 (red dois)
(N8 Werll be cateresfed in the wmassless asse which rarm.s,wmis fo ;‘Eafafr'wg the stoles with A=22

.Fh:rm the lf:,Ef;ne wgn+5ene,cl Eru.:‘n‘fmf:l.@.{.

What is -”!e pbd'ch witic "ﬁ!wv@i’m pudev this irreps? ;
We idewnfified D% Lith V* s & quess would be J:"J'(11r4 o T*Y | where T i a ranlt-2

tensor : TL“V‘,‘\"} AeTA% | Taallniad. Checnbs! f we fhinl TH*"v VXYY (direct ]omduc.‘l' afr
vector irr. rerveseni’dfr:m it could be r verble). lets rewrite it @s:

T [ L 4 T + £(PLTY)

S 10 dof) AT (g datl)
remains sy mmgfric remadius dufi- Jymmeﬁﬁt
Dmcjer ){orgm'h- . Uw.d’elr lpran'}'}
LS'H"=;"\";° A?wS'PT H,J‘Frﬁ»; ,-'\"l-:r AJ’-:‘

T#% is Jewm’pued’ i  quaniities which do wet fald to cach sther. We reduced the nomber of
r-‘amPanao-tf's vom 46 Fo #0 +6 . Hoveover seewss tha? S*V is the onl sseble candidate
or DY becavse A is feo small. We need 70 redece the d.of. of S*7 from 40 fo o .

JFwe vewvite 5™ as :
MY o opv 4 ve A4 qprg
Y S =3 S 1 2 S5
'IIV= f + __:‘-__ ’IF A
S | S a
we see Ma'f SV 7S .5“?’!/}’ %VMH#?"PJL— and mereover J-f we Camfpufe 7”:;& 'IIP"&(&.E:

a,.wg'm =0 ({‘k‘acelﬂsﬁ) it Wills ¢ d.o.f.

7 tn S
£ we frons form . é"“" L Aﬂ”\vu_g,w

we’ [ c&e'!' always o armma#n‘c fraceless yronlk-2 tensor (n.b. drace 15 scalav —> lorenlz invariant)

Tl’lEl’E’/ﬂY& e /;av'ym’( ol¥ 33?:
D(""Jf} - 3}1?: h,ew

We cen write wore e-xFl{‘ciH!y h*V asz-

Gravton free field

PVAN L 'JB-F’ MV s oy TAFK o o
W) %z[(m‘ﬁ[ (Ba)e " a(Fn) + h.c.] Ep=Ipl




A:-.- a c.::nsﬂluence “Hae Me-?r e:;uafr'au éec‘pme.s:

c‘.'-““(ﬁef f ) e—ié‘(ﬂu,f’)l

= (ALY (Pul) e £7T(Fad) Aw €SEG) ; A=z

We want to sdve this equation . Ovr Juess is that:

f#vCﬁq f tz) = &° (F;ef; o e B v{ ﬁer,ii) gr&‘v’l.’!? v C:mraez

with  &X (Tb;f ;‘.l'i) which solves the E7ua4f&n fer the f?hafan )

Ustug fhe explicy
ferm of E* (fep,21) we find that: 7 j

g ¢ 0 0O
z as ex é’ﬁ[&d/ b
i 0O 4 i [0 P ”l

E}#U( F‘mf ;T-Z) = > Elymwcfn:f: and

i -4 O
o I trace less
0O o © ©

We can -l'r?r He jamgv&lrk it toa E@waw‘r mome ntu m aﬂzlrma H“} HY_ .
fﬂv (F,riz) = H(ﬁ‘ L;LI}H_F H (‘F’.ﬂ J@J VT E.pr( Fl"efliz.)
T EM-F (F:"-'z) = [H(?I %f_}l‘} £f(ﬁe1¢r *1):” H (ﬁrl—il)vu-fq-(ﬁ:frii)] =5H(ﬁt5)5\(?»'i*)

= E:;#“(.F;’iz) = £0CP 1) 2(F 24)

The fc‘e[cl WY with {he J'U&+ con structed Pa:‘arf%a‘l"l'an {ensers does nol draus form
ﬁn\raﬁriéﬁ‘l"'[%f unJer lorenta +ramsﬁarmaffgas . We ndead bhave:

W00 2:h900=0  Hhey reduce Hae duf feom s ka2
which ate 2 von- lovents invaviont constraints . The origin of the preblem |res v fhe
:{r?mzc:rx};:n;ﬁ:hjf& r:i:;;; :aéaroﬂ,p of Travs/ation of The Liflle arovp

Aw = No(x,f) = e<«T>4FTy nb. &(lulxp),p) =0
N (o )% N (08) " &7 (Preg , £2) = [hw (o 8)" f’a(ﬁrﬂi‘ﬂ][f\w (F) e Eﬁ(ﬁnﬁt‘)—_[ F
= [P ) + G Pl ][€7 P 20) + 4P
= F* (Pug,t2) + G Plop £°(Pugt9) +
+ Gl Phe BN (Preg,t) 1t I PLPL,

IF we define Vi (Pef) = G EX(Fre, 2D+ —;— St Phre , we have:

Eﬁv(ﬁrfaﬂ) = f’w(l_fnf,ﬂ) + P{felc VL (Pref) + Pr:f VLl ( Preg)




So we bave again that the physical states |0, ki 22> do net transform wnder Aittle
f;lrou? translatio but dhe pelaritation teasors | which shoold describe them, do.

s !cao-sﬁc'éf'e. fo 3eaemé'ee lo a 'ale"“?""" memeantom

EFY(Biazsz) = EM(F, 2=22) 1 PPOE(p) 1 PPVE(R)  where w(p)= H Vi’ (Rrer)
So we find alse in this case a vedondancy jn the -:Je.scv-iP'fion: ‘I'[fle

states Ior F..}.=d~_a> ave described by polarization tensors hot umf?ue!}f 0!".?/&‘@«2:1"-7 As in

the case of the phofon we are again foreed To declore fhat exists an eguivalence claes
of polarization tensors 1hat describe the same Ph)/sfca( stafe

hyseeal

o F A22> = [E7(Fpes2) = £2(F2=22) + POY(p) 1 Po(o]

@ns«:deﬁm% a caeme.tric lorents trans formation  dnd Co‘f‘n‘;)u'l'f'ﬂ% N Ne £77(F£2) e
frad That

A NV EP°CF N = €°9% [f”v(ﬁ:)x) t PYu(R) + B 'Zf:r_’l(ﬁ.)] =32
thet we can iwvert

——

(K% (K% £2Rp2) + pr B2 (p) + PP AR () = 202

EP(E N
We can vse this result to comFU'i‘e U k™ UnW™ :
’_r__mefupdwn
ey = = ¥ \ 6&--:):3&.
W' —= WA R UMW = (KY% (KT (AX) + 2#E7(x,A) + 37 E#(x,A) Fraus formalion
{or 1he Gravityn
this prove {hat W™ 75 ot a  horeats - covsriat  ranlk-z fensor freld.
J’H concluscon

weve learneo that .r'}f we want 7o constnct | .sFm-z massless
fa\r'-l‘tckea aET '[lr.l’rxjﬁln 2 ffeld h*Y *flmusform{n (ke a vonk-2 Symme‘irif oud
vaceless tensa we moust falkke iutfo sccoont Hhat-

4) ]-"l is ac{oally net Fossil:r'e i.e. lftw(x) w\'” not be a trie lorent: teasor

2) Folavizalion tensers that differ l‘.)c( a dooble - shift prop. fo the momentom as
shown before, wmost describe the same .Fh:‘,st‘cﬁ {grctma us to talles ivto acccont
thi= é-auae, v&duh&auﬁf

_ﬂlis {ac'l' lsm?oges constraints in the way we Construct +ie ivﬁ&m&tm& +h&orvf.
Also in the cose of fewsor freld we hare restrictions on the Wind of
thet we cow have -

{wfﬁ'ng
If we want fo cou'pfe the tvecter freld V¥ e seme correat TX ;u oroler 1o have

aQ .Laran'fi invairiant obd'ecf wWe cawn do

VA,
.,TF we 'I'v“f ‘|[o do ‘H‘Le same -For Yhe I;;hojfgn :



Wil

A
H(II'S s not & lerentz invavisnt uanﬂ‘i’?‘. becavse APJF —> ,»"\FQ:M + (3"..2)5!;
Se we cawnct cccrle +he hoten fie'.é widh '3 senerc 4—vector current We covld aolve

H’te I:amls[&m {-{l.rlchlﬂta a UUa(f '{'0 el (Q#_Q)J“ - TAE 'f{ﬂ'ck 4 TLG f-'O(-‘,P(’E fftf }oﬁc?"‘m ﬁf!‘d/
with a conserved correat ie. %“JH=Q . T fdc.f:

GrR)d. = 9%a sy - (g

fot devivative g

The same ame is valid for +oe ammeﬂ {?eld © we cdnnol Cau.pl'e h“’ wth aJﬂﬂE‘ﬂt
ranlk-2 tensor THY: .
h*° T

becavse 1his an&cf is not Jdorent: scsler  becaose h™Y dees net frausform o5 a

a trve lorents teuwsor (ond Hhis s due by the exislence of the Gavge redundlaney )

The drick v this case is to roui}[&‘ h*V nel with a }em&h‘c ranl-z tensor bot with a
conserved Fonl -2 teusor . We'll discover that this femser® /s 1he euerqy momenfom Feaso

this ts why we call h*¥ aram"f'on field (becasse This /s wﬁa‘fgmw'fr oloes ).

:DWE woold  be %WFM to conclude that in aFT every dime we want to deseribe

a massless SFTW“““% f*ﬁHFcfE we need fo infrodvee (rauae rea'rund'amcy. Te it troe
el nof:?

.2) We ahl'f discossed consequences ,_;/C Space Frme .?mmer"n‘es ond we mﬁassfﬁea' elevents

Paﬁic{es am:rd':'na to 5pin and mass. However This is udl erm:.-jk : what sbat cﬁdrgfa’ ‘par‘ffr:{'es?
We need fe smfﬂrar: eur d&scr:'Ffr‘pn_ )

3) TF we think abost the I:L::‘f' of re vesenfations D(d;"’}‘) we r::ln.[tr ekfalaret:( repr.
which ave tw the “ceniral s'fh'P", What are the other reFresemiuh*nns?

f:\re. "I‘Ae-f u&ﬁful -f'car‘ .Sﬁme*hiﬂg, or HOi' 7

@ L ?&FI".

| D"r“} Dik-'ﬁs) DUJ"’J |

® (f Fefr,

These 2 clue.shom have & Very c!os:erl'-'f related answer.

@ Ts E—auae redundancy a[wa?s hecdled [ar massless S)ps‘m::'na far-h‘r:fesf
The snewer s No | Tt is slways needed for massless Jff‘nn:hal Parfr‘ciar
in wheeh +he rernresemfah‘an have Ul} =71,

P@ﬁ ({dr 'Hﬁe- exam hcﬂ -51“ +'ﬂﬂ {nuowllha c‘émjpvf'a{:.OHS)

Zsfarf fmm ﬁte Ujm.*ll‘ fgu&?’r’ﬂﬂ&:

UA B N € 0 PP = DY'e w3 Far )
Le (ﬁm?])l Au) EoE (ZJ

vh (ﬁtfr \) e = (D(hw))'s



We fcrarl"n see or Aw € SO(2) and 4‘{.‘1&% oy /‘\W'ETm ! Tlﬂe Fc?n‘l 18 to Prcue
that the al-r&‘[enm of e_ﬂu,aﬁans can be Sclued chllir fov \]F:-‘?'hjz.

RoTarioNs - A
= U et = DE N U
Nw = Mo (2 $) —3

6 (Mo ) = & e = DG, VP

I Heep {lhe repre&en%d{fgn qeueric defermmcd 'mf {he paie '4151
T T q P J

DG, ¢ <« DWI(3 4

an the ndeces A sud B are
as follows :

f:atm, ;rf (e, ma) T.éere/ére 7 covld rewrithe thase :9:)

-4 A .'HIE - : l!
e P ™M = ey, my | DY) (3,00 mimiy g™
H‘All NBln'

—d)l F '1r ; -, ‘ ¥ (] I
E{ T)'Ml’m = -fm,ﬂ’h' D[d dl}fi;fi])]md.ml.) ‘lfm"ml

7 vse ‘Hflel fact Jf_'n&i vnder fotr. W) | DY) g plin (bas&r 7;.4.;»1.4#»1 mechan.-‘.::}{' so in beth @ﬁ@"tr‘ons
I{.’p&fﬁj ref;:.-'ace:

<rm,me] DYV, Dlmimi > = <mo (BDE 1 wi><m | DG, 6 mi>

= <my | exp (LM lm><m,| exp LN Il

ne nem‘ ,sfeJ,O /s To conseder ;uﬁ'n;‘:’-:."&'ms.’ rofations
o U™ (0dn) = emy LS OME Imi> <l (AL -cpNG lmy Y™™ =
A
T (gﬁ“tml -"{¢) me Sm!m;)(SWlm; -iéma gm:m{)%mm‘l =

i W_ {‘4) (m‘l-" mz) ﬂmmz 5 Q(d)z) =P l‘ Mut+img | X*

'For 'qu dﬂ\&lr case We 3-2‘{' -A= My + M, *

TRANS LAT 1OXS H T
Ao = Mo B) = exp (-LotTe -4 §Ty) ‘T—x =J:+L(;' {'DL (3) = D (N (p) :'U o)
G’CAw(ﬂ,p],P}:o _:';=J—L( "U‘"'(}«) = D (he&p) 5 3\

7 would (e to rewrite These a?uaﬁana in ferms of N aud N:
F=M+N Tx=(M*-{M) + (N*1<NY) very semilar to
— — =2 - la—d&e,VaFwa‘rw
K= (N-M) Ty=(M+4 M)+ (N> iNY

. MM _ < mams | Du“ia}@ﬂﬁ]im; mbum,'m;.

im!
wuM™™ = o Exr[-,{m(H"-—il‘{?)‘iD(fN’f-EN?)-{ﬁ{HQT{H‘)’-'L'P(N"JN’)IIW;W:>'LLW”



MM = <my | exp [~¢ (HE0)] | mi> <m, | exp [eoc (N* +i N9 ] Imi> ™™

w ] ! i ‘l
Rl [gm.m; - Lo <y M*—wflmb][smmf -A'M’me'“‘*“\'”"““]“mw
This can be true l.f/-‘
-+ [{Hi'iﬁl)miw Smmi + Sy Wt*iwljm,w]um‘mz T

. (Hi—-f"‘lz)m_m.r ‘uhl;'ma, + (N’i +J:Nz)\mm; _uW!am{ 1-0.

— (HzH-Mt)m;m.' umllm" + (N?'i N'L)'rn.m;‘ "le'“; =0

]:F we ?uaf an ¢ in front the relafion.  we can see that the 2 e?ua?':'an.: ave visibly
related :

(M{ 'EHz)m.u.' ,u_m.'m; s (”1”‘ Na)mm; ,ummi e
f:(Hz b Hi)mlm" urn.'m:. 5 E:(Ne i Ni)n.ml' ,ummi Lo

We eeold  solue taem N‘-\Fcaim%‘.

(H{"'ﬂ Hz)m.,m; u"‘h’ e my= ~Jy

l

{1 -7 mym; :
(N”’H )m;ml'u 3o == M= F iy

ﬂ')erefdfe /rom The relalions » we fma’:
)‘ = Mstim, = ‘—J'l.' ‘fJg
:)L =M -, = J{."jl

If J1=Jz (ea DW-*%)’ D“'ﬂ...) then 1he <m!'ll,- ‘,9955:'5;'/;';’}/ i5s =0 . Jusfead ;'f ji‘?fJ:: we ceuld solve

the .ﬁrsfem oh ~“fh'w‘af/§/.

Exam‘oie: J1=1 , Ji7o  — A=-1, A=+414

@ CHARGE SYNMETRY (é la Wiane.r - Wefl’)

Tts {ime to move To fhe other Feasi'ble symmefry Cha'r?}e 2ywmmetry (realized a la WIEW
Wile). let”s sUppo 1hat we re dea\fna with, a \araer Ermmejir'_f a.mufs:

150"(13) ® G

whE"rE G‘ = A mmP&C'& J\-l'e SrﬂuP T’gﬁ aemerafars aﬁ Commote Wfﬂ-i. 'Hmp: af' ‘H)E pofntare"&rpu?:



[eta7]- [0 p*]-e
and in pariicilar we alse have:
[0 #9- [@" wl=e
The symmetey represented by G is implemented throvgh The following — conceploal points:

e |oy is [eﬂ- invariant 1"? the acfion of all elements of 6. e

Q-”O) =Q (Slirrnme+r?' realized & la Wfaner- Wc:,-lj

e Ju order to iimPlerncni‘ this srrrmme‘frvr we vse Yhe Wianer theorem — it need 4o be descived
E? a uvwi*ar'f ,l"an-lz'uni‘iar" apem‘fers . We u&e.:." ]!a cansfrrucf 3 hew un ;']':ahrr rePresr:!ﬂ'}dr"an c-f 4he
new avcufl . This  will ke f;’u;"fe becavse fhe 3mui= = cmr-a«:"‘ i is 'aluren I::YI

[IM, 7208 ""’}H,s,w

where (o) define a bascs of a unifary itrep of & wilh dimeasion W fuf!‘y iclentified by The
eigenvalves of the Casimir oFek‘d'f‘o‘rJ and of ofher additional :ommu'h‘na or:erafn's in the &l':?ei:-ra of G-
We denote {o} the set of these fl’BE‘FﬂvanEE.

.Le'l"f'-; talle for example G =380@) — [Q“,QB] =i £..0Q5 — {'1;1%?}15

T -[lH,F;s,?«; 3*'1*9}14,5;1

What ave the consequences?
!

'i:) Deasﬂe'a‘ac;‘.‘ the sub.SFBCE “Mt I added Inas a dimensien c-f Mo . This extra dimeusdons tmﬁ:,
Hhat T coold have more states with same wmass snd sawme spiv . (N« cleaemreﬁe slal)

.’.) Selection Roles : El]{mmE.Jfrl.'B-S tmp ly that frausclions between different slates are forbidden if The
-Tuen'fum wembers are not conmserved

lef% consider the simple case wheve Gle W) L. |The lmest| tepveseulative cohcrete
case of This Exdmffe is That of electric r:harae (bot there exest Various fypes of other L)
57‘mme+ri£s]

Since the qreop is abelian all complex irreps have dimenscon 1 and live on & . Conscoler any of
these flrne,vs. We s.t-rtuf:: {he aa;uafr'orza ! .Zef":s ealf 1he ae’werefa‘r“ c{ G as &

Q9> = 9 19> with 9 R |l ——t u(4,) l?> - E‘ﬂPQ l‘,> XL e-x-‘i’ci‘!lq)

ﬁrefaresen’rs the cha\’ae of the slate 9> . fmfosc‘wa that U@ = UD+2T) we find that
C}E &2 Therefgre e coufar rewnte all as

T --{R‘E-i -LQed
gt o e t=e wheye g-_% € [0, 2] and e is the {ondsmental electric chdrae £=ai3

WE Caufa’ a"e)(;'hﬁ a ﬁewaensrafnr :

g=a2| —|u@-e-°°




—sl G189 =313 = 2N e 15— ’ij.-% e Z

Bt wedd, we Know that there exrst alee {rar:-lremq (;hnrac.s [I:Lfe ﬁ\‘-‘ ‘%e of 9= -Le . 7};{3 /a;f can be solved

3
Bllowrn:& projective represeniafcons . 7o do so we sheuld consider 1he uniuersalrc-:#en'ra of W) MR - fhis weuld {m!p%'

a8 c::nf{m.rf_ valve af f:“sc‘fﬁ'.c fl":'arae —_— f};:‘_-: ?fve.s 3’?:& £ n:l{-’.:.:" frs.éfem of ?aanﬂ'&aﬂ'nn cf flﬁt efaﬁrn'c Cﬁarae (&u’r
theories , ’aranul quﬂe&"' Theories * ?rr:{ Fo solve }‘C‘I{riﬁ‘) s

WE Emdfcai‘e. wdh lhfﬁ}“‘) Jf"ﬂe ﬂeﬂes ‘flna{ Ea‘.uh +c a Ewen it‘rer o-F Pefn:are.'a,ruur\ WL"HL n ‘”\a‘f
represents the set of Gasimir e?enval'ues that de fine o C’onscauemﬁy we add the addifional [sbel given
L:; the (-l"lanae 9.

[n, F, 5@ |9 = Inq,F 0

Aunibilolion and crealion opswstors iwherit the same g-dependence:
ln.q,F %> = N2E &t (nq,F. %) 0> ; alnq,F Nl =0
with [a0e9,FiX) , 8% (0,4, N] , = TV SF-F) Sap
Meovecver 1he 4rausformation properices of “a*and A" onder fhe extra UG) symmetry are:
UG) a* (n,q,F VU = €780, 4,7,
U@ st (n,q,F VUG = €773 (nq,F,)

é.

Ustng he i finitestmal form of Ue) =e°
[@, st (nq,7 0] = +ga* (n9,F,)
[a,a(nq,7 ] =53 (n9,7
We weeld lilke to introduce a quantom field fhat describe pacteles of species n 20d charge q.
UAL) $00 U AL) = DIV'e d3(Axa b)

dr.- = Lo T = P .
@A(,J =§ (E_WI:’E_E,- [uﬂ("'q'hq-)e H alnqf, =) + V”(“r'}: FY) e an-‘-("r”llf’.r :‘\}]

Of ceurze  we need to specify aleo the trausformation Frbr:eﬁt-{ of () vnder U(4) symmetry :

(t‘ampahﬂr with the twnsf preperly of @ and &t onder uw@) . Jt seems }pl’aus{h’e fo write (bsaum

WD is J'u:s‘l' f-"'m-'i'E rede finilien) :

infinslesimal

neE) B uet=e Moo — [@ &)= -9
However [Hhis 15 net cq:.vnf»aﬂ"n\e_ with #  (we eceuld checlt 4) . J}(we were fo sejpava'fe F'0 e
the 2 r:omf;cnen{'s :

a3 L 5 Lipf i
$- 0= ;3: (Id_ﬂ‘.']FE_E.- uﬂ(n,q,f»,r')e “f Q("r‘?if’r‘)

¢I>_" ®) = % f(ﬁiﬂf’iﬁ VA(”:’IIP.: T) euvr.ia*(”r‘hl_’q! <)

thei | i weold Le Foasibla fo make the transformations compalible by wr-'if'na-.

* | [e ‘P:[A]]= - gj’.tlﬂf(a) [@, é)f(x}] =- 2,{’—@:‘(*} with gy = +9 and Q4=-9




;r"f ww’ﬁdﬁ 'Jf»t?ﬂr?f:ore Seems fm’,DD-ﬁﬁ-t.‘Lie ‘IE- reconc e ﬂve f/-'lw wa e=f @ FT wilh the exislence nf‘a
cen served cﬁarge (271 -‘rﬁ'ﬁ we ﬂr’eﬁ?h:'zar f.-; ﬂ'raublt' ‘HlE 'F_‘?’Pd -:?f Gﬁdt‘aes frﬂ-ﬂi!’ﬁ'

Su _j:-ec:‘es n with charae q we have & Cﬂresfoﬁdri'wg ‘Parﬁcie Species h
wit he anlipariicle of . We write the Cﬂmsfmdfh&! creation and

‘Ji’haf{ fc'\" each !::a rficle
(.'ﬂa.rae q; . We aall 7
Snnihilskion ar'era‘ior.s as 131- and b *

1%, 3,7 0> =\t ¥ @3 N 10 ; b@3,7FNlo=o

wih:  [b@,3,BN, BGEAFN] ;= (T SF-D 6a

We now have adéfiianai‘f:
[ b @37 0]= +TLGAFY = -28GAFY
[b 3 #m]=-Tb GAFY = +2b 3,7

DIRAc FIELD

We Kuou thet PGo- (1’;0‘1) » (mw)+ (o

& (%) o

’lh ]) S pw+ B > pDE Y
(

Wri‘l’ina down it ex?({cﬁik(i

gﬂ
=2 il [ e Pacr EPX) b
T AT Lmhlz_e,. UENE ~a(Px) + V(ENe E(F;l}]
W'lnerer 3 aih%
o |
U(p,4)- \2E (e w(prt)- \zg |67 ¢
e"rsirliﬂ o
. .e'igrng
. [
oot W oot ] v (<
siwf— o
S [ YR P e Pl
IPL(X]- U(m}l‘lz_f.f‘ E ?"#E)e a(_Ff-L) + V{F;z)e (FJ E)-—-
1]D ()= EdIEy| AVl L ALPX | 4 1
S 7 0 Ml A i
NB. T

eneral These commutation velattons (infintesimal form of {ruaf. propeviy

o{-'- G#J under E—) can be ccmf:u't&d as fa/{ows:

UR) exp (sio0°) —> U U = (I 1560 P* (4 -ctia*) — 8§ esot[@34"] = 5% -cota (T9) s &

— [, ¢'0] =-

(Ta)ﬁ 8 ¢’ (<)



Part 2



Sommary of tae losic
¢ : O
We clefimed tae FML{ sica\ states yia theilr um‘wrnr transformations ; schemalically:
U 3) =ep ({a,P”}exF('é @ J)

UER) = exp Cioue?)

1Y> — [y = ULYD| where Ue T3« G {

We ntredoced gferaﬁom aciina on slates made ot of e.lemen‘fa:n( ntom {Ieus
P . As n ordinary @M. we'can thinl alecst the action of U omm: cperafers:

0 — 0's Uou

<qplolyy —— <¢llolp'> = <qlu'ou [y =< (o |y —

We Foaiu\a\e& the trausformation properties ofihe {idds as fellows ( properites
Thal can be considered more seneral belh in {vee and I.w\e..\rac%lm% t\heorieg )"

Under Lovents + spacedime {ransladions itiitesing S
Fk?“tﬁ -form-_ [P’: (p"(x’:l] =-£Bu 4)“(}&)
$'eo0 — 1) = U WD PEOUN) = DA ' (W% -K*a)  or

0" o] =- [ + a7 8 ] 6w

Uunder extra s-}rmmeﬁrie.s
Tnfinitesimal ferm

[@% ¢'™] = - (1%),4"x)

Exelicit form .
' — Fl) = UNFIPWUT) = DAV B (K% -K*2) o
finile dim vepr. of &

Ta the -F!re.e Ji'ﬂemlf case 1he linl befween YD —= (YD =UIY> and 0 —0o'= utgu
was ?rm‘u&ed 'blf the 1t reduction of creation and a nnihiladten c,fem{d's

On one hend  (mdlli-) parlicle states On the other baud @ . ¢ields weve

weve defined by the aclion on the vacoum defined LT a linear Safer!eca{‘h‘ah of
of crestion operators aestien and aunihdalion operatas

Bas A

'BT reol,u,ilr{ma consis‘lmz? betueeu 7%2 2 sédles
of description we solved the Hheory: (reconstrucling u? and art)

- : .
o) = Z[LE_[wnpePampn + v T e st (nF )]

N Gk 2E,
Ji'—" i 1= — 3= = - 1
- EZ?J’TQTE' 3 FA)A (o Fr ) Peg 71 %%r SHCEAVEY A

We Kunow that these fields satisfy {bhe microcauaalily cond it jon
[@ﬂ(ﬂ, @B(*f)]t 5 [@*(x)@'r&}]i =0 Gf-‘f)’*’ﬂ

.Ze'rfs male the foﬂ{ow;‘wa conscderstions : amxder & semple scslar field Pr). We lhwow that:

[$69,30]=0 i Gegreo



Consider the equal time commoiator: [ff’(i';ﬂ,rfﬁ',f)] {ar some €= x°=f° , Since
(xpt= - 1Z-71° <0 we have that:

[6,9, 8G9 =
Er’l‘h&fﬂno\'ﬂ l,f we consider the ﬂee .(fe[k.!t and s {ime derialive :

(437 P S T% al
ED - [ SE (€7 4 )
gz

Gy’ \eg

[Cme ™ ap e o]

& (7it) =

and cam?u"ce :

[cfp(j;‘,-g)f@(ﬂfj] = i ['iEF ot (X —?}F—LEP i (X-1)-P ] LT

()’ 2£,

= | [b&), 8] = =i -
Forthermere we can alsc ae.i- ': i
[$@0), dG0)]=0

We deriuecl Jr{(sese. 're'l.a'{?oﬂ.s L Jt'iw_ fﬂ(aa ‘l‘heﬂr‘f Hmeuw we l.n.d'h'cae. a s as‘!ive
Steoctoral 3imlia-.ri'|y with Somethive we Kuow very well . Counsder 2 suantom mechanical
syslem described by a camplefe set of time .:Iefemcinvd* dynamical variables C’?a&) and
the canJuaa?& momenTa ‘P.;(t) which o’be\r vniversal commulaters rules:

'[Cra&);ﬁ(ﬂ] = { Sal [ﬁ'.:(f),cjh(t)] = [E’a&],ﬁ,(t)]=o

ﬁ Seems +'ne.'re exists an cbviovs c;::rresfmndenca=

conlimoum lowgt

C}a(t) _ $ (XD Znofesd of o discrel index a and b we bave

I centfinvouvs vavighles 7 and "';-an a8 @
f%f{} — @(ﬁf}i‘:) Eansecj]agﬂaf Saw — S(Z-7) kot {wr the ved
{'hE rgk?\hiﬂHS are aoju:.\[&\m*'

Forthermore i-Fwe. con scder the wmmutater :
[P 60 ]=[H.300]= -2, 800

-I-f is anah:maue *o the He[sgmbera Ef:lua‘{ioh o-fmcﬁ[on (=N e

el Re==——c
This  awal allows 0= to cs\e{‘me an Hamillonian {orma“sm T
Fa!‘ the fieds and 'connedt it 4o the Hamitowiaw formalism E—
for the states. [




How fo conslrocl an in“terac‘iin; theory
To constroct a generic interactin Ji‘lneory we focos enjren'ly on ol:era*mrs. The idea isto
Exf:ldﬁ the stectorsl ama'\nma that alows vs +o define a @FT as the ‘er.s.sm} lm“ece" inte bo

CLASSICAL HECHANIES — 5 C£LASSICAL FIELD THEORY
s continvoum !‘u'mu'f

EUAKTOH MHECHANILS — > T

Thar@fam as in The other cases we introdue the formalism of Ls rengians E.oH, Homilfenians .
The strocloral requirement we EMPGS.Q = the ﬁﬁaw-‘ s 1'112 ‘H’laory most have hermitian o.[nera'iclﬁ
3 Ll =af Q" such thsl the Jrvansforvnah“on Froredte.a +hat def;‘lne the ﬁ‘eid’s are verlfred

[P o460 | =-9% 4@
(37 rea] = [(@)% + 317 %] 0
[Qa; CPH(“}] = = (19", ¢’ ()

the .tsai.b‘.li.lly +o c!lo_fine. the or:ere.ﬁbﬁ. PA ALY et iy very imjam—‘laﬁ alse becavse , if we idevit{y a
limd " i whida 4he -l'heohf becames free 1hesc cperatas will afne.ra{‘e {he umi‘lawf trans formalions

that define the molli- paviicle stales.

NOTHER ‘s THEOREN

C LAssIcAL  HECHANICS

J.er’:s coh seder a Er.ff‘sm with Jla rang s L (9% ‘-'i“,t} , where g () are fhe Jynamica-‘ vartables . Jets consider

a one-parometer continvovs transformativh

PE) — PRA) [ AeR ; g7(ea=0)= 9°(¥)

i.F we censider it mﬁ;—;;'fas‘{m!:

ﬂi({} — :’a({r}\=9§ + g‘agi'h}-) 'A s ,_]a({) 4 >|DT(*)

A=

We alse Kuow how (.:Iua(-t) ﬁmj&m:

). ﬁ—q'&) —> H2(0 4 ld%bt]’ﬂ:} = PE1 Ab§W)

The e)C).L'z.ﬂ‘ on the Iagramaian is.

e bl bl Al b U ok Lol st bV o VBE ful - Lo h -
L (9" Dq*y, 4% D) £)-L (q%4%¢) ?\(aqabq ?%am)-i(gqab«w’}?d{ Dc;) = ADL

= gL < cJ a
where D= = DY* + P £ D9




Orfinition The Jfkausforma":‘m §°@)— 9N defines = aymmdr?/ iff we have :

= |4 | E
DL = g -F:r some {um‘itnn :F@"-aﬁa;t}-

Comment : it is of course alsc Pc.sq.iﬁfe that F=o and in such case DL=o
The sbove condition most held \fo" av‘bi*ra.r?‘ fﬂncfphs ﬁ'"(-&) Which need ot .sa‘fis}% the £eaH.

l.effs lostify the above definition : a3 erme'fr'}r is a hamsformafim of fhe Fh?'sica[ states of a a}:sfem
Soch that it [eaves the f’n}rﬁtcs. invariant. 7 {ér's case The fﬁ‘yaics is feﬁ fevariont if the EFon. are the sawe.
and e lafter awr glven b:( fhe condition that fhe 1%t variational derivative of fwe aclion vanishes

s[q] = IJf Le®. 30 — s?[a]) wo| = Eom describing the dyuamics
Pl

If- the ‘Er-a.nsfa'rmaﬁon is such that Dl=o of ccorse the dynamics Ts left invariant since f we conside

the action : 4

S'= jdt [L(q,é,t]-r).DL] = D with DL=o
e

TlfLErgfore if DL=o H"ne J-aamhﬂian is imvaﬁan‘r) — 4{he 4?- wawics = (.c:f'{' tnvaviand

There is worecver a 2% Po.ssibilﬁ? : DL = j—f . du This case:

4z

5'=Ia+_ LG94 + A(F)-F@)) =S + A(Fa)- F@)

ti
Lo 5 and 8! d]ffer Ey a ?u.anf'ff:y evaluafed of fhe éaumJaJy o)Cﬂ:a s'mfsjraﬂ'm domain where
variations vanishes —— 1his doas net affects fo the EFon.

Therefare is DL= SF 6“1& J-aam-n.aian is nat nvariast) but the Eo.H. are the same and 4he

+
mva.riavﬂ -

cllrnamic.a is Fe-Fi- “

Nother’s theerem

Whenever we bave Sudh an in-Fini'{‘e.s-i,maI ﬁfmmﬁrj there 5 a conservation law :

Q =£:09® - F | does nd chanaa the dynamics  — _dcl_ﬂ__=°

t
ﬁ"f_: e o= Bl
=L a d pga_dF  _¥ Eed fs
5= ROP)+ pog-E o 29
o F] 3+ pd po°_dF _
-5 (D9*) + fc bacE
=DL-9E -o
dt
Notice +that thers a beavtifol “clos'm% of the circle' heve:
ﬂ-_’ a+D a
2L= 4_;] !
Hana + 8t From sqmw.ei'? T =p [GIQ:QL: Oy
Dg? consevied quantily & |
Q = PﬂD‘?a _ F see fhe :‘hf{u{“{pm

Ttis .:nm?le{s[? diffe reud

-Frnm £o ity fors!



FIELD TH EORY

Let’s shetel wow how fhings work in a feld Hheory . We consider o Theory defined by e actia
P S[é]= (4% £ (00, 94269,
Cor dyuamical varisbles ave now the ftelds $00 .
1) We consider a confimvers one- parameter st of Hransformations:
FoO—s FEA) ;AR [, Pl r=0) = $0)

if we consider it as infinitesema) :

Fe — don + 34;% X = &0+ 2DFW D@ = *agv:*.k)
e o

The Fie.lcl trans formstion  implies also & transformation i its Jdevivelive ;

% P00 — %) + 23 (D)

ﬂevefare the chahae i the 133Mnnqia‘n is -

L (#*+2D¢*, 9.4+ 12.D ¢ x) — L(d%94°x) = 24\pe* + 2L x3pé = aDL
2¢° 2(2.4")

Df = 2dppr 4 2L 5 pys
wheye i ’gcp-*D‘P +'3ffa}¢’)ﬂ ¢

:Def‘mr’\lah . The transformation &'00— F'ix)) -Jefme&. a 5rmmdl? iff we geﬁ':

DL = ouFH »{nr some 4~cam{mn3m' fumlﬂrm F'= £ (% 2.4% %)

Commeul : of coowme it's F:oa:i‘ble4fha‘\.' F*=0 and in such case we semply have Df=o

er:or"‘dﬂ‘“lf I‘H.'IE. relotion. above must be valid &r arEI‘!'mV'll'( -(lelc;\ c::w{??mrariiams é]’aC@ wlcch
nwetl veed 1o sa'ﬂ?.sf(f the E.oH .

We jua‘“ﬂ( the abeve a'f}fr‘m'f'{am :a erme'fq,e is & Trusfermation en the physccal state of
the 5f54em such that the Phys&::s. is left vaviawt . T fhis asse we m{ﬂdusfmﬂbm
in the field cou figuyslicn such that the anam:‘fs of the sysfem , described b?r the £oM. fhat
fellow the Hamilten variatioual principle = (eft invarief. This of coorse happens if the
tronsformation is sach that Dif=o. Hewever if the traunsformetion is swch Thot Df= JuF"
since it 1> atolal derivalive it dees not affect the action -

S— S'=5+ Sd’c I’r ouFF = S+ J’a'fd’i' (2:F+ V-F)
+
: jdﬂi'-' F°[ “does nataoviribote becsuse t is evaluated at the boondary of the domaln where varlaticns Vanish
ts
ot B

., Ooes not contribute becave we assame flat everything goes to zere soffictenily vapidly i space 3o
{hat 4hese terms are zaro.



We call these transformations nfinidesimal global symmetnes
i f 3 ¢

Nether s theorem

Fer every infinilescmal qlobal Wmms‘fh we have a couserved corveul . More teclhnically it means
thet & 158 possible © eonslroct 3 4- component obyect @) such that 2.g*=0 onthe Fon.

pe i J -
FParollel to the classical discosséon the con served caé_,'ecf will be:

2(2ud’)
'F%‘cb[:-'
s £ 21
A= (31 )Dcpu of 2.D¢* - 3. FF = E.ON. 9( = |97
7 dl 2 (3. 9% ?(a,.d?“}f il “\oGut)) 24
= a 21 3 _9 FF =
= r‘aca.dﬂ ,.Dé* ~ 2,
= Df —OuFH =0 .

Di;m&.&inﬁ s
ng'u'=D — Qtﬂm(ﬁ:)*i' ?,;J":'(") = %JED + V-IEFD =0

Jf we i\lﬂ'eawaﬂte over some volome V:

- . — = J° : evsidy of Ustef(
2t I‘J‘:"F J> = -f&ﬁx VJ = —PSJ'“ — | % JJQR'JC' =—fi4=5 JT(24)-n T cowent of stoff"
z v v v P

{hie e::»’ua‘lion is teling us that .(or any velvme confoining a certain amoont of stff the
het chanae of T stoff'  intime r_{e?e'ncls on the vate at which the ﬂ.s‘l‘uf{' flows oot ‘ﬁ“hrwak the
beondaries . This implies that , Since 7 stoff " anly leaves one volume to reappear in the adjacent
velome , that the fotal guantdly of "SAoff® is con served (azsuming 1hat cueryihing gees smathly te
Zevo ot oo aud thevefore we de nef have o  curveut 3to) .

We thos find chav:ae. conservation

a=jas* SRR
x J&t) i T

Commen] : we could vewrite ‘the avove resalt in 4he J:-oll nw?na way :

*= 31 | D4 T | = LD —F° nb. M, =24
J" = 5o 2028

—_— chﬁ? (TaDg?-F) = jé3)?TTaD¢‘“ —F  where F ES:IBJTF"

- |lo EJA?;mma I

that s formallu.'f 'E!.Ma.lo%l)e e dbe classdcal yesult: Q= PaDgd—F



fammen‘f': Cona:erwcf Cﬁrrﬁl‘ﬂcs dfe mof‘ Uﬁft}wéfy Je;&'MEA
J4= 98 D¢ -FF , DI=3F" , Gud*=o0

2@ 9%
Svepos indeed we rediafine FH by adding to it the diversence of some aulis mént
.:JbJe c‘( APN : \f 3' ra ‘Vm
Fh s Fhe o, A AP
Ccﬂ u.ﬁlﬂ.{l %
ﬁ‘a ! B_MF‘H —r 3_;1?‘#1" 3/..,.31? ﬂ,uv = 9); F

se the new FX satisfies Df=DuF” jost as well asihe old one. However the
corrent M new chanaec\‘.

JA T L Lt 2 A = b [l gt

PRI

we have an  alternad ive definition of 4he correvt that is ea)uall-r valid as The previsus one,
T I::r’ran‘l’ll{ , The ::{E‘ﬁmr'{:'cw of 1he fota) ch.;ras & is uﬂchamae_clf

@ — [¢% (=24 - @ [P A - @

ﬂ?flica‘l'inm and notable resulls

The idea is the following . vemembering the classical cirele we push forlner the aualogy , if we
malke a feld frausformation i) — ¢ which is a srmmﬂﬁ‘t{ ; we way be able fo .*Z:fen?‘.-'{r the conserved

dnmaes a  with dhe sg,rl.rv.mva‘l'n;{ c&ﬁuerahrs.

INVARIANCE UONDER SPRCE-TINE TRANSLATIONS

Fleo — F'00=FX-23) | ik comes from $AG) — $'4(X)= DA's $P(A'X-A%) withe Aedl)
Consider a "f‘he:ory fhat is described b}/ the action fonclional:

-«S[d?] zf“rwa-’?v{@"‘fﬂ, P 4)4(“}) hat exPh':H. o\erﬂﬂdenc.e onk

Con scdering D tufinctesimal:
! P — 0= Fo - &*i") Aot = $'e) + ADP)
22X

where ‘Hne variation of the Fisln'l 6 =

D&'x) = - af*%ﬂﬂ ]

and -
% (DFW)= -2°3.2,8'0)
The change in the f(:&%mn%hn s thewn: gﬂﬁ=%gp¢* :;Tiﬂgﬂ o
Dt= — 2L ar(aud) =2 _ar (3.5,¢" = - 5r (3.£) = -2 (3 32) = .F/
A T (9%2)=-% (3 %) = 2

The Jadravgian cl'wmae.s l::lr an. amount exfresséj::le as Ef,c*-l:“ with F#E~3HP8),I

This s therefore an in finite simal global s mmefry.
J 7 |
We new consfruct the associated conserved corent . We apply the definifion:



Jt=_2% por - F+ = _ 924 ary ¢ 1 9rra,f = -ar[” (2, 9")- ,-;,g:[
2(%Y) aB 1T 268 !

We made 4 conserved currents depending on the direction jn .s/:sce—i't'me afonﬂ which we
translate. J7 is fthen useful #o factor oot "a, and wrife -

JH =-a,T
witla -

] Cononical ﬁe?r -
T/u = 24 (3"4}") - 3}“‘;_ / g“T"‘):o Homewufom rFewsor
2 ()

We lhave 4 con served char&e.s .:Bfaiu::ma i:uf r'ﬂ?‘(“e?_raﬁnﬁ T over space—time

Pt= Jdaﬁ? s Todal conserved 4-momenton

AHBV‘ Aefinima the Cohqiuia"".e momewlom in the s?lrﬁ' of the cawonical formaliam

TTa(X, )= 24
3¢*C€:f)

we can write:

B = de?(Tfi(f,ﬂ @) -2) = H T

we V&(oauil—e +the. Hamiltonian , defiued now as the Leqeuclre ﬂamrﬁarm of the Lagyangian
that coincdes ,.‘f‘imana:_-,r"olﬁerJ with the! cfenpervsd c‘harge sssecaled te the fime trans(adion fhyariance

Similareinf we find : ;i
P4= jd'-*f‘ Tt = J'd?f[zé.wgiqa* _3}'4/;:} =Jo‘9>? % (-4) % 9"

so that w vecter form

Pel Jd?,-; od T
o

And usina Tl',, = :jﬂ :

P- -‘fdgxﬂ TIa (%, €) A, ) 3-momevtom




INVARIANCE ONDER LORENTZ - TRANSFORMATIONS

it comes from
P — P = PHe) + _':'"Ufi['é (02°)% 760 + (xa7- xfaﬂ)c’é*(ﬂ] 0 — 300 D6 Q" (K*)
L'f '[e-llifuua A i finitescmal

Conseder a theory fhat (s described by the acfion fonclionsl:
Skl-[lozs o dw) | = (87 £060
The vaviation of {he field is aiven by :

D qjt(x) = _ﬂi&ﬂ_ |:_4* (Jsu)nﬁ @B(‘x) + (){P 'al? - XY Bp]é"'(x}]

Consicer the .s-.-,m)ab e it which we have 3 secalar field . We 1hew haye

Do) = Law (X497 - x70#) B0 = @ X (7EW)|

We_‘“ constder “\‘heaﬁ&s in which ‘Hw_ Ja%ram%i&'ﬁ Ly m\{: is &a scalar obd'td'
— | L) L5 LK%

thiz means that e wadation of +he laaramgfan will fake necessarely the form s%mfuraﬂy
anvleque to #
3

DI = by x* (3°£(0)

This ts ateva\ decivalive sine we can write:
7 (Wao XML) = W ('XVL + Wy ¥ (2°1) =
= Wy @fﬁyxﬁ}i + Wy X (p74) =
W (§7¢:)L + Wao X (3°2) =

- w7+ g (0))

Consaaueuﬁ' h,r we  have -

DI = 3u (3 ups ¥ £) = 2uF* where Tz 2 (guox/ - awx?) £

KEL{ int: (f we consfroct Fhe Jaaranaiam denscly in such a way that it tvansforms as a scalas
Hoen ih[—'inﬁe;imal Si.n'na.'l lorents ‘f’kamsﬁrmﬁgns form. a .S?hrmm‘fry. This is not becavse XL is
invariant , DL =0, but becavse /f cl’ranjes é_y a fola/ devivative.

This! & iu Bamem&-ﬂ'f with what discossed before . Tf we write:

S= ldu Ll



the fagrengisn density vnder Lovente Fransforms accord'{hg fo Z(x) L5 1(K'%)  so it is not invaviwt
howeer , at “the level of the a<tion:

J = IJ*’W L(ntx) = fc”x' |det Al £(x) = lfd"‘x {(x) =8 lvartant !

We now censfruct - the correufs . By definition we have:

JtE 2L Dot — F~ =

229"
I wee | (350 PyT_ 5 3f) Do) = Yoo (qperys - -
2 ;[,t( Ve + (X727 x2") ) - L= (ghrx” - g x) £
= 03 @ ()5 ¢ @ [ 22 (raroxmo)drw - (3% 3 X)L | =
2 (ud) 2 Rl +. ;r[afw)(x i }
A
(%)
@) = L ﬂ 0 (xravoh) - wx«"x] 7
2 [aGd T a
= _Ypr .fxfli geq;n_gr‘*;f] - p Hq-}
2 229
= WPT rxj _XTTJMP}
e |

aud we avrive at the beautifol expression:
Pu Bd | W c(ITYa0f0 4| Do (3 TAT. I T T
e P e e )
= 4= [ @V d0 + (TR T)]
2 12(2.9"

We have € independent conserved dhacaes n:le]c:emcl{ma on the components of G-
Jt s therefore conveniewt fe faclor ogt °the dePema‘ nce o Wpg:

wheve we defined the Nodlerrs correant- &

M7= (gl e 80 + (CTXTT) S g M0
2(2.9")

conmguemﬁy fhe Né‘}‘rfr.fr’s cl’?aryes are :




A comment abost the fﬂferpre‘id‘riﬁn. v in classical particle mechanics | invariance onder
vetations feaés +e con servation afprbr'}faf suqular mementom . J.e‘i"'./s see what happens

in a field ﬂnem? ;eHim.ag. We conscder .;a.:af':‘.saf rndices Gu,v) —5 (<,§) and consirut

JE= LT = st?[ Or_ BTN P + L (AT X T }}

Z 26"
e,
s J’d@" [Eéf i) CI,“ )l 4 I ] spatal densely of 3-mom.
3 43-0. I{!-‘-o\c
Spin J:wsac'd"?- Jfb;haf dma"ﬁy of orbiial amau.!a'r
(it arises anly if The frelds mom eatom

have non—+trivial Frapsfermation

under Loreuts

Gm.sﬁsfenﬁf We ﬁnd’ 'n‘tifla'f' j=§rf and ?lf‘mrefarlﬂ- j’ con scsts of a af-'m and an oxbital

anaui.ar momenkom Paﬁ-

(zLOBAL INTERNAL SYNHETRIES

We now consider the trausformation

) — FP= %0 -<o0 (T80

we want to maMe it an nfinilesimal -almba‘- sqymumetry for ouc theory .
Consider a 'f‘hﬁnr}.r with a la%ta.v.-aia.n Jens'd;a Constrocted in such a way +hat it dees net trans form opder the action
of G =

£ — 4

Tn !l other wads we construct! £ vsing ﬁefds 4 had ,a'm:ﬂ‘n'a'ua:'fy, have neon - Frivial %mwsfﬂrma'!fon
FroFeriies vnder G but that ove combined i a way fhat lcaves i froly nvariant.

Examf_.le: Jet’s talle au ohd'écf H sueh that -

= su( ;
H -——E-;] exp ‘45:‘_" H nk. T°5§_‘

So  te censtroct f,a Fo.ssr'f:.»'ffff covld &e:

L~ H'H  infet HH — HWUH =HH e (ES)

Zz

Under this dssomption | we clearly a Siymwn ety Since b/ con 5 Truetion

Df =0
+herefde we can apply Notherss fTheorem :

o i e _2f D¢* - o2& ol CATRLE = ot [ 7 x(-,a}(‘r“ﬂ"f’b]
(%P (%P (3.9

we have  dim (G) conserved correats .
We can uze ﬁaam the wndtabion: ;
J = o, Tt



where we defined :

J= 21 @ d™=0 ¥ A, din6)

3 (3.4

and the conserued c‘nar%es therefore ave :
at = f &% % = Fﬂsz T (F4) G0 (TH% $(20)

Consislency mhsiJera‘Hons

i} We weold liKE to check the commataters we’ll de it in 1he case ::»f iviter nal %lnba'l. srmme‘(‘ries. In jp\'arﬂ(g
we weold like fo compote  [@4 F'00]=7

We need the ciuawh'}a‘l'fom. caditions: we consider &9443!— fime commuiation (or au‘l-’commufah'on)
relalichs:

[$%z 0, M, 0] = < $4%GE-7)

[$@n, 3@ ], = [mEo, mEGol=o

(We are a&su.w\im«a that for almFlir:H"]' all field vaviables G'EN) admH a mon-—uénits‘ﬂiﬂ% TV alE ) ).
We thew ::omi:-.;‘l'e‘.

[@ 8] - [#7 [T he 8@, 8°(70)] =
e o e bt 45,1 = AT ]» DACTE = Afa] - fac]s

T JJE? [m 1 @ﬂ] i) (1Y% (T P) =
- [¢7 a5t sE-pen (M 2 =
= - (1) F =0

so we find , as expected:

[ $] = - (1% Fw

{.) As & forther check , we meutioned that @, must be qenevators of the symwmetry qrep
G . Coﬂaaauen‘l I:'f -l-‘aec'; musi close +he aljabm : a f r a

[QAF QB] =’EfAB£ Q“
freciae,'u\f ss the TF do.

Tn order fo o this Tueed on  infermidiate wesalt: (Yhat we aw check as exercise):
(" (70] = T T




— [ate']= @, [#2 TEae T §'F0)] -
- [or [[amJea rnets comarmn[ane]
j Z

ST [ (T T c(THL 8" + COTREDA COTH 315‘} =
[#2 co (T - 2 -
¢ e [$5 T G)(TOE -
= 4 faee Q° O
So Nethers charges covrespond fo genevatore of the spmmatry. N.B. We qet this resolt

in the ca= of ‘Hl-: internal gqlobal Sywm eﬁ, bot & s Fo.-:.s.ible fo check that the same relstions ave
valid for the commuraters a}—a JY and B thal close the Rincare” a'.aebn

]

"

Tnferacﬁ'mg ldﬁ rangilan for a massive spin-1 field
[} [1] 1 1

New we can 'hrar to constroct an In‘leraﬁim} laaranﬁian. The vole are the F—.:Hnwm}

. cf musT Jae a .scafar‘,m‘fﬁouf any d..\«fffﬂff s, g cfd’pfndewce

. jn. nafura}' un}is [.,f] = H 9 in fac.‘f‘ [5]= Ma —2 S&ince 5= c“'x,f amd [L]=N‘1—: D-}H*

« We constroct £ =28 %d') as an expan sion of fields and derivsties . T he 15t order in the
exlaamsimn Ceh'fainj ""E‘.\"lfmS u.a&rka'fr'c % 41:-9_;&3;’:1{5 ama‘ ‘ferm& a+ m.::éf ?uaa[ra'f'fc n

the devivative of the frelds. " This i3 Winew as the free waory laa?am?r‘au.

. Im/cw’mf ra?m'remmi‘ Sor can;/rurﬁ'v:g 2 (¢, 9,549”{?\”: il has o safisfy the principk
€f LocAuTYy (will be veloted 1o reladivistic :auaa'ﬁyj - Jn f»racfr‘ce ¢(’x) and 24

ozt AE’D&MJ 51/ fhe same X.
Consider the case of the massie spin-s field VA(X) .
From "f'na FmFa-caa'l'o\“ we see that:

dop  -<FED PAPY) 4
AN = e -9t EF
<o T[v~v]lo> J’{rrn‘ i (-3 M )P?-H“u't

| — i | o S

dimension. [V ::i.‘memiﬂ_vz_[ﬁjz — [v#]=N

We aﬁ:h( e ched-ure ahd  we {cmdr
2 ‘éi (E‘NV,)(E"V") - _ZE_(Q,. V) (2°V¥) + % NV e ‘{'ree "HP-EJD'(Y ia‘avaua.‘an

We can canuJ:e. dhe Euler Laamn%e ec:]ua‘h‘sna:

e SIPME N O 0 ) I N
IV #3(3},_\!,) 15 z“[“‘ (aFVY)+ PV J] N
— « OV” + P'Bﬂ(??w“‘) + MV =g



we {ake the
&~ divevence

o« O@N") +p O (V") + M (2pV")=0

— e pMEHTYY) + M (V) =0 — WV’ =0

=-x

if
We. c:-'r:-‘fam Frecn‘selt‘ "Hﬂ&. savne cons'fraiu'.‘ 'H’I.ﬂ Wwe fouua‘ LI( amaf}azfma ‘fl:le Javeh‘t-?— %[hC&rB’CQVWIEC‘H‘QD
So, if we censider o< =-B we 3&1’ ;

L= -2 (WVo)(2MVY) + £ (3uVe)("W) + LMY VK =

e L B
we can define

Euva 9,4;\.(9‘39\:}.

Bncl! -Lau.ina od=4 Wwe arrive ot the sc called DROCﬁ-—Aaa‘MhBHh :

s:—i ."uv 4 F M

The eq. of motion with this aPeci-frc choice FokKes the foffawrna form :

OVA — oM (3,V”) +N'VM=0

ef ??FY_)I +H2V_,lﬁ =g

el

— - |[OV* + MV* =0 with @‘VF:O

K.G. &?uai oL +

We now want o  tutredvce wtevactions . We veed To add terms 7= oor free
Lasveuatan . These iuferaction ferme are made LY more than 2 ﬁ’efds.
\We cla-.ssi,Fxr interact ions o= follows -

Relevawt interactiene (a.ka. SopER - RENOAMALIZIBLE )

They are intevactions Yhat consist of <:Fav‘af'ﬁw‘s svch that | /f we onlp cout dhe powers
=f fields and derivalives they have wass Wy o 4
For exemple

E)ra:ﬂ[l'f_ rnferaction - ;fl'uf:

Hara:mal ‘»n{‘emc‘ﬁiwﬂ.s (a-u.a. QEN‘ORHAU‘EIB‘LE)
Tn ~ this case miss Jdim = 4.
1"'—_'==r- ekamlb]et

SEP intevaction: Uﬁ.ff?&“h’-“?]b [A.J=[N] / [1'()]-[”]32

'tdimemmnl&ss




Irmf@vaml r'mferami.f'orzs (a.ma. New RENORHAUE'rEiE)
Zn this case mass dim >4.

F;r esample: 5.
il ~ T Eu.s %U 7’

[A3=[H]

Fas=9.8,-90Au  [FIHJ

Jet’s 9° back o the ‘T“E{rﬁ'—l«iamna‘.an and lef”s xe what happens if T add some inferaction :

‘f= —%—ﬁ,Fﬁu + __é_HE\:'“y‘r' + Vﬁ"Jﬂ é:_BﬂEl"fﬂ t'ﬂfErac:‘_f:l'ﬂa
Prcea iaﬂvanamn

we D'"l"f reciuire that T*ie 2 4-vecter corfen so that \.‘{»J# is @ saalar a]:era"‘f«ar.
T:fF.'.-_-al. gaaﬂnfs{aﬁ: (if we consider the jnteraction withh 8 fermion fField)

Tl=F§p o Tt=TFyrey
EXERCISE

Write the Hamillenian H. ssscciated 4o ihe free freld Pmca-laamranaran >0 the Hamilfontan asssaiatel
+o the %,meﬁc r‘ufemdc'n? Proca J-a?'.ranaian

1) First we consider the Free Jrhmr'f . Consider the canonical momenta s izj ;
PLEATL
9£ :'_—fn’ ‘ai oy
Si'r;ce 3.V i —_— g(‘,}.u.ﬂ=_r ccnsea,uewf{y T.(x) =o —s tle {1&4 variakle \®
thevefore is not 3 cahonical field Vavisbe |, while TG0 =-For =+Fe=2uVe-3Vi . Tn 3-dimension)
notation :

-ﬁl(}(} = —'_v.\f"* Ba?

-ﬂla HMIHQ‘.‘II&& s &EHE‘.H !:J{ the J-&&e-ndrt 'i‘ranafarm:
H = [ax [Moo Ve - £ cve,2,v4]

we weed To /md a way to express Ve and ':f“ fa ferms of v+ and 1T;

f.) Consider ﬂ'-':.‘? EoN -,[ar + he au.kiiiaw {Iei& 2y F¥ M V=0 with =0

Mo e B B M+ 2.F* =0 (we solve i for V“)

L VP —%(aﬁm:—%ggﬂi — |vo=-L v

ﬁr:) Frcm the cLeF cf condu%a{"e womenta we have: ]Tf, = 2iVe =2V —> oselve )(a,.
V‘f: and ﬁ&".’: .

_ﬂ_i = D,IVO_ V.{

'I'II'I- - fab“"’_ l;,f.i.. — v{.=_a;vo___”-i

eor 1 ws.:"fnl" f:crl'H'-

VeBv =T =T (4TF)-F — |V--T-2T(F-7)




We sre now 'r&acll( fo write the Homiltonian :

=
b

1]

|

H
<{ <y <

+

|~
\:ﬂ "h"ul‘*-

LGP - £ MUV - 490GV
e _]_"f. 3 %ENF}W __% 2. %ﬁ)(v-ﬁ)zr %Hzlvf =
R

L — = =B d‘_ = 7 —
H V(9-T)) +GRR- L (O 21 VI

Tn the last relstion we psed oat:

(/_'\_;"X -".7) (ﬁx \_?J‘_ Ex ) Vil Ecom V™ <g.5e Sum = Sjm gue)(ad Vm) (ag Vw) = (;V¥*)(2;V*- du Vi)

—

L5 FAl= —tinit . L [VaV ("
Pu‘c\‘mz all -h:rae'HnB".’ we 82“?

H--TT

2 — = == == =1 =7
= + (T - 2T =5 T-V(VT) 75 (V) + £[VAVIN+ L2V

——

(in'l'h& wnteayalion
blf Par‘ls suvuives ohly

5 (V-TT) + that-deriv

— |H = Z(T

Free Froca - Hamiltoniam

The {r‘efd's variablas fthat are caunonically c)uamﬂ?ed are V*and For:

[viz o, vigu)=[F.@9, F.Gb]=o
[FeGA), ViG] =

We wnow coms-:'d'er f’fae.

£ §; $(Z-7

(nteraction Term:

=iz

: EN-FF?_P% Hzlf; (/* +LLJH

we write the EoN as:

%+ MVt J7=0




'H’\E canduaa‘iﬂ_ momenta are still:

'I"I' = gi = —-ﬁ
2 20vH) d

— V®is slill an suxiliary field
— V¢ are still JTmamlca'- field

{ M.=0
Tr-l == Fﬂ.i" + F..{q

1':) Frew +the EoN f-o‘r Ve we %eT
auF"iw + N3V + J =0
2 F=4 MPV° rg%=0
T MV r g7=0

o

—

_.‘:_ L1 G(o.77) +. 4 -
V ﬁ*gﬁ(v”)*m J

<l
1
1
<l
-_—
Iﬁ
=i
(]
|
<]
s
|~
<l
=1
::, ]

nerefare we write H as follows;
HooTvi-g = -TV- (45, Fe LM 1 g4y) =
_| kR ,__4;2‘;._‘:_‘_4':
LML) - ENVV)- I T

- _T.( T+ 4L TS50 { T 1 v

= =M T+ U7 )+WVJ>+%-_£+7’

1 =2 {""—-'h—".—-‘i_ —_— =3 i_-—"—" N ] e i =2

=+ [T - L 000 - LTV + L7 LM () (VT 0 )(T ) 12081V
f%(f‘ﬁ‘1ﬁn)3ﬂ1v3=

- T L (TR L4 5 148wt 4 remye o 4 i 24 7o
LT + & (V) - 21T + 2|0V -2 (VT + 202V - &7 (V) +

= L (v
_,_i __ o_i -\ 2 4 — —= o A 42 —-1_-"=
NaJ th(J)+W1F(J)+VJ

2 Mt
inhﬁr&hﬂa 'n'f Fads
survives "L ST
H = H=+ Hl‘lﬂ._l- Hi \TT )

S dhe Hawillanion 31:3‘.&5 wn 2 terms:

— Free H&m\.uH@'ﬂ A

VJ] 7 m‘r:mh'n;. Ham, lfohiay




Ivz QFT we often vse the c!-E'scriFﬂeh of mi'eu‘admta {beories using 1he so called ivtevachivv
FL‘E'{UTE. Recall Hhe fﬁ‘H"W'-Wg )&6{5:

SHRODINGER PICTORE 9s () = 9s(0) = 9 at t=o (referonc
ot L CHE Lot {ime) {he 3 pictores
HE(SEHBERG PICTURE T ay=le Qo) e =g 9@e€ are e:iuiu&ievﬂ
3 < o o B & -4 n-t
INTERACTION PICTORE ﬁ-,:(t) = €’“Ht "»]5(1:)8 i E’LH tﬂ;@)c‘ﬂ J

Te 1mfs\emeni 4the intevaction pictore  we need 7o analyze 3 steps:
) The foll Hamiltonion s wrilten n terms of “Hefse.mber-a“ frelds , {or example :
U@ UG = P* (x-a) where W) = exp (1a,.P*)
3238, , x-a=x#-g, Hlske dazt — x*ac-= (0,%)

-ttH 1a £ = it e A
L [T B e E ez | ' 1) =¢ " Pz 0y e

-2) Scnce B is Imde,?emdmﬁ ontime , we can evaluate it at Hwme 'Ific (-Hne reference

fime at which Her-;e:m"oered and intevaciion Frdure cm‘mm‘de)

Lonsidar a -sa.‘mf;l.e ccalar ‘Haeory with iﬁc&mnaran f‘“‘%@"@@*‘dﬂ —E-W?d;%cpﬁ

z 4

_— 9{ = 9#47 — 7= 9.£ = }
() ol T

and Hamiltenian :
He (82 (1g-£) = 7 (- L@ £ (604D + L'+ 24%)=
J42 (LT LITH o frge )

We have: o -
Ho =JJ3F[M + %(343(2",{)) + %:-mzc?(’i",t}{l -Hﬂe‘l ave wrien wtems

of Heisember )ﬂ‘elrdlﬁ
Hir.* =[Ji‘f id’@.fﬂ‘i f 3
4!
We write at t =0
Ho =fdsf [gf M (%,0)°+ %(_U.d}(ii,a))z + % m’ §, (7,0 ‘]
= (47 4 ,(z"

5) We evolve with Thwe free Ham [tonian o ?e‘f the intem ction prctore gj}em'h:ra.

Ha'l: ] o't o i .-..:.
i @) = e*™ Hime™™ = fcfs %‘I’:(ﬁ'ﬁ)* wheve  Fy(Rt) = €M Pz e i

i -4 H1 i -£
As '{‘ail\ as Ho It c:maerned | We EQ‘{‘T Hc&) = f-‘ H-‘f H,EJ s Hd E:- Hq‘fe Hvi" H, ' w& i ‘anreﬁyg



write it af azhen'c {ime § (5:‘;9.»_—.5 it does hot em!wz) ;

Ho= [z [£ M@0t LFaco) « Lue g, o]

The upshet is that we can simply “replace® in 1he original Hot Hint {he Heisen bers fidl opersbid with
inferaction -Ff.:fure Sields.

We can aPPlkf this ?m::edwe te any H we have
Hﬁfaﬂf L[+ £, (@7)+ 1TV
H:ur’jégf [‘gi“a(J)z _\{pﬁJﬂ]

Tn the inferaction ferm , we e write ~

—>

H o =ﬁaf [(J.)Z [ j’(f—tﬁ) " 1?.5’] =Jc;s; @ 5y ﬁ-&’] = jdf‘i’[i- (J")Z-b,aJ"}

N M —— 22
&

usc'w(? the free fl'newry velation UPJ”'_V“’JD'W"?
=TT — T gy,
H

nerefore :

Hi - ﬁ’i’ 4 g - jA’E V.g”
<Mt

Se  we hove = pieceg
@ i
%mf B 'l{;vJ - '0{“01‘ ( very ice ALoreuts inferack on |

()
%EIM‘ = 2‘%:: (Jg.)z <c!fe.'§d'rlnina ‘lBVm:f'f' bvealts +hre Jvr&ui‘ff .r'nmrrhm)

To vuderstand fhis f»ofm{ lef s do some comments
The inleraction f::rc:v’urc is cmcraﬂy ;m/oorfan‘f in the descriplion of scaffering provesse

) Ina Fm+o+f11ﬂ| scafteriog element we start ofF with a stste de.scribm? a bunch of well
SEfsa-.ra‘md vhicles . We tndicate this state with [\fiw) . We assame Fhese /psﬂ‘.'t'."es
to be so well scpavated that they cau be considered as free.

z) We fire the Farhcles of cach other and ‘Hﬂe? interad in ac::m/o)r'mfd ety deseribed and
ﬁ,werme.cf b«( fhe Foll Ham i Honian

3) The F&H:’cﬁﬁs {hen recede from each other and ead up in a state m which ‘H‘lﬁf are aqdiv
well sepavated . We indicate this siate with (Yrut. fain we assame the Final slate
?:)ar'“"-‘-[e5 fo be s0 well separsied that -Hhe.? can be onsielered as free .

4) We aw wterested in the amplifvde for s‘fam‘rna. from Yo aud emcffwa up
with |LF>W'!'"



Sk =56 142
9,7;; :‘mfgrdc:f;'anfr‘cfézm belh shites oud - evelve with {ime

: ¥E DY X
ﬂ)olpsrafar'ﬁ c:/:: ﬁtdf decord i )/cv }[.;'ﬂe a‘a'rf Hb : %’: ({F_ijhendﬂ‘i @:(JO;IJ'&“H

and sfales aa:ai't-f:‘ﬂa t= ¥ Hut - '{:j_{ N (0>= H:;{- ) 1Y (t) >
f'.&j The f:"‘f' cv. op. I's ?.rwu Aﬁr: “Euﬁﬂ-)b e.{._i-[.{-”mi e'-x.Haf

Us ()= Texp (-2 [l b)) | —— 1) = Us(b,4) (Yo (a0

The application of the imbersction prctore fo the scatferin roblem we Sormulated qees
as fﬁ?fbura. F 9 i }[" ‘a

’f_) F&rdwd'ffm ind. real‘m.,sui{c.h =ff the interaclion Ha"thﬂ--B' He ~Hne.1.reﬁre ‘;ﬁ’g :ffe;'mmége:%/bfc{ure

&is. fnic.

<p- eyolve acr-m:"'“a 1o He and slafes do ndh cvolie. S this Limit  inf pic . =

—>| |[Pin>= | P (t=-0)>
| Sp= PP, = <Pt=00)| S |V (£= -0)>
|oct> | Yz (£=100)> I

S wistrix (operster) (defined by this =9 rlwponcs it pic=Hasp
The virlve of the inf. pictore is that we can find slzo a formal expsion for S . The 1‘(“7 is
that fhe ev. 'prc-ﬁ.:rsm QN ave defined To agree ot some refevence fime (to) =8 = <G:t=0) =D

Spe = QK9P hfa;;“_ér <P (=) [ Yp (£=9)>  where | | (t=0)> = Uz (0, -00) [y (-00)>
<Pl = €Pa(t=w) | U, (%)
= £ & () U (0 Us(0, - | Y, (-)> =
- <O (@MU 6w,-00) [Yg(-2)>

— [ S € P (EUsle,-00) Y (-)>  with uiowf-stT[ewr (-ij;”wﬂi)}
(B 1w dhis pictore Uz most be o onidary spewtor . —> Hi(t) most be hermihian)

The matn  chavacter becomes The se colled The Qyéd'z- cf;era‘ltar‘

t : A
Unlht)= 8- 2T [ ot Hiwt ) # SRET[ [ Lt [ 3t e i) bioitd |4

We learned that we Savt fmm free H

H= |dp B at(®a(F) — [/
Car)?
we shovld check fthat H is the H that we con oé?rdm‘ /Qirsi’/an‘ncr}afes. Lefs
'Fdﬁ,e a secafar {{,gar?_- Z’; é(@a;ﬂ(gmq}) h_i_ma#z It % LT



5 | H= jJEE [lﬁf+ |T-3°+ m’@e] = H'TJ?E%EF [a“'(?) al®) + %:(m?; 5’(&:“)]
J/'[we aﬁafy H fo vacoum: Jfﬁ‘fufﬁ'ﬁh; fevm
Hilo= ... + féﬁ%ﬁ-‘@ﬁ@ 0> = ...+ 0

Jd%? T M) — (mPSE) = f&?;? ( E:E“tﬁ:ﬁ%we i

3—'&
We could .:fe/;‘me lhe ener ofeﬂsf,‘# of fhe vecum éz/,m %d = &_P:t,éf—zm
bot this imie.%va[\ <4l ciiuema " Tlis s Wuow as UV'A"“’EVSEWE Vi GmP 2

(ﬂnrs q[fuerze.a r.}u.i‘re f@‘} IJEF ¢’ w P#)
jn'ferfmﬁffan : we need a prescrip fion fo eliminate fthis o . The /om‘pzf‘ is {ne follouiy

Tf;e f?&.ﬁcr?@?‘i@ﬂ is colled NoeA ML ORDERING.

tHe = N[H)
tH: ™ JJ_‘ZE[ m'e ] T ol 4 m?:ct”:]
‘Bea:n'rc: P(x) = %;‘QT 4};(:;} : GUFFQT we want Te com pute
2 | 1 0HD: = WEW+ b + B (x) DY) + P-(V) (%)

All the crealion op - aFFeair ovL '%"hﬂl leﬁi' and ammla.{fﬂjpn GF" on ‘HSE h‘ah‘i‘.

Eermipuie - H—"(}c‘) = 'LH_{:(},-{‘L’L(?

=3 |t ¥® P2 = tf_(x) P+ Y RAY) + P OPy) = PP

Once we flﬂ-‘h’odd{f '{'&.31{ we shald d/oﬁll/tf é’wa‘yﬁmé we haye /leﬁ’r ]ﬁaf'al cs)o, 7;/601
e the (D/.Soﬂ- gpsrafa r
t L t t
'L{; ({7:#) =4l AT ldts s Hie @2 + -C%{—T[Sgﬁ Jj‘h  Hine (492 = Pt (‘tﬂ:]*--
t! .
J; we are s.-n*i;y caterested in scoblerin Sy [ 5 uet relevant pot the normsl orderi (ﬁlffjr mi-:

while for a qeuneric element of fhe .sr.;.:’fsrmay matrix we could go f’&fm(?h or divergences f we don't
tdalle ‘nfo daxeunt 7. (uaf /‘:ﬂ’;:y connected a'vz,‘l‘{f'mt:f:b&v

fg-amfofe af/f{/f}’ comn. inl: >~—< + X + >< Y
I lnad 2ull N L
cxsmple fa!’y conu il :



an we Wdﬂ.‘l’ i[o -‘Iﬂ}‘?Pﬁﬁ?ze. 2

< St~ o) | 5L| Yz G:=-°n)>;

——

<m;,?1,¢15 LA mul_f:,ﬂ‘,.'l |“"J_?,I:L ‘ ey n”ﬂf?‘f An2

7/ the '/ﬁe-::rf is jnse S=4 . If the J/firemfy is aw inl theory:
S=14 +i T

0
We a e f:a.ﬁ'hr.u‘,dr{r indevested a: Torera‘rar

b e LT Yeltae9> = (2 § (Pra RID whore | Trv=lot - 8K

0 Pinv= Put .t B
}nlraﬂan.f
matrix element
(this 15 the ﬁ,mwl y
govn c-'l-e.a[ uwna Fe kmau rules
&-l--ILle ardel” whizh we Frtf'el"
gercﬂse :
Tgﬁg {he ﬁfom‘n‘g Homiltonian H:’Hf = ﬁsj'ﬁi(\fj —:r.arl‘.r{. J'“: with J’u' -}Fa""?’ .
‘i) Wride down {he ‘f:efumau rles associaled To interaction Hamlsnian
¢ dhot comes from @ iut. verfex and ohefrom @ inf. verlex
| 4
Hiut> 22 (@09 @yy) “ﬂ%x;f"
L____r_____)
4
(4 Famiana in#gmc#mw)
A C
: H o & o
i_gr[m,,, (Fles A0k (Vo |
’ o AR ch are (abels -Fnr
$he Divae cpm‘,um#.!
3) Extract @ (P21 € (RA) —> & (B )+ €CPu )
cantact inderachin
i >\ ><
i
N—E. Kwawiua kum/v\n; = ( B.#Di' P"“P’ F‘-H‘+E *15# WEe can shsw ‘f‘h&'}

fhe 4 fermion inferaction pard iy couceled ovt !Jy fhe }prs}maa‘fur tem.



THE MASSLESS LIMIT ©F AN [INTERACTING MASSINE SPIN-1 PARTICLE

Con sider a-aar'n the ?&’Eﬂrf of an :‘ua‘emcir‘mg massive spin-4 fiald . We wrife ;

. - ; /_.-—-‘—‘) Zn fprmr:;"pff &u‘y corrent i3
df = __q_ E""Ff I %H 1";;4-.‘!"'“ + VPJH f['ne we only rg.?m're I fe bea

4~ vector,

\He are inﬁr&a‘f&& T 'Hs& |Fm:'f' M—o. ,Lef”:s canﬂ'afer 7"{2& e M. w'c’JGunq" H

8#];-04, NV IV=0 Dees his ec:;,wffiﬂn of mdiion Nave a

sensdbde  zerp-mass limiy?

We takke the 4.:4';:.!3\«2'2»1&5 f and obtain :
inerder te malle
L 3 V sen the limit for
W"' N 92,V" + 2:d =0 — we.  iw pose Dulli=o

becavie of
antisywwmetry of T

So we lesn a slmF‘le fact i in order ) for he [n"rc'rac'*'lhna massive 5f>fﬂ-'i Jr‘nemr,! to malhe sense the lomit
H—o, we need fo have a Cau)pfr'nﬁ with a ceonserved courrent.

A queshion w\a'\'ura'\\lf arises . We mentioned +hat v fhe limit M—>0  we have froubls withh the
(on%ﬁu&ima\ Folarlea‘tiqn o what haFFans te this Fruhlew\? Ve inws‘haaie this s‘?meaffon we can look at
the m‘mp.fasf f:rm:es: allowed éy ?Ll!m_‘ 'Hlﬂorf we “re considering : censider The amff:'-nfude For the Pm&«l‘iﬂg
of a massive vecfor of momentm € and helicity X . For simgicily we consder J"0) to be a elosaical
Scurce i.e, it is npef an ofemfw bot only a c-nomber four-vecter. A _Frafv'i‘ffpaf example could be the soorce correnf
cdue to sn he.au?v hocleos at vesi v Some Feai-l'{an in space

JH(—X] = Jo(;:-' =F£ £(x)
J@) =2

Consicer the scofering amplitade with sfates  [t>=10> , Ifw>= [V(RR> with =\ [FT
Sp = <v(£ﬂ|[*i)]dt Hit (8) 10> with H:m+=I¢43f{-s}b{»J"
= V@I djdu VLK (l0> =)
Bot since VA = VAL VY only fhe contrbution from VA somives (becase it has at)

3z o o2 - ik~
vi= AZI%%,, atrENEFEN T s @IV = <ol eAE e

21T,

— ) = <& JJ"’x eiu’x*fa].\}"“(xn@ =

~ {EX (K, k)jui‘): e ¥* J400 =

U

= < EXKR) F0 — | Sy =LEFEN T

Lel s consider the case!in which | K4 is| directes aalcmc?1 ihe 2 direction
—> K= (BEu,0,0,1k|) ; FEu= \ (k13 +n?

We alec  consider specifica Hy the amlp.’n'fude for}?roa‘urr'n? a (cng Hudinal polarized ymassive vector :
I
EA(IRIZ, x=0) = ( O/”)

o
El/“




Hhowim%, that ?M-JH{X) =0 {his means that W Founer spee l-g..ﬁ(m—_o

> EX(KI2, 2=0) T*(0) = %“c“cm - EE(IK1E, x=0) T4 (k) = |TﬂJ'(|g) -ﬂjg(“)=i(lk'lf°(m)- \]iﬂ‘+H‘53{k))
M M

— [£2@012, 420 70 = L (03w KT T W) *

We now use the conzervation equahon that resds :

KoeF00 + kFiw) = Ko T°00 - wiGH0 = B 300 - TG0 20— | T 00 = %5 ()

-:Su‘na"rilru"'tlﬂ% it iute W we/mqf.'
€ EX M) FHW) =HL(|FEF5"- {iK v g, &'(m)

There fore : Ik
s 4 il — Kits 42 ’ Ze ] _" Ze vy N7 __Lz I Tl H S o
Spp= 4 (R -ARLW 6)5W = £ Je[r=Ia] — IS, &AL

We find something extremely inderesting . Th our discussion abeut {he free theory for & massive spin-1
we feund that ihe Formalism collapses /£ we fake the lmit %_-30 . This is becavse i this limit the
{mnazkuchna‘u Falartqa&im blows up- At Hhat i [ We said that  we cannot talte the mit H—=0 and <khain

the massless spin¢ frem he massive Spin-1.

On a pore theoretical side,we also undersfood well the origin of the obstruction . The oriqin of the
ebstruction lies in 'Hnefacf that wassive spin-1 Far‘ifc es! bave 3 cl.n.f, while massles's g
ohli.f' 2 ,and a descriplion of masskss spin-4 arfieles with a L«ecf'orfa‘er':f VA is :'mfass.:'ble
without m%mc{ucmma Gau?e lred"und'amc? , Which is not needed in The massive case.

So far‘ s Seod }L""m 1he ‘f'hsw?‘ Siole . Hduew.rl. the shove discusscons mef%; an obviouy -:>u~eas“|iu'n,
Consider a mdssless spin-i and 2 massive spin—1 bot with a3 super ting mass  say 20 el .
Sinee 1he fhesries ore so d'f;f_/zrenf . A Should be !v@.ss.{ﬂ:}’e Jo 3¢ o I’JE..BQ Je'f}f:rence Eeven r;/ the
valve N¥e (s oo small

This is pet Yroe . To answer the above deddt we need an fn{'e.'rachma ‘#hemﬂi We cedld see that L{ we corpul
tHe am fl{%u&: {or a Fhifsfcau:f reasonakle | very sample  process we find that the contribation of the lm%f-ludn'na'l
Fc"-'aﬂ‘tﬂ*ciw : that s the one that could Hell the i fference betwetn the massive and wassless case - vanishes as

lil.tl = ST C'ansnguabaﬂ? we_,(r'mf a Iphrfs&:af-"rf teasonable answer : & wmassive vecler wilh wass 46 ey loeks liMe a
{:‘na‘tm and | despite the = Iflﬂtdf»f daf , oaly the tmnaverse ove ave fallsn.

We alse learnt  gusiher ‘:\m?oﬁani lesson we can def{ne awn mieracica :{hg@r-f ﬁ;ra massless

ic‘hm bY -Faknn} +he limdt H—=0 fom & massive '.'he;n'rlf- couf{ﬁd to a conserved curvent

M=o

L= '%EUF"‘% zi MEVLVE 4 g O Z= *%{;,F“‘H AT Far =P W =0

with B{,..a"‘:::-

Tn this \imid wejus& E;EC#UF]E the \n‘nﬁi’mdinaﬁ cl.a.f. avnd the free fh:ﬁn‘n -Fie,l:i becomes:

A = 127 i [f"'(?':h)-ﬂ-"_r'"a (7™ +E.c.:|

A=t J@Em3zE,

.Tn‘f&r-stchnq\ Phreton and Gavge in\driance
U )

The veed to c‘-ouPl'e ‘Hne Phojﬁm {iald t s conscrved corrent can also be derived without .aonn} 'l’hrwﬁ.h
the wnassless limit of the Srinrd_ {reld. As we bhave discussed 4 1he Phtfstca[ F-hquﬂh {ieH is et & a-vecter, since:



AYX) —— AN+ 28n(x)

Cense uenﬂlf} if we 7‘;:”aw our rules -F:\r“\"ne construction of & £ ; ferms [ le -
- %—Hzﬂﬂﬂ’“ or Aud ave fovbidden since nof Loreafr invariant

.The absence of the 151 ferm is very welcome sipce i1 exjpfar‘m.s why 7he photen has he mass.
» The absence of fhe 2 derm is morelornbiemafr'c since f forbids (nteractions.

To sclve tais Froblem we have 2 Pnasibff(ﬁ‘fs:

1) We absndon the description in terms of A%C) and (e fora descriplon which does wot requive
G-auge conditions. As we discussed it is ndeed ?essi'b\a te desccive masslese Spin ~4 not
i\nkm:kucma Gavge rvedundawcy - The semplest oplion ® %  consider the representation
(2,0) or "Co1) . Since we wanl 2 povity —invariant £ heo we consider 1he direct sum
(1:.0) ® (o0,4) . Dl‘:dec"{s 1lhat ‘\‘rams‘form W this way ave Lovent 3 aniis?mMﬁr:'c ranld-2 tewngars .
This 12 1he case of F#V=24AY-2YA"  {het con be wrillen eplicitily =5:

MY _ A3 [ | 5 “ipxl |

= :zj(_P_szz_EP w (BN £ a(F) +'h.c.]
UMY (BN = PEEYE A — PPEF (F)

We could proof +thal if is ac{uai’fy a {rve lerenls fensor. Jlet’s see which relations /'t

satisfies :

o (massless Ko.eq)

e (QHA-'A) = IAT-2° () =

B Q#Fﬁ\;:c: in ]C.ae:‘i' i)tl' (G- E.«AF'uv
=-27(2.A%+ 2, Af) = o Stvce A% o0 and Ud=o

o | EMPT 2 Fpr =0 in fact l:v{ and i syw.me’mf EMTT 20 ( Ac- 2 hp) =0

These are nolling kot 4he Maxwell eﬁua'ﬁohs n vacourwn and J’"”Q‘f can be
devived from {he la%vav%iam densf.{f-‘

2 = - LB

There s ne need <f Gau?re Imdundanc-r; bewever 1he 'Dro'b'nem are fnteractions. The alrt{y ( wleraclions
allowed f& nvdve Fuv take dhe Form »

twPey | g, Friemy
We cauwel construct imtevadions with Py*Y aad Ahevefore we do nol yecover classical E.M.

(te get Codlomb we need exactly T¥y).

2) The other POasi‘bi\Ht{ s 1o insis us.-:\n% APGY but we add an addidional ra-.]uirevnem{“
In order fo be allowed , @ term mustbe not “only “lovents' jnvariant \m‘\mm%"" bot also invarant under
the trousformetion

Au(x) — Al +uo0) for @ agneric 09

Consaaugnﬂ? , the piece that ene aets {rom the loent fransformation of Autx) will be harmless. Schematically:
Jorendz [oo ‘ﬂ'm-} fnvarian

invariant onder The formal — Twly Jorente invariant
replacement  A,(x)— Au(x)# Juot()




Conae?uam‘,{y an infevaction 7em of ﬁ;f,@rm AuT® (s ndt slowed since s neh laweriani  ondey the formal
\"esca\im% ;ﬂ,f,.—-? Apt QX {_fn-r 5 %enerir_ O

cheuer ansider an interaction term of the Uind Lt = AFJ“ with g# conserved &-currenf . This Term (s surely
Sorents - nvariand Lm'b(mca,“ bot iz ale  imvariant under the formal replacement ;q, — Aut Bux , since:

AT — (At 2)0" = 40" DT = &Jf“-gg&aﬁlﬁ AL
: s
rm‘{eﬁ?a{n-ﬁ? h{P.):’I’J a.'ncl
Hhrein suay the bovndery derm
we are leff with 9.7%=0

&nwguen?’?jfwe chtsin 4he same wsult as before. The. tnieract ing .énaran?ran Joles {he form ;

j:-—dq_'f;v?:}'v_f_ AF_J;“ ; 2‘2“3'#.@

‘ﬂ'h“- ﬁm&a‘{[cn s now : How do we conslel sguch censeved corent 7 leearf?a fhe obrigus way (5 te slarf wiln B‘fhmr?']ha{’
enjoys a ala’ha\ \Sl]rmm&"lhf and the afler fﬁnb?rrucf’fﬂg 1he Cﬂ'l“i:f;ondl'h} covrent JH | couple with A . This works
jua{ FF.ﬂ-& L SED,

Lonsider 3 Divac Freld with the Jag rangran

;\ﬂ 5 IIF-(fP'-m*)"-}’ This B i enjoys a Ein’w'l. 0 -San'meHﬁr

I‘f We ‘frawsﬁrm

7—]{#}%9‘“?(3} wilh oteR

the .Lia-rﬂnwbia"‘- is tavaviad.  We Know very well how fo infzrpref +his spmmetry F""f""‘”f.’- This 7s a Wraner—ldfe-'l s‘mmdy
whidn desevibes the presence  of .:I-,m:,;ad fermions . Tlhere is ac{ua'\\? mere . I{ we want 1e describe

.:'haruqssi ?ar’ti'clu:.s with cba?e t.]-.E (an am'\i':.a.r’cic[as with —ﬂl.C) ; we ra:] wire fhat T.‘L‘ {'mn{;@ﬂh da:ard’r‘rr‘;
fo

Yoo — 2T v

At dhe nfi nite scmal level :

’LP(R) — 1.])’(:4) = () qitieﬁl[)('x] — D"tl)(x} =-4{92Y X)

The Neether currenf is-

J® =% Dy = (Fay)C490) 409 = qu(Fyry) —> |T6) = 9Py
and Hoilz T anmred on the equation of mdion . Znhe free Divac theory we have , rndeed:
%"= 9 [0, DIy + 7 sz'(M)]
vsing the Eor. (% -mMP=c and FPFrm)=o
Qued = 29 [t'm?\,v fTF(—zmtyﬂ=o

Consegum'f{y we ave {emfzfﬁd fo write:

2 =455 +Fary—my 924 Fry

There s however a small .suHeHy : is the correnf JH=pe Pty still conserved in the new theoyy 7
We checkked that gM is conse rved indhe free Dic 'H:cory,. but it is sfill conserved in fhe inte rcec'fl‘wa; 1heory!
.Lef'i chec it :



ACWTFIV =-mBP +92 AP

9,94 _ of 5 u(Tiy) =-oF +qedeFy*  Ahatis {
“oan oy 1 ‘]

So the eom. r_inmaeé. However :
o 34= 9 [BTIY + PO = qu[emFT - < W ¢ imPY « dqe v¢]=o O

This is however a pecoliaeily of @ED theory rather thau a generic resalt .

EOV* (Y) = -my +92 AL Y*Y

ExanpLE : letoa d_owﬂd'er,for instauce, the case of .f:l"?aw[}EJ scalav rzar‘H.:{es (insfead of fermions)
.Sbﬂbnse we want fodescribe c"&ar?ed’ .SCafarfpaHr‘des with chara_e ge . Sseh Fa.wl-tr:_'te }-rdza
the err Fersfecfim are described 67':
35 =5 T
Px) = ffzdrﬂfiz_ﬁ: (a(ﬁ'} € F'-** i’*(PJE"'”)
d3p tox AT 4]

From a Jaﬂmm‘%ﬂn fErSFec{iUQ?

L= (2.49(29) - mtdtg
which alews us fe find the ec.am.:

@O +ta)Pw =o
(O+m®) don=0.

The .Zagrangran s invariant under 4he %bha‘. a:fmlme*hﬂtr-.

}"-PGG — exp (-49¢8)dE) — D¢ =-iged
P — exp (1{9e0)dx) —> D= +iqe P

The Noether corrent is -

J¥= 25 _pot - 28 pg 4 22 pdte (9%dN(-iqed) + (qed(a D)
3 (99 2(%9) (.47

—— | T = g [#1(*0) ~Gre)$]

which 5=l cefans| conseced | (o the froe dase )|
23" ige [0 D + 0@ - QNG — FBITD - iqe [-wiarnedre]=o
So we uesld be tempted fo wite the caspling :
FaEm 2H0F" + (30D - m1'P + iqe [#"0#9) - (o440 ]

Lot i doee net work besmose | J# itiTs ne lonser! conserved ik +he intecsclin 'H')eor}f-
We ceuld checll if com,puﬁ'wj fiestly the ecm. in +he mfcradrwg 'fheory and using them +o
prove explictiely that uT* 4o.




We now hawe a clear

We need a mowm

enerd\ prescrntion
l&arau\%\am den:ﬁT: % 1 ¥

consider a ﬂ’le:wr descrioed b"f 1he.
36: Jc(‘#.' 3,«‘#, A;“JQMAP)

And consdder the cae i which this ‘['heomr enjoys a cdiebaﬁ Q@) sfmme‘%nj
P — o= & %% Px)
B?’ definifien we have that DL=0 and we have the conserved covrent :

€= 2& _pe
J* 2 (%9)

OF £eutrst e Jaﬂ’f KHGIU 15 E)f,of:'c:'f E,i({bressz."on be.cauqz wWe Jnn’f’ Kingwin —“fle. E‘.Hf)h‘d’i"}' orm
of £ Censider the case in which €= () . Tn the Jorgon we say : “we ”Gau%e“
the caloba\ symmetry V. Clearly 1t is no lﬁnaer a symmetry of £:

edueated auess
¢) — exp (-4i9e 909) P(x) =77 Dt = (9:6) h*®

N> Z most be 5 salar
We covld show that the frve identification is: Z need to confract with
a g-vecter al:d‘ee:.l"

D2 = (uow) J*¢)
it is 1he conserved curvent a‘qﬁ'ﬂﬂa! Beﬁre
ThQ Hamilteon r';lrihdplﬂ nf E’fa‘ifﬂna'{‘tf s5ys that the {ime evolutron of the {Iei& confi yvation

aarrasiwnds {0 2 siaﬂonanf actton with i—e.sFEd- e ar'c-t+mry variation ef the {E?.lcts (whrdh  vawnish st I-‘arae_ spae

time dia‘fanc&s'}- This wost be Frue 'FW arbiﬂaw{ variations / F'thUd'fha the cne we ‘re caksc‘dfn‘w; here
P —> PG - £qe FLODK) . = D = —<Lge §(X) PG .

TF we sct enthe Eon for X)) we imust have thak -

Ss= 5:]"){ C2.0) 3700 = —-jd‘x g (3 =o
New, =uppose of {nﬂadﬂctma ancther "igre.ce“ +(e1"s combine thefransformations

PO —> € €900 pix

This tmplies that -
5 DL = (3.8)T* + %@ua) +Bf_?%_)%u9,s do
M T L1V

we lmpose +hai Df f—‘t-o becavse we waet dhat L bhas o be lmvarisnt ondew 'Hm‘s combined
C&u%& trans formation . f?e'f' 2 condfions

it tells s recisely what
THe B2 g 5 32 —-gh| —> wewant: Au rsceopled with
d Au 9Au a consevved corren't
24 = B¢ it con be saltsfred if the dependence
2(u Ay) 2 A)

'me Ay enters in Z via fhe anii‘-s:,rmm_
combination Fuy = (ufy —2vAu)

reseription o boild up oor ‘r‘ne:mf . We jost need Jéeﬁp/féwfw; vule:
The ,Lsa\ralnafdh most be IWnvariant onder the cembined Gau?fe transformation



The sthle.s-l way To achieve ‘Hu‘s invarience is called minimal c:ou-Ph‘n i:ﬂre-.s-crt'ﬁ“{'fnh-‘ i+

tells os that if we start from & free heory and Pmmo‘ie u to be a comriant- cerivaiive then
the f'hear}f will satisfy 1his invavionce .

B,u ¢ fr—— D/.‘ 4’ = 9,.;«1 ¢ +4"Eq A;p 43 C@vmian* derivative

CONMNENT

The combined Gaufaejrmm;fvrmaffen

Pe) —> & 9000 iy
Aul) — Auld + u 800

is not & sgmwmelry stnce f does net reffﬁm‘ a change in The Phyﬂk‘&f States on The sysin
However 4he way we derived here seems to contradic? Fhe abeve s721ement - Aftecall , we im

the ceondition 'DfLo which looks lilie fhe way we defined a Symmelny in the freld Thery
context.

We cood ceﬁa.iu'.lr 'f'hjr fo copstroct o conserved corrent btf Imimich'fm% Neether +heorem

AL IRy @ ATt
° 568 1 T aam SO 50 =

— |T4 = - T - 2% (5,0)
2(9.f0)

And we can see Thal i is indeed conserved :

T = (5. 63" -M—[a 72 [Ge) |- 28 | 320

TN XS
I since e
% =0 gl
oy
T ‘(?,u@JJ'“ - i(gwﬂ) — 2 | w8 =0 As 5 consequence of A
24y 2(3.A%)

However , the Eeker-laammae com. for A allews %o write:

Jb =860 3L _ 92 58 = +gp0 9, 22 . 24 (38D = 4 Z—Bu[&m 194 | }
B‘ﬂ‘u ?{?PJ';',) 2@ Afﬂ) 2(3y "‘J") 205 Ap}

- Jad = in
Jﬁ El’ [Bm 205 A}u)]

}1&1"’:5 jrl'}( )[...-.- gahs?‘fuff' 1‘)':'.9 C.OMSIPFE{{ chdt?e assa:.r‘afe ‘f'fa .'J!'

4, 2 J&T J

Juﬂ' us ca‘ua a closer looK te Js - We bhave r

J5= 3»(3(;:) 27 ) = 2. (960 Y (suc} 2 )—,» IS =9 (sm 2/ )
3(%HA,) 2(2. Ao 2(2:A.) 2 (A,
for snttzyumet vy

"
it sa sfaaﬁa\ diveraencﬁ'



CbﬂSe-auewHY 7%6 mﬂserued ch&'rge i.{,t.zJu."czfI QJE:

Eg =jdaf 9,5(9(’0 it )= 622  Q.ds
3(%A) s 200 Ad)

Were & isthe consevved chavge associated o Yhe glcba‘. symmetry.

S = 0 A ) ahf 2L iyeds
o 'ﬂ',-u- 3’(- }vﬁ,u) 2(2:A¢) sa(azi !’!-)

i d = i ) con
Since g the {lox at spatial o{;%) —> cons?

Cahﬁeramﬁm‘HT in order for Qs fo be conserved we have 2 posscbiliiies

D B0) =3 0 bitin this oz Qom0

D 60 23 constio  therefore Qo=8-8 (it is net s vew charye)
Thiz is enounh to conclode that we do not have a new avmmelﬁr\f bescdes 1he o lobal one
To conclvde ~ +he charge & represents the generoters of g revp G in The onitary” repre sentation

aceerd ing tp whiteh external states are classifred. auam% a %[aba‘ Jlfmmﬁ‘i‘vr dees cha»?e
the Noether-s cfaarge Q.

WARD IDENTITY

As we have discossed in fthe description of wassfess spm-& {reld with the fleld AC) we
ave g:an:ed to declare that E.(F) and £, (F,A) +Ca . describe the same P'hthfcs. -’_"cnce‘pa"uaﬁy this
redondancy reflecled indo the fact that the physwal photen freld dees net framsform s 5 4-vecw
AL — NG AY(R') +%ne0 . And (nfora, fhe consfrociion of & consistent a‘m‘fk&ﬁ‘n'ﬁ; +heon
forced vs ta couple Au only with a conserved current.

Suﬂ:sem we want fo compse an amplitude  where there (s some F\mﬁm tnvelved (e incoming D

\‘f (iﬂ.'::. for an m‘r%em% ¥ &"’(E‘,l}{ﬂ’“
i J%O - &, (R (A7

\_)LEE isolale fhe contribudion of some external ¥ with womewium
K and helicity .
New we vemewmber that EX(F ) e FALNN QKA -

\\:f ﬂh:fb'nth:? a Hﬁ;a'e \Ward
3 A “"10 = (& + ChIpr TSI Y MM =0 dentily

Show i€ Anis 1s tre 1z an advanced ask , it needs th t'u"'g?raf fermulation of arr
This implies fhat u-u'h-a EM instead of EXHCKF  well hoe “ne difference.
The ](acf that 1his Wardl J'Jewfr‘i}/ /s froe (s & consequence of fhe fact tha the 'phoh:-h freld s ceupled

to 2 conserved corcent.




EXERCISE
Consider the ,l.marar%tan of SQED {ake f‘= %a¢’+ oM -mP'd 3 vse miniwal sobstt

L=- 4577 + (Y9 -mt ¢ | with (B9 = % i A0)

'%&LCE C-I=-J- and the Faﬁ{'clc ssscciated T (q-b-.t\)

{) Extract the Teyuman wles

lets exdrack the intersciion part of the Za?ranaim;

(0.9)"(044) = (% +ceqhud) (249 + ceqAt$) =
= (3ud*) Leqi'd - ceq Audt(244) ral MM P

— | Zius - o9 A ()8 - 90| e A0
The freld ¢ and its W 15 2

3= —+

d?F - -4 A ip:
W J( 1’4_ a{PJ(*iPr)f‘Pﬂ(-:mL*(P)E‘”]

we have 1he Fnllmﬂmé interaciion wertices:

Consider the 17 diaa_ra'm . e need o cemfm#e

Sp = <R\ I‘“" (+i€) Au [faﬁqa*)#: ~4=*(a~¢)]|rr*(m.m.n> =

te IJ"’X C?T__i'ﬁ)i .35.. (z*cP*JCF\ TR, J KNS - <HTH)|!;y¢+(3”¢)lﬂ'ffa},af(:.})>=
R mEm b [ 1 4

| 1T%p) > = 2B bT(p)| o> <IT*(R)| = \2En <olb(r)
so we only hawe the passibibilies fo malle this appliestions:

GreN) I @)y = ) e " o (since 244" it contains b)
¢t | @)y = €<% o

<T@ | @ = <oleif¥ .
< Tt (P)R*d = <collc e P

So we have that:



Spi= & [dx [ €T Cam)T R g @ G R e -

(.?TTJ* S(CK+P-) &

e, (K0 (2 fFf-if) e =

(&) (PR)H - @M% §(-Kt Pu-Py) £

We :SJHEP off the Pohn?aﬂm vecter and he delta foncdion fo wrife:

R

y L
R,
fr

r'r +
T
fﬂ or h a smilan
' = (-i€) (P‘iTP?-j'H LUaT vue call g&f
'\ alic ‘H\ﬁ-‘\'

£, (kKX)

JE
fi

8

FiLis

r
I

Bai

= <& (P R)

Ton o sémilar way we ceuld extract the ofher F—Te‘ykman rules :

.-: t P / JT'+
RS T 3

L - _ 1 = ¢é (prljﬂ IF_‘ e : = <e [’_ﬁ*ﬁ-}‘u

NE "H;}’

ﬁ' Pf-

Tr;\ﬁ

o T | = f,'ﬂ*’-,f Gus 2
Lt [T
]'T ‘)

@) £ TR — Yy M) +Y(Payde)

.‘Z) Con scder  1he amp/i:"yafﬁ of fhe process

We have fhae {:o\\w.n mca J.La%\rams :

WECRWE, uak e BERE X2 I
1 I *
Tia ; “m{; + Al
v T v “»

e \ - :,J-"Prr"» -l

———{)—-—:Ew --;-)---,t £, ?1;“7?11'11-:’:\?&

‘i“man[ conteibbotr all Yo the 27 ovder (~2%) se we have to consider allq“ihew.:

—

M =M 1MV AM,

e £ Me= (&) (R19)MEX(R)

= lef
q%-m*tig
Let

(F!:'Fa.}l ~m?

e A M, = “w)(&*rq)’“f (R)

- | LR
(R-R)*- m?

4_ i ie)(P.-9)? £ (F4)

—

(2h- ﬁ)"‘ (2P-Py)Y fﬂ'fl’ﬂ Ey (R&) =

qmn

« LMy = i€t guy £4F(R)ETT(RD

(2R-B)(2fe-Py)” 2R EF(R)

(O (R-9)V SR

(2R -PCR-P) £X(Pn) £ (P

fu=

S

9 +f3

— Q=1

B=9+th —9q-R-f



We C@ﬂé’i‘c‘l&\f‘ on zhell scalar ?&T‘H‘c\ﬁts Pf‘?:2=!’n2 . S

‘M, k| e (28-P)Y(2P-P)Y EF(r) &5 (R)
o2 —

! gl o ¥ *
AM, = <& C2R-Pa) GR-P)Y X (P) 57 (R)
“ mleERn - m® i

{:/L!-r.q B 24’528};\} E’M*CPB]EY"(E)

3) Check the Ward identity Pﬂ,]‘f'ﬂ.=ﬂ

We subsiifole @*(ﬁ) =25 Let’s fale Firaﬂlf the Pa\r*( without E;(F’Q:

. A'/Lft"u = L (zﬁ—ﬁjﬂ(za_ H‘J‘" Ev*(P»)
— 2R P+ m?
: gl
i 1-Fz +MW
| g/ L £ e? . =i
= My £ (2h-RY(CR- BY &Y (R.)
— Zf-P3tm?

) a2 ]
yAMHU B = A (2RB-m@e-RBMRA) = ()R- R)ENR)
il 3 - ZP,'Pg 1’“\2

. LML = 2iet 9, £7(R)

— A MY B‘s = 9ie? P Ef(ﬁ,)

TBETH}-OTB :

LMAPy, = GHE i HE MR, =
= 462 (2Rt Py —2fs tPe+2R V4L, ¥ (P) =
=288 (-D(RtR-R-BY EF ) = 0 =2 | A4 ro

=0 ({fer morentom cons ervatioh




FHoToN  PROPE GATOR

Conif:JET‘ the +iﬂ€D'rlf : of = __}EVF)W __Ara-,u 5 %PJ# =

This -l"neonf s In fexfec&' a-araam-.fmjr with  Maywel)

= 9;»‘- F’m’= Via z:hcmogamew M ax well &9 -
:ff we write: & t-E
_Ex o -B E — 15
B "5 8.0 -8 ) ; A=(dR)  d*= (n7)
Ei -B'f Bx o]

we find Exacﬂy the Maxwell C?uaffﬂ“-s; r‘wfua[(w? the @cae ;me'em A% = A 4 M
The heor FrnFacaa"ies Frecfu‘nl,- 2 d.of.

‘f-‘) J;[ we write the eo.m. in ferms of A" we ga“f.-

Wt = 5 (- A = OA - (A= (22-TIA® -2t —TA) ="

—? | (B-THA" - A N-TR) =gt
—_ D (T-‘ & E"ﬁ#’—;tf e g
= Y=0 : = V?A Ia Dt (V'A)‘Jp al > VE "ﬁ G&UE& lau.'n
(ﬂa appeors with get 2¢A°)
l{;:!ns?um“f A°is ngt 3 dymamical vaviakle , rather an aw. field euforcing the Gauss bw asa fime -independent

constraint.

f‘ﬁ) The number of fro'pagaﬂn? def. is SJorther de dueed 4!‘::,, the Gavge conddfion . Tn fact we hawe the fmﬂm«
pf aﬁnusfma fhe arbs{mr;.r .rca&r/am_-*}rm <% witheo! cfoaw?ma the prfyggrs ; 7}/;:,1-..{.:‘}, we a)f;/w'f
this freedom éy :’é:’fmﬁ a specific choice of « dhat enforces a specific censraivt on AM. This fmrad’uw
is mllesd Gav e/-r'm'w ; Tvpreally choices aye:

3 i e

Ou At =0 (luren‘fa or Landau Gauebe)
V-A=o0 ( Goulomb G—ﬂuae.)
A% =0 (Ax tal G-Elu-ae')

On the arr side the prescnce of tedundavcy Ay —> Aut Qu in The fcaarau i
I= -‘%5\,5""‘ ﬂff?"’". mﬂm‘/’es‘fs f# ?’%eﬁcf 1hat ':'{hf Ipﬁcf‘on }Jrojpagdfor r's hel Gif:ﬁr'lr?vsa'
B\f defindfion  7he Frafaaaior can be compuled as the Green s funcfion of the e.o.m.

(Oe§? - %21 6oy 1Y) = <55 §Gep)

@cirzua_ to Fourier Space :
4 4P (%-Y) ~
Gvy(”‘?)‘]%%i G yp (P)
| _ d#t —iP (#-Y)
$0e-v) Cemf %
the idea ie o invert that eq. However this 12 wet pessible becavse Jhe cpevator Cp§Hos prp?)
has zeve e?raeuwa\ue ‘ne{na (—P’ﬁ#ﬂ PHPT) Py = —PipMypupl=g |
The problewm i3 sclved once we piek upa Gauae . We con seder fhe lorﬁnfr-éa-.ae: ouhAteo.
We Tmp'lemeﬂ{' it tn a rather 'Fd'naf way Knewn as R_;-*t;duge..

P9 +prP2) Gy (01 £




Consider 1he '!'ajrawﬂr'an: Z= _%E\;F’W -%‘—g(&nﬂ")z - A

25 2_{_(3‘#;9(‘)" is the Gauae ﬂxim; ‘Ferm (_f is @ laavancbe muH{rJier) 1hai rzh‘fo:m the sp.‘cr‘ﬁ‘c ﬁau?e “wacwan?‘ Eearr'{f»g ow
the computation cyffhéfrqoaaafar Since the ec.m. (s duhafd fin the Haywell @9 in fhe chegen Gdﬂae

of _;_:F."“'" g ur F\._-.z' =
2(3.4%) SIS (¥73-A)

4y

—> | 9. (=247 2% H§8F*(afﬁfj)=—J?

— -OA" + 2°(3.A") - %BV(B,AJ’J=FJ”

—=| IO (:-g_) P (up) = I

And Yhe Green's ﬁmcfu'gw solves fhe e?u.af{nﬁ :

[I:]"a'w i (i _%) 2 aﬂva(H-?} = «:'B}f‘ §x-¢)

hat in  Foorier Space it reads:

-6 el

Thie e:.]uaimu\ wow can be solved . We d'u;i ElmFoSE the veladivistic covsvianes {e write the Ancate

gvf (P = iq(f’") 311; t B(f”‘) PP and selie for A and B

o (P2 (- E)ppr )(Agy + BRD) = -PAGL - BB +A(-D)PG + (L) Brtpug, = L8
s
_— = FIA =L —2|A=

"
PZ

A 4y _4 gopt|= = % i
rep [ (-8 -4op]ee — 8= L (o)

]

Ll gvf(ﬁ - _f; gpf +i§;3-(1-§] e = %[‘3%’ + (i*ﬁ') F’;Ef

7 |Gy (P)= _‘F*T[-gny + (1-5)_13%31]

p(a vsval +his is net +he end o{ +he cgmf;ufa'ir‘nn becouse we gyve &c'fueffy rnteresied in:

Goplx-y) = f %’% Wi iid <IN 5

once we Inteqvate oy P there ace Hﬂcﬁularﬁiﬁ we must avoid . [ he S‘frafeaxr e to

{nﬁe%va‘re First aer  £7°
‘I'm = - & £ =l ol

jdsl-; J’AF,E—LP (XY +4P-(E-¥) ~

Gy

(em* ™

and aveid the pole at po=1|pl with a spe=i fie reﬁu\arim’i:on, The <hoice
Cﬂ@;ﬁ@ﬂdfh} Te fhe Fepumoan Jpro'pajafar is The e called +ime ordered Greeu’s fouc fion.



_ip|fce Tmer?)

=

> >
@ EE(P.
8] - € /
or ec?u{valerr{lng yoo Keep dhe poles at +[F byt de form the wnfeur of fnf«?_rafr'om

1T (P)

> /b—)ﬁ

W

T Re(F)

A'lli in all , we amive at the Phcﬁan Prop&-%aj‘n'r fn ﬁg %auag:

P .
T £ - g}V _ FHE'IJ
A % P2+ 4E [3 iR P2 :|

%

APPULICATIONS

i) THE WEINRERG <oFT THEOREM Fob PHOTONS
Gmsider a*h&n’y i which “le fﬁafﬂh imteracts with mu.r'ﬁ;p-l'rﬂ .{_‘faar&fmf fa.'rﬁ‘cle:s i

j = ‘%_'-Eu'}:ﬂa T %1‘7“ [;Er’“(a,.-l-tfﬂﬂuﬂﬂﬂmu}%

We write:

Consider  the faﬁﬂw;‘ma process: X — Y
P

y = £ Mo (P yfias Kasenoy Kom)

To fix ideas with a simple example ThinW sbedt ) et (f) — () 1 (Wz)
Je.sﬂ:r“eﬂd }37 ‘Hle ciia%rgm - F ¢

=

-
>\m~< at dhe Aree kel
A e

Wile zwe | vaiwe alenecsl = e covrider e‘_‘lﬁar}a& rnitial and /C:‘naf slates ond , addition , we consider

a aeneric interaction JBME'.
W& noud f-‘(:'\l'ls-l:d'f.r thi’l‘éhcl of 1’&1&}:&95&5‘5 X’—} "r’ J ‘Hq,g frgmg :

X — Y+ ¥ (I the final sfate we have aw additigwal ) with %)

Thel'e are 2 classes qf cffag Fams:

-i) E mission from the arfernal leqs




4t) E mission from Fhe infernal lines of the disgrems

We now ﬂ[hf to cmm]:ujre These a{r‘&%rams under the assumln‘i'fdn that +he ?Bm‘l‘nﬁ is oft.
:‘_;fi“ in words wmean that the ener y of the emifted photon s small If com?ared fo the
Bnera‘.es [ momewta of all the other Far+fcies E&v’rect Pa‘ﬁtma te he process .

e DiAsBAN (¢,3)

Jef ‘s fecos on the feg that emit the photon

AR
2
Fi-k

If the photon were abseat +his haé woeld  covitribote to the total amplitede asdhe spinor
ucfs) . Formally we wrife -

F e
\O =i H, =4‘Mﬂ (Pd;---.rﬁ) Wi.---,l-(m)ufﬁ.)

Howe,ve.r we now have awv emisxon . Thes we write:

Ak
f = {r- E (Pi'l’[t PP.!---;PH i Ma r‘-'rm‘“)" —{: {ﬁ’K.i-m) (‘*':E‘lxiuﬂ’ﬂ)g(“}ﬂ(ﬁl
Fi-K ((ﬂ__[qz,_mlj

Let’s focus on the facfor:

L9 Aok o) yrgt(gu@) = LB (xrm) Fe¥io uh) = @
(R +UE -2k ) -2hK
2 (f'ﬂﬁl'o"l) ~ A=m" s fhe i".m'{ir.'l.e

Is on e mass shel

We now fecvs ondhe factor (R-K+M)*uU(r) . We ovse “‘”J X"}=.23?” +o wwite -
(A -kem) P ue) = (By -wo) ¥ - m) Fuc) = ((Re-R0o Y8 +maH) ulp) =

= ((A-K), (¥"§"+ 29") +ony* JU(R) = [Xf'(vﬁ I 1) +2 (R | ucr) =

we v e Dirac
&q: (Fi-m)ulP)=c = (rﬁ]f +2(P- H)‘“)uf&)
© *W) k=0
Therefore : Fad peae GIX
) = £ 9" EXK [h’*“ﬁ’ ra(r0t - {q}“g(u)_%:mufﬁ) =

"Eﬁ'ﬁ



We vew use the sofi th+ﬂn absumplion and neslet the 4erm prop. to the phafon momentom K
{I‘ L . L)

~ LafErNK) Y ) = 2R e*oud
™ R Lo

Jf we vow come bock to Fhe on;ar'waf ampltude | we notice Sﬂmﬁ'fhfﬂ? r'vrferafﬁ'ug . defs wnte ik
Ak

F

)]

B
‘M. (ﬁr Pryoeer Pai U gone Min ) (-%‘l;d}ﬁ g*{nju{ﬁ) 2

Fi-K LT
_ (—-{’ijwﬁ £X(x j

44

e D\pGRAH (4,b)

The \eate of He mmFu*a'ﬂcn is the aamg,'!"nem ave n'nllf few thecnecal af.r‘ﬁ[grm.ﬁs. We /::-:u:s ov ohe l'e?
""na’f emiJfS +h€. ic‘i‘s"ﬂ-. Wa mmm 4"11.&4{ w‘rl-'ﬁou‘t‘ emi§3€0m 1".‘92 am,p.":'fud'e waulrdfbei

//O = L‘H"' - ?(Pn)iﬁ(ﬁ"""f’“a’! I'(‘"r"'-.afl{“"‘-)
Pa A R-\-._a 'Ihcr-'sm‘m% nw‘r:fzrmtnn

C::wsfa"fring The emission , we write :

TR (-came Y4 £.%(k f(nﬂ'“ﬂm}x 1 oy BB ke Ko
U 2

.F'.-
-

Pu == Vi

We focus on the emisséon factor:

TQR) Qe gt LEhtkem) - Gie gl F(F.}[B”' l"‘{-ﬂ+u)..+r"vn'£| i

+JF - 2Rkl — 2Bk vsing EXMk)k*=o
(P{ : illﬁ' 5 / T(R) (B +m)=0o
= _‘thﬂﬁv(m[(ﬁ-m mﬂ}b‘f‘i-,g(‘p”gy‘] a
-2RcK _
- FeLWTmlup-epr) s B vq)
-2Pa- hs
Thﬁ'l’f)(ﬁrﬁz
W = 7= P
’~" M'ﬁm) LM (B FumK by ) %
Fn-k
x LM Te RTERM
Pu-K

« DIAGRAN (i,€)
wﬁ‘nmﬂ’ emissSion:

K = L.Hp = —"LT(KJ {:},}E(Pd;_;ﬁq/' Iﬁ‘_._.,.KM)

K“\‘___ m‘f-a{_\ ':H'!.ca feme.fﬂi"l.




C;ns;‘d“frfng 1he emission , we wrife:

fH’
= W) (97ey) £X () LU R (R G, )
ATy (e K)*-m])

The Imahipuia*}om are the wsual ovnes in dhe I:re-[fac%b:

() € gf* X0y (o am) = 290 k) - [Hf r“fM+u}p+m13ﬂ] =
Mfiﬁzw‘n.,m{ 2K K /f) Uﬁ-flﬂa E(HL} Ci«ﬁ—m.)w
= Mu(mx[(-WM"'&)E’"H(K&*HF'J =
£ K- K

o™ EX D T ). vks

Tham)@re : st b

@

o Qq{mf‘ﬂﬁ kT £ M (P, iPa K;{-K, CKw) =

r~ o eqf"?*‘(u} k"
Ws- K

o DircRAN  (i,d)
Withoot emtgsion:

4
Kim

Con ﬂ'afern‘ma fhe emisson:

W = Mo (P P Ky s i) 6 A MK 1) (~<eqb ¥ £2() v (K
~ K (‘F“ +H‘_l‘ mt
-3 kA

As vsea)l we cewrite the ?'{Efd{.h\r as:

A& (o - 0em)C2eq0 e (0) ) - e Er) [(‘I{m—x)pk”r’"+mry]1-"{b(.u)=

(Lg: FUE 4 3K }1‘1") 2 M K
_ edfrerng [H’l"'(‘uf‘ ) + 2 lom - Ii]l‘*]v(h’m) =
Z W K
_ eqRnEr) [yﬁ‘j{’ .w...]v{m) P M( A ) v (K
There)a:m: ¥ b
‘5 . A : ~ K £ f!hfim
W=t ~ 1 .“{ﬂ (.F’-,. - Fh/ Ka f-= H"“fu-) Ull'm - ) =
X 2 W K
3 KM ﬁ . { ﬂ'h F*{’K]

2 K K




We shald wow tnelvde al\ dia%ravns wXh  ” internal emission p{ Fhafana"".

K

the Fa‘m-'l i= that |, in the soft lmit, all fhese disqmme can be weaffcf@d'. The
Foin‘i' is indeed that these Phq‘ian.s are always affack r’a} of 1he

fe an infernal
At’da'l'ém that is not on the mass shell (virtoal).

Whea the Fho‘i‘m atlached To sn external ‘Iea_ :

k"= m? (on dhe mass shell, physica faar'{a‘r.'-e-)

\ﬁ his intermediate propagalor develeps the behaviour H'f-h’ and

dominales when -0

Sufrosn now that the phton  is emifted from an infernal -’fg, that is urtval -

'P i = 4 4 E:.‘, 4

((pr)*- m) PrHKE+ ZPK -t -

PiK [ _K' Qan?uew‘f-ﬁr -p‘fﬁe deveminator c,f Fhe fntermediale mes«Eafar ip

Pitzp-K-m? T opromt

gt is sw.b(eacffnﬁ cm‘pared' to the be havieor %,,“ 55 K=o of the
other d'}'agrams studied é-fﬁrre

To sum UP we fmﬂd Hﬂa‘i" 'H’IS am}c."':'#r_rd’d -'(-or' +he gso/% EVRisston

tiKes a rema\rlia'.ahr Sﬁm]ole fof‘m. Bffafr.‘ wri'}ina the 3&:.\'!&*1"&1 zum le

fmcezess X — Y+ ¥(W)
te the first 2 vesalts .

£ ?r'ue ] cfgser l‘o«:»“

M iy P-2*(K)
<H. ((e95) -

/ﬁ:O % Mo ) (eqlt) Pr '

e

J-Er':s Jus:! i ndicate with QJH y Azt the electric chage of fhe em.‘H:'n’?
in The mitial slate. As a consequence +he sum cwer all a’;'a?rams in  whre

’oar'h’cfe ][mm Fhe ¢th fea
rom the inifial state can be wriflen 55 & single sam
7

Jﬁe/pko'}ow rs é'ﬂ:rr'z?ﬂd’

h in &
M > (ne; PR
“<F P
Iﬁ- a complele sémilar {&sﬁr'pm we can wrile the sem over oia

vams i which the }pﬁe)!an is ernted
laf ](:haf-sﬁf'f fegs . l&f} .é‘-ru&& r';ﬂﬁ'}( Iio 1’{4& .i’"‘{ Gﬂ'ﬂr 4” rvh"frwlé‘rfg

{on :




x H.(eq) X EXQ)
Ki K
O\{ ~ < Mo (~ﬁqﬂ“)ﬂ
K K

J.efg Ju-s.‘[ {ndicate wilh Qi-:“ ) =tem the electric ::'lnarae of the emiflin I’p.arﬂ‘cl'e yfmm Fhe Jﬂ'-"e

in the Fenal slate. As a consequence fhe sum cwr all d:a?rams in w!zrcl? -fhelakofow s s
from the final stafe con be uriflen s a single sum :

i S @ K £4K)
3= Y Hd"lv‘r-

Al in al ; we ancive al oor £inal cx]bre.ssfaﬂ:

. m . s n = .
L M (X = YY) mi}{ﬂ[z gj‘"_“j_f_f“} - > el P ef) ]
J| =% kg K £=4 o ik

The play sccal in'ierl:vra‘ia“i'[en is the following , a soft Phafan has s very lon wawefewgfh (k=9
and , 1herefore, 1 does hot care abeul physics o1 much shorter distan ces (ﬁ;‘gker gﬂfl‘g_r‘es}

Now the croeal Foﬂnh the physces most ramain the game [f we shift E4(K) é}/ .';oms’fhr'k?
;TEP* te K4 . Conxquently if we substifote 4 <= k* we most 3@:} zero.
F we impose fhis mn?ﬂm o ar amplifude we find:

4 1

=1

n 2 n RG-E
fi ik ToTAL CHA
= ZQJ = _ZQ; CONSERVATION

o . o fin |y a H
LM (x— 7+ 10) MH‘,[J%QJ % § ggi

T} s werth Paugc‘wj 1[@ Irn K  variovs f:r'ea-e,s .07[ :‘nforma-fr‘aw fhal we leavued .S'bﬁr:

/— EXFN = EHFN + GP
The physics must remain fnvariad

I L. I under the shift since dhis shift is

ZQJ' = _ZQA 'ﬁt?heraied by atrensfarmalion vnder A’u-J‘H

= <=1 which phys. sfates do not fransform. (9.3%=0)
telal charge eonservalion The condition &4 £iGH

via Wein's 5 [ivail 1 heorem is amn-r'ml‘f realized hy

@UP“L&M with a
Symumietry a la

con aedved cutent JH
Wi mawlfu'eyf ﬁmPliﬂs

S G = U(4)
selection yoleg We realize {he presence ¢

a consérved correvt (W o 3¢
a V@) sywmelry yeslized sla W quer- Wil




Geuneralizotion for grau{f‘ans Qﬂ&ﬂ/ ym G:VBVI‘{V 2ar f"

We introduced also the camvi’ron Field £7)  (mesaless spin- 2 fn.r'l.'iclej

Ao 3p R D
ﬁ (x) = %2 @' E [E‘"(F,}\)a (P, Me + ﬁ,c]

we woold like fo vaderstand mmef‘hin? abeut FoasFHe inferactions of fhis field with matfer,
First of all we consider & generic precess x — of the WKind :

= ,{:}[{b (Pi.r"'f P"f Ky ,...;KM)

aod we consicler The process X — Y + a(k) so with the ewission of >n extm soft
massless Parficfe with spin-2 . We fecos on fhe disaramn with emission From external fe;;!
the only ones that are enhanced .(o:,n the soft 'poi'f when K-o

Wlhat is the stroctore of fhe infersction n the soft Imit? det’s 1‘ry fo guess AT
fac'.‘w:

e
il
y . rrf“’ K) _%
Wi 'MQ = (P )-ZP-K
. m rrdlor e hi f P _._'i._: 4 |
from the deaominafor of 1 Sfmpaaaior" we'll have the  factor e R e g

o [ 1s s femsor , and it must have a struvctore of the Wind :

M7(p,K) = 2prpY F(P' K%, PK) + PrQYG(PLKY PK) + o PPE(PK, Pi) 979" G(PI pi).
T

al| of thece stepedores dont contrbote
when contracled with & (@ 12)= 40" (K,29)

Frem the dimeaséon sna y5ts and faf{;‘wg fnfo sccount That Kk'=o ; F can oﬂl’y a’efeﬂd onth
dimensionttss vatie _LE_ 2

m
M(pw) = 2ptp? F (5%)

Furthermore in the soft limit  the I’Eadri'hj term is the one with K=o ;
Y00 ~ 2prp> FE)

Ln conclosion , if we censider The emission from au initial fe? in the soff limit

we write -



jﬂ\?

7K
(D) ~ i (OEOQ FRE©

P f-K :‘;‘ F: -k
Sl'mr'farfy , Iif we comsider emission from A final fe?_ , we write:
‘flﬂ.
A M. Filo) KRG

K4 K. :‘%—" K K

As > conseq uence {far the am}fo‘f'ueie of fhe .Saf‘!ﬂ emissien far'oc.ess X— y-{-?_(b{)

we wiite

- : SPRILA AL, s PPARY £SO
LR (x— yrql0) & iM.| 29 MW S g pineio

Now the Hey Foin‘[' . As we have discossed : EP°(K,N) and (RN + KA vP )+ K TE (K)
must describe the sawme play sies - This means that ° the Jlfu'f{rma preces should 3:‘4{&
a ?5 C"i?i’ifif’r_bb'f‘:fﬂ'ﬂ o 7‘%'9 6m/aﬁ'fudre 4 Qn&e?m&mffy we cbtain the  condition :

ig.j Ky KK —ynﬁxﬂﬂﬁ"y‘f Ly — Zgglﬁf éz}acﬁﬂ €3
mr:n

J=i %ﬁ' A= /Rt/y outasin

rd felf€s

There, = &me‘\tﬁin} S{*rem}e with this <ondifion . 7The /:’ofn# is That meomenta
alr&achf 'u'erlflf VhE copdFion :

Pit o+ Pa = Kitoo. thom

thevefore we could fix one of the momenta in terms of the ofhers | For ex -
Fi=';<1.!f.._ tkm- (Pr+--+Py) - Bowever if we add & second consfrainf [iKe the one
. e *) , / would be 'pcssiﬁk- fo find o different solrtion for 1he came P, which
is (mpossible. The only Pcasibilﬁ'y is fo have:

%= 3,; Jor all &

So we found fhat #is possible +o constreef an interactin ﬂ:eory For massless Spin-z
Farﬁc[e.s only if Fheir intevactions with watter ave universal®. This is indeed wha‘faraw'}y

c:iﬂﬁ-"w .

INTERALT/IONS OF A NASSLESS SPin-2 PARTICLE AT THE [AGRANGIAN L EVEL

Given the result of the Frew'ous section it s imporfant fo jnvestiogte whest
Kind of intevactions are described by 4 massless 5)0511—2}?3,"&' at the JLsgrangian lewe).

The siteation s remarKably similar fo $hat of fhe ,pho‘!r«'}'! ﬁﬁf'a{. T fdc:'l‘ , we have seen
that the /f.»'c:('d h*(x) does wnot transform under Loreatr a5 an am‘a.\.ymme'frs‘c
rouk-2 fercor . Sfec;fr"caffy we Jfaumd' that -

UMW A" U@T? = (197 (K< 2700 + 2780 +2°57(h )



'H'rerefort at +he J.a?mng ran .’ﬂl’ﬁ;"‘, we | ook weite o tere: UiKe é,.p (x) 27"w) sihee,
desla*]e beinag "Lorents invariont lwking™ i+ (s not Fruly lorents invariakit .
We need an additional condition . lk?e. require the fellowing rule

nﬂ ahl’ 1‘-_‘?!‘!‘113 Jdmfs.s:iole " "Hle J—&arauafam m(-".sf Le ”lomﬂft— r‘;-wa'(‘l'arl'i' IOOKM}P .:ahr.“ a]so
invariant onder “dedble shij:-!r“:

27700 — 4700 + 2'5°0 +2°51 w0

ﬂi’e‘i’e dre 2 Jpﬂssl'i::n'tlihﬂa ‘fb ¢mP}emen+ ‘”m‘s s‘}mf‘?y :

i) Zn electremacuetism, one defines the object Fuv=03rAy- 2y Au which is manifestly
invariant unca'er the shift  Aul) — A{u(x) + Quet() avd conatruct ferms in the
Lagargion divectly of the fype o F*.  Zs there mefﬁc‘na similar alse in the

!

Case c,f massless 5Fin—a

It s acteally sim Fle fo construet sowf%im? amaloﬁue to 5|}=‘9ﬁAH_BVA,.h.
Consider The combination

R/wfq- = é_(}/h}}f‘ﬁ,_w. — v dp {lﬁ‘r - i “fqpf; "'Bpf?rﬁ/f) Liveavized Rremonn

f—enz:nr‘

This is obvioush cbm'p{e{'e(y vnafFected b? fhe double shiff. So one canthen ry to
constrocd wtead ions divectly fom Ruvps.

.2) 77;3 3" oossibi/i , sl liKe we did )(W. hotens, is+4o consider a ceuphn
usi‘ha_ c:[ivft:'{'lf ){}g (7)() a)g +he }érm : f i F }

ﬁ)n' (x)T1" (x)

with  T*Y a sywmetbric caak-z tensor (50 4hat T s “Loveuts v [ouh{im?“).
r;.—, ordey 'f'n Le mvaviant onder the a’::u.‘é}fll sfﬂ'/['f we must Fm/oas-ﬂ:

(a‘fv)TﬂQ*- (ng,ﬂ)‘rﬁ :' & — '&C'}!“ EV)T}N=O

At Hie (evel "}C the action  this condition s e?m‘vaien‘f’ to The re?ur'lrememf fhat

T is conserved -

UUE can "'thP]@Vc UJrert an interaction p-f "H’ie Hi'wd 3
Lint = K@ T DT
\ we on'ﬁ{ Kuow on conserved

S?mme-lw'c rank - z Teusor

coup ling w |
mu1;+ < unf‘;-'u«e\f&ill

C_ommewf'_'-? : fﬁe :‘.‘mprjw mﬂm&'b’ifunf i"mmr‘

'I) K s dimension £l

" TAE/GEH ?: o has mass-dimenscan - 2 jfhﬁc‘f;



ﬁ,u#{x) = ; (.f::': E [E)WCF.&) E_J?F'Ka (th) 4 }"tf:[ -— [flf\?]= [H]%_%: [H_‘Il

alimeuﬂfanleis

Siace [Eh@f} =S(!‘J‘T{'} (em? and
(er 81 —[s]=[1]" and
we have Hiewn [a] =[at]= []_-1_]'3’{

o | TV hap miss-chm. | 4] o Fost Pf“rfci?fT"f“ = [T"‘"]=%=[HJ"
v

Since [,fin%] =' [H]4 it follows That:

[k]=[HT?

So the vniversal couPlz‘na S ah‘memr@ﬂfuﬂ and  thew The jntersction is il
renormalizible . (Iwabil be {emp“(&d fo talke WK = Gu = ﬁl{

(N-B- ff we confr"eﬂ‘f" with £.4. J?r‘nf'= —9e AyJﬂ Ay i 7{76”"5“)

2) Considec The canonical eméka!{l—-mgmeﬂ‘}um fensor that we derived:

By.Tﬁ“; o

{

70=19F | gyvga) o ap
B(M*]( I+

Zm ge;ﬂsml’ 1':!'“'5 a%;'&c'f (s wof‘ s‘ymmctfn'c : 7?51‘5 (%3 'E'fmf'l? 'fa Jeg . Qmﬁa‘a’cr‘:
M =

+ ( xPTA7- X rTﬂf)

e luuri{e #
A s + X148 - T
and wow campufe fhe 4-derivative :

MPY Umaaﬁ:a
LM QST (TR 4 (A

T

= 387 T Y g ——| 77| B ISAT

Whet we learn from “His sc mple camjoufa'ﬁ‘un is That in qeuneral T #T7T%. We alco

lesen that the intrinsre sp it of The frelds (s responsible for The camonical i i o
tepsst hot bein sywm&"fn‘c fn gaueml.
However , we “aleo Wuow fhat “#his /s wnotos fro.{:fé‘m . We iadeed Waow that we have The

)[r'eed{am r.::f reaffﬁ'na'yaj, 1‘%.«3 Afé'?’eﬁer carrﬂm'ﬁs w:‘f'hau‘ll a!’]"-?r!‘w} ‘h;lE Ndféer Cf}drjd.s.
U.J& CJE}[-'IWE ‘f’éﬁrrfprer

@M =1 + 5,(E / K= - — does udt chiuge
i3 Nother s chavges .

\ arbi+rar\,' rau - 3 teysor
.&VL‘JI-E,STLMM"EJF’T;C n ‘I‘iﬂi‘ﬁfﬂ'
2 indices

T he exf:af.'m'rf choice r:*}( K’I!"W cann be made Ey ;'m/oﬂ.s.{'mg the condfion :
@ = @”




{ram which we %d:
O L PN il A T g
Hhat we vecast as follows:
LT AR o (R )
— RS Lo, (KF-K?)
that caa be solved if we «t:

S?w,u I K}Wﬂ_ K)./kv

wijr‘n,:
Y = d A W AB B
S g—if—(a} 7 ¢ )(J.7)" &

Exercise : ](f‘nd an explicit expression for KA

We condider | S*= KM - KM | aud consider C‘Tdi[c P@rmujrehghs of indcces

‘S‘,u.h? - Wmv_ K(.«v&.
5\]}:) o Mﬂﬁh_ K\J)w
we how  add the ﬁr‘sf' and last et? and svbtract +he -Emj 2
519}4 + Stj.ux_sfuau= (Whvp_ u_p.p,m) . (vau?.‘ Hﬂ,u) i (“}.&M’ Wuv}.) L

v X X
= (7= )™« - k) ¢ Tl E
X _M)ﬂv+j{)5w=a Kw_wvﬁiso

':_-_E‘K

L[t AN 2 T

We vow write the Ekfffﬂl‘"‘ expressisn :

L{W}" = C4) [ a1 gw AB B 97 41 A B | 9;{ 51»:)4 g]
: 3(9@*)@) P +“_(__w? autw(J )s @ a—(;ék)(J 5

so we find the Beli wfante - Rosenfeld E‘merjlfumﬂcmeﬂfdm fensor -

ARG [5‘1 Peot b B | (o 1ol | () ]
vl A 2 1) 7% 5] i

We con , therefore , do beller * whal wefind is +hit a wessless Spin- 2 Ioarﬁc(é‘ interacts

aﬁcorchmca to -
Lt = K Fwl) @)




ESTIHATING THE FORCE FRON FPARTICLE EXCHANGE

¢ QFED case ?wn?@%&fbr P pl

Consider | & process a)(f%e Kivd ! 19 with ﬂ_%-.c'eﬂjw ¥
K /

The amlaﬂ‘fadf s s K
M = [E(P'J (-ie 9 h’*“)ttt?)] DF v (9) [’E(M')(u‘fq& E"’)u(u)]

Let's {r?' fo malke Jew  qeners| considerstions sbout this frvfa?af‘oh We cronstruct ed if 6c_ﬁ:re
explicitel veeng (ravae )lf:'xm , Green’s /ancf-bu'ﬁl... Lets 47 fo extract scme ﬂwd’amen?{ﬂf
ﬂff‘ we {au écﬁre fbﬁa}pﬁ-‘}r 1%.:3 the case of ?rauhf?r_ f"?@r@

(riven eor aha'ltfsis in The waseive SF:'w:I e | we eufaec-f' that :

e = _A S gAENE(F N
O S Pi+IE X=%yq

is it frve alse inthe @QED cace 2 We check. We ad*uaﬂtr a.[reacir com)pu‘fed The sum
over transverse ,ooér}%aﬁans , 8though in the case of T=1[Fl2 we found:

AEECRNEECRNEN S5
A= 0 O 0
0 ocoo©

cweyer we can '-M'r‘f'l't

I:G\-\QO

It seems fo not match with fhe form of the prepagafor.
the above matrix as - Fr
> EXIFIs, NYEN IR, ) = - LR PR itk pt= (Pl 0, 0, 1F); PACIFL99IF)

A=ty .P"P"

Comment : Alqﬁouaﬁ we derived the above expression in fhe spectsl cose of F‘ﬁﬂ?
s actually trve in aeueal . IFis indeed posseble fe checK that for genehic iaallli

remains troe :';f we cdnsider the fransverse ],oo!arr-ra-h'anm

| [Pl
EF(Prrey)= £ iS TGC with M= Ip|cpés
EZ 'ECS'.; :_a'S'F Cj F rﬂ S,a Se
+ £ IFlcﬂ

Zf we thew write:
4 ENBNE(F,A) = £ (_ow, PHPCrEOPA
preie gs PASEAF.) precE ( 3 T)
Nely we natice that these Jems
do nel- cevtribute and cay
be ﬂfgie«:’i’ﬁd

P ~
> g £ D> e e TR | i

Pl X petif




« RAV l"l":" CASE Fro?a?jajmr

We now a Pl“l( the same [e)%fﬂ te the %muiw case, Wea ‘H«( to mmtaoi-e the

Pr—oj::acaah:sr as folfows
& .
AAAAse = —L_Z eXFE N E(F)
o P PecE| a2

Exjoﬂmffua the Sact Fhat EX'V(P,12) = £4(P,24) €7(F, 2 We  consider fhe case P-[Fl% .
As we’ve iearried /mm the 'Pr‘cw'au_s e:xamfi'e ‘Mrls is nel a resfriction since the ‘f{erms /:rrbfwﬂrbnaf fo Pand P"’

do net contribufe fo #he }pf!’ysfraf Fro'paa afion. We have -
L coco o

EX(FlE )=l £ 11 4 04

o ¥ 4 0

0 o 0 O

even. withoot duima any comfufa‘fr'anj we can {'ry to quess
J~Z X @N* P (FA) =7
=472 I

we {mﬁ_/ﬁ‘ a strocture  made oot of gl‘“’ with 4 indices +hat most be
e>v and o <> g and that must alec be traceless, 5e|para+|e.ly bet in py and op  wheu restricted

te the ceatrsl 2 olimensional block .
Tt is essy fo se that one euds p with the com bination:

T )

mma‘{'rrc in the exchapsge

- mma.‘Fﬁc_ W 'f'ﬁ'lE. exchan € {«-«*P
and o & and the relative vhinus

is thee o emm}iﬁh-{'hﬂ{‘ the 1-2 blacK

: i= tracel W uvand =
In conclosion we write - r e 1 f
OMM_EZ'}:ﬁH = LS @ E(FA) = L L (4R PPy
e o{pﬁ P2iLE A=#2 i i Frece ?(3 M A B +P§$;M)
de ug'cmﬂrlhﬁ'l

| E XErcise

conu‘e.ler a ypeal scalar massive Lield described by the Aﬁmwgran : Zf .. %(3,-@](@’4’} = %m“#’!-
Weite the ene womentom Teusor T#F and consfruct the mur-firla ﬁfcvf;v K=Luwt . \WNrite the FETMMH\ rule

ond the soft fimit of the emission verfes

= L BT vhal _ e = Y _ ap? ~ f ARt =
T B i s e o]

(*9)(2°9) - %3#"(3_,943)(3%) + %Bﬁ*m’-cﬁ"

we +hos have:

‘fiuf K ﬂﬁv-,—)‘l? =K fyv[(aﬂ‘?}(a?q}) T %apv(apd")(ahb) + %Bﬁpmzdbl]




To extract the Feyumau rle we consider o .Scaﬁtn'nﬁ process af_'Hlé' Kind :

Spi = <d(B)| i) [dx (L) [0 47(P)> ; ‘ﬂ%q
N

ﬂmm are = ferm.s in ‘Hu‘s intevac fion :

Spi= # Jdﬁt ﬁ,vm[(amp}(aw 291 @ 9e) + 4w 3]

Lol (<0 (e * )
| pw- E'a_ (e % at@e ™) = 3,004+ 900
C«J A i -_,{' 5 - = " o
/ 9,&1:@:}{@—“};\,’—2_5 (2()ep)e™ + o* @RI ™) = 2,8, i b
f
LA 2 W A
-cp(x} )y = B |1 dW) = gi\‘%a(‘ P\ at@) |o> = ”ro>
* 2.9 900> = ETAL R
190> = £ (0N 0
* <OM1 PE) = <ol e *F
- PR YD = <ol (i) e X
Consider interaction c:f fﬂﬂf (c) :
4 s .
sz‘[d*x <& §*"‘”<L<iﬂ | 9R) 90K > = 4';’" .2 [d‘*x gl F)‘; (K)= Chm'sr£,(0em)"3 (R +k-R)

Conscder inferacfion af 1{(0",17&: “e) -

[ ] 1 .y X 1
‘K f JX OB £, (0 (4)79) 19IgK> = K jd"‘xc i ﬁ)gu.;(hf) [(-; PR+ CiRLR)
= ok o @B, llaeer) «copm )]

= (S (B'RY 1+ R/RY) (0) §(Rek-R)
Consider tntevactiion o f%pe G

K (—ziaf‘“)fo"x <‘¢(ﬁ)lvf:w (%lﬂ(afqa) |4’(Pslg~(|ii)> = —-_13_ IA" e BB 2. RNER,) =

71-'6 ?-_-z;mmm ‘5 'Hi.f,’w_ . = -7K 3,-“ (P-R) E/.,p{l(]- GEm fCﬂH(JP;)

A% = 4l [aﬁ“(M‘—ﬁ-ﬁ) + (BLAY +PJ’&”)]

_E‘-}-' "%&uv




We now consider {he emission verfex and take the soft limit

;‘: without emiscion
--”-;-Pgi-‘-o = CH(PK) £ (iKox £y (K x| §7Tmiopo (o) +PH(P- ' P
CP‘V{} *“l'! i 3"

Usin %_‘r?'ﬁ m?

= ¢ Mo (F'K') —“: x4 K x é}j (k) af‘“gmf%r p-ic) + PAPY4 pYPI- pRICV- P
(P-K) ™ m? - e Jher
| - - A
= f‘r’{{v(P"{')_—'{’ x.fl{x‘fj:(ﬁ) PYPK+2 !‘]Pf =
(P-K)*-m? 1 LL F ]
Sﬂbfa&di‘wa
= AM(PR) AL L ) ES s pre” =

(PEricszpKk-m?)

(7 “G'Hﬂf?]((fm F"-Fvé;‘tm) whiclh is F\reciseiuf the stevctore we
i) am-‘-assed i cor initial discosscon

LiI_JH"’L K= F(—O]

We now come back 4o the decivation a/f the infevaction wmediated £7 The excﬁdmz.c of

8 aqraviten .

The u‘d’e'a is that in Hee hon vel. fi'mn'ff 'H'H’_ cnmyu?{a'ﬂifons fevﬂérmecf w:‘?‘fh Fe‘yumam a"r‘.srﬁmms musf
infrodvce the results of w R - @ H. where the interaction between particles is deseribed by a poleniial V@)
P F

We recall the basic formulas of Scaﬁ'eh‘ng theory in  #.r. quanfum mechanics. The elastre
cross-section  for a parficle of mass m in the lpefen‘ﬁ‘a:" V(R) has the form:

S (e ; fe)- ;'L_[A’zg'ﬁ"’-? Vo | Born Agproximation
A‘_q £m

ﬂ;c .ﬁraﬁ!emiz is considered {“ebe elastic , meanin ﬂraf‘ :'f we dendte with F the nitial

2-mormento af the Farfrcfe an Fr the fiual wementom , we have :
Bz 133 T T
B =g — LL-TL — pl- P

—_y G e}

e:] —_FI—F = -H-;e Ekt:'nanae,d momen‘i‘un'\ arlc{ We ‘(la\fé‘
131* = [P~ P12 [PLIFI-cose = 2 |PI'(1- wse) = 4|FI'su*(E)
o ‘H}a‘f’-‘

T=F-F', 91=2flsu(@| (8 is the scatfering ougle)
#l




We woold liKe to match this vesutt with the N.R. Jimf of & aFT cﬂm/au?‘aﬁ"aw?;:’;tdf{r

there ave = 5'f'm‘ie3tes
0) Match af the level of crose section .

G !'aacK ‘!Lo '#.'F cage 3{5 the acp. Consider a Z2—2 sca'ﬁeh‘ha Fro-:é.s.s

fnn‘he . OMN /‘—Pame:
Py = (Ei,F) = (E,F) F= (B P) | R=(E -P)

€) Lnital slate

E’. 2_ m:‘. = Ez_mzz

pl=El - [PI'=m} — (PP = E'-m?
- o 5 —>
Ri=Ef- |Pl'=m{ — (FI*=E'-m]

S = (Atp) = (ErE,B)° = (EtE) — |5 =Es +5,

& that -

Py B
f=(E,F) PR=(E,R) / i“" (l’Hﬁ);z
= (PR
P (8,R)  Pi= (5, R S |us(peny

Gimt = ({5 -E)imE = 5+ +FE-m: —|E - £ (semi-m)

2\S

and in a similar_Ashion :

Ebz‘m: x (E"Ez)z‘ My = S+EL-2sE.-mf — [E.= ;_—E («5+m3“m{-)

Aand Fma“\f ‘-
[F|z= Ed-m = .qi_s (s+mi - m;‘) -m: = _._.:'s (5‘+ me+ M 2s M} - 2sm-2mim2-4s mi’)
=4 dp gl £ gacia | oot I
(st rmfamé- esm-zsmd -amimd) = L) (s,mim)
? “::l F_'—.L E(Sr""-"}rl'“:) X(@he) = at+bt+cZ 2ab - zac-2¢b
2\s
-f:t‘) Final &-‘i‘a{'ﬂ

Pi=El - |PP=m' — (PF=F"m El2-mi = F*m?
Pr=Ef- [Pl'=m2 — (PI* = E-m; /

Conservation af 3%2!’9 :{ ?f'fﬁsi r = ('E:-‘f Ez.) _—{(Eg'i‘E&)

2
— E'=Eiwmitm? = (E-E)tmi-mf =5 +E -2EE+mi-m¢ —> |E;- ﬁs_ (stmt —mf)

and :

z
—E, =5l -mismi = ((5-E)mitwml = 5t ES-2SE -mi+mi — | E =

14
2y{s_

(s+m&-m3)




and ;

po—

M

212 4 z 2 Z z z
— |PY e (51m3-'m$) —My = %5—(5%“"3”"”“%93“3 -z2smg ~2mym - 4sim

2
= L (stmirmf-2smy - 25m} - 2mim}) = = A(s, m,mf)

45

—r—2 h:‘ '{_ '\] A(smdymi)

The sca ﬂen‘ma cross section s ﬁhrew, éy:

J.\l,;,

RERN
A=fin (e} -2E;

da = (M E(P- %) ‘:;"'—J|:“f,nc|.l

Ty!arcaify wrilen in the form :
= jTl’l{filzdcbfm / GJcl{a-Fm = (QTF)"’ S(P‘t FF) Tr CI P"

i=fin @) 2E4

Zn owr example the £inal state is 2- parficle . The F‘r\asa space. s

Nt T
dd = (2m)¢ §(EctE-E3-F,) §(Pitfh -R PF‘*)IE.,iri—lza

We evelvate it in the CoM. frame of the inifisl stste £ +E.=Vs | Fi+fi=0

ddb = M8 (F-F -£) S(F+8) &£ 4’
CT)’2Es (@M’ ZE,

we in’fea'rﬁa over {_9: usm:a the delta fonction -

ddP "('Z'ﬁ')i' 8(‘1_ Bt E&) 2% 4 = % 4 E(E‘Es'&)égﬁ
(amP2eE; Gm’eE @T? 4EE
—|de= 2 S(5-5-£) &°f
@my 4E B

77

We Now write dg “’3‘ Alf’ald—ﬂ- and m‘?’f:ﬁmﬁ‘e |F3| USuma the Sfuum‘mﬂ

dé = HE NN g( S = NIRIt41m,P —\lFF;I‘rim.l‘)d..ﬂl 1Tl 4IF)
(2 4Es E,

m

S (N5 = NIRI*+Imat - \|IP1‘:|mJ’*)]P,|¢HP3

d
Eaib (.nT)1 .qs,.l;ﬁ
Hawl,u.w.‘ng_ S(F6)) = If'm][S{x-}(p)
N5 - \@Fm - EFmE Lo — [BI2IP) = £ L 2smimy

2 (B — | 25 —_|p) EstE
PN - P - 2| '“‘”_%5



o

s dg=dR [+ BE  c(R-PDIRIdE = dr PP —— |ga=_1 1Pl 4.
2 [.,41:354 Fl(eEy) ) IR Gm? 4fs [Pl 4) Gy 4_‘5_ d
'S

and our expression ﬁfﬁe cross -sectin becomes .

de= L [P 1

f.q. t_ d-ﬂ-
4J (o 4Ns

We write for fhe Aux i fhe Cott frame:
4
J = (Cppy?-mim)*  Pufi= (Bf) (i F) = BE +IPI°

8=(E+E)? — S=E2+FE +2E:L = PP +m+ [PP+mZ +2EE, = 2[PPemiemAHEE

S:Cﬁ'fﬁ}z: my+ ¢4 PP — PP l= % ﬂz;i = mf
2 4 v —
T = (j . ":i . :ﬂf T sm; ; m;w«l | m;m; )’5 o Eipl(S‘m; m?)% = = 7l
—[g- 5 I
U\'Q ‘H(tu& ayrive
ds = | Hss \Zﬂdﬁ
€4Tr?:5 [Pl

We con now compare with the Born af»tamx.mcfrmn We need fo mal¥e these
conaiderations /rF'S'lr'

| Mzl don

9 We set (Pl=1F'l : elastic scaﬁe.ri‘mal 4 ldei=

6‘4Trs

) We aonsider the scattertn of a fermion with mass m and mom. § Tt scatters
off a very heauvy #argeﬂ' with mass M. (uon. el limt, PPt < M)

sl mlB P
5: Pii_m'zng% P

= $=(F-;1H]?%H2 - |[daa_1 | H|*d2

£a Ty

Tuthe vest Frame of Hhe
;bm H-e: %’-cmm 1:f(;1,a‘)

3) The computstion of dv is based en momentum cigensfates which are pormolized
ih a reﬂm{na{ic way while the Born approximalion maes use of MR normalited rmm,aam%

C’F |%~> = (am)e Ep §(F-7) velativistic wormalization
<Plg> = (en’ sCF-9) non velativistic wormalization

Fra%mhcallnf | we  write the velafion |IF>=VeE IPon: , S that , Sa:hemﬁ'cafl;y (fora z-z satt.)

<FIM 1L Sq = 2B, N2k, (26 (2B, <F 1M 1idwg Vi 0 0 O O 5.
NeE4E p2ExiF, “«
in the N.R. approximation we write (w)@N) for the moltiplicstive facter /Y --Qm](zH)TrE



da { 2 . M2 ¢ NR 2 dor | m2? | w2
— amt)(ant) [MT]P = 2 M —| == MM
d.n il %ﬂr'ﬁt ¢ ! f - Hr | e o IH; !I

we wow c-oml:a'ne ‘|‘h€ 2 cyoss sections and  write :

-
=X

K i NE. , = £
MM = FO) = “ijd’i*e“?"‘b’(i') — | V)= - (41 M@ e’T
e £T Cem?

Comment: 1his procedure, ot the level of the cross section, doesnt capture +he
relative Phaae of f(&] and H_,r;. (S-:\nce. we compave Eﬁ&eu‘l“ha“\f Il|)C('i'£“]\1 avd JJ-{F]E] |
The relative Fhage can be ceml:uufe& hni wwﬁtuﬁ direct lu{ at the lewel of the MFEETUJEL.

-2) Match st the [evel of the amtia‘i_][u:ie

Copnsider the sv:aﬁerm} &mfli{'uée far an er‘ae-nsfa'f'ﬁ °of mom . F ofF a static

F::femﬁ?&\ . We use thel interaction )o:'r:'('ure fn Q.M.
N — = " teo - = i R i — ] it ‘. =
Ae= <PilUs o0 5> & <P [t VRIS - [<paviiaim ot =-fa+e AL T
it -00 i —co

= (-1)2m) §(Ep-Ep) <P Vi ) (PP \f.-(ﬁ[’ﬂ: eauatﬁzdwgzﬂ.f
So that :

Ae = e §CEpEN <P Vi DT>

We szlso rewrite -

<PV IF = |ERER PURPR N QIR K IES = ) T Pt T8
. T Vg @SER) e
= |22 T TPy = [o7 €Ty

W

with a Foarier transform :

3a ) [
— v J—i e L3 V) 17>

2y’

\Uc. now &f?h{ QU )q:rmu[.& +5 the @ED cse . \We ccnsider the mmPu“lra‘Ho'n Gf'ﬂ’rd amplitude
The idea is teo consider the PaHrde. wilh  momenta P and Ps  as the scaflerin

%5‘}&'{"&
in the aN. Pchrore and to view fhe cfher parficle os a fixed %ar}ei".

PSS ea, 7" Py 43}{=[?Tt(ﬁ,s,)(—aeﬁm‘)(umm]("—iéﬂ[ﬂ(?ﬁ;m(ieﬁal“)ufﬁf'-‘»ilt

M 9
1 3 i‘:e—zﬁ‘g—lg,ﬂ, [ZGESHPACHSY | CICESTRATHES)
vV

Plrsz 892 Pﬁ‘.fq

Consider the wmr. limit in which :

BE=(nB), B-(mF) , 9= (oF-F) — 92=-IPFiP=-[7F
P = (M,8) , B =(13)



The Dirac spinors in the wR [imit are (in fhe Wayl bests for y#)

U(Pis) = ﬁ(i) +o®)  5-(0) ()
we Hen }fhd'!

UK S UPr) = m (55D (?) =m (5 r & f) = am S } 51 1he fird
r N.R. ordep
W) T @) - u*(m.s)(" ‘ﬂ)(” ?)a(p,ﬂ - u*uc,s;('ﬁ’ ”)msa &
1 o/\T o @
we f.'nd' :
/{-M L—#ﬁ;é"z (2m 5‘5,5‘,) 309 (EH 55.3'1.) — /{MR= _'Ezléj'ifi' 55151 gs,sq
19 q
Tﬁ:lfreﬁrz:
22 |12 : (A% cosg
V(%)= e*aisaJ"’” J"”"”; d(est) o i "
A 1(217) | 1912
= £/6.6: (Ji7) s o< IRISE _
(em)? ,
o JAFHEL _13)%
. e28,0: | 4y 4 4 _ =5 =
= a1 = (e - € = 17 |= Ixler
(sz_L AT ( ) B
2 -2 + »
= ¢G8 [ gty L
{’zw}ziruﬂq( ‘] ) s
29,40 r"Ho iqr qr
_ Et€sbh [ N v
= = 2 Mg (t—=E ) = -~
-z(zrr)z{!"“j ( 9 ) I L
~ 400 . 0 il 5
_ elasq, CJ‘] e idr _qu o #9r | .
gntir ) o |9 el i | .
= e & i Res e‘fri —~ (i) Res e'_iri =
STUr i I=0o X F=
= Elé?sé]z (:i'ITa{',) = 62635@2
gwiir 4T F

V(T..) - elaa, W&‘ ]f:wq{ 'Hf.le C@U lomb ential I
I 4TTF dike charﬁea vepel while gopo scfe Chirgs

&Hmﬂ’l‘

So we learn that {he massless nature of-h’oe,péo#‘on /s m.s}aon.sfl:fe)ér the
,’éﬂ?, Yo w?e nature a;[ e/ec-?{r'ama?we%!"am-

Comment - if we give & small mass fo the fﬁ"?cnfon we would :aej' > modi ficalion n the abar
Com?u‘fﬂ’“‘;“: we ae.‘[‘ a ”screemih% e#acf“.

7 -Mm.r
ey =| € G:6: g ¥
4T r




We now cansider a %mui‘saﬁona\ .5c:aﬁ:ﬂn3 ampii‘i‘ude

A s Mmass m

-

9

P «xp_ &
| S bt
il >~ol B massM

CML = g [Bﬂv(mg B-R)t (RER + E’:"ﬁ")] % i_ (33«3%—* g’#’sﬁm* 3179°%F) {p{_[g"‘?(}ﬁﬁ.ﬁ)r(ﬁ“ﬁﬂﬁﬂ

TP‘L lthﬂ Nr f'fm;".'i‘,a we c’aﬂ;.;’c{er.-
Pe=(m,F) , f"‘a:(m;F'J P.= (M,0)  Pu=(M,-T)
PePs = m*-F P » m? PPy # M?

The v"‘eadrfha ferm comes /rom /a.= v= d=ﬁ-o

R 2 e B o S T

?L_f'ﬂaf?y we :omfu‘fa fﬁe}poﬁw{fﬁ‘f.‘

V(x)=- - [£F_ wmd 43R gy 47 ef7% _ - ktmM
em?  2[9)° 2 ()} I

gl STr

& we /}'wdr 1'1';!.‘: 3?’&031{3'};‘0??&.’ /ﬂo')’i-gﬁﬁ‘ﬂ’. Fporn fhe :lclmln]p-xr-:'son with V(r] = *M
we ;‘a‘emﬁf/ % =G ? g

— = QH-E‘H

We see that tarauihf is always alractice.



ELENENTS ©F RENORMNALIZATION

B /NTRODUCTION

Consider the process

e (pye' @) —u (R 1 (P1)

ZF we compate the acaﬁermg am,‘oﬂ'fua’e we bae that | at the free level , only one d:‘naram :

e P : fop (Zaternal momentum fixed
LM = = 137 censervation [n terms of
. Fu external momenta)
c B /41’

However , as we increase the order in the Dyson expanicon of the sxa Hf.r:'n} matrix  we encounter
mere covn,pﬁ'ca'f‘eaf d’r'a}rams &

2}
- Bour )
MR LN a f
M = 2 + 1 S
& iy
'R St P P

4 5
The 2% diaavam falHe sotallad  Yone l'cia’o W Jﬂb&ram . The emf?‘an‘fy is thal wnot all The
internal momewh artﬁ;k'&d'éy conservation [a ferms of ria | faﬁs.

P

“nl*‘:r'j{: — Ha=We-9= Ky -Pu-F
A‘.S we can s¢ Ui is ndt Lxed and we lave o iutegrate over it . For simplici Ke =K.
Y p
I+ involves an in egral

dK
(zm)*

Naively , the tfree level diagram  glves a contribution To the ampitude that is propertionalte €*

while  the loap a‘:‘ag am  glies & contribution  thal is of !u'?l'v:er- order in o formel power Series expansion

in ferms of powers of the electric char%c e, For exswmple Hae abeve dia%ram (3-loey) Ts F'rcror‘l‘i‘am\'h

e, s we exlpecf At fo be sar&fe-aoff'm?. lef s '['rvrf‘ﬂ be nore }predse. Con sider a tree-level Sreﬁdr(’rra.:
e~ B g/a"

¥ v

F
et R G

Si= <p e (8] o4y [TV te) (BVAN)y €0 e'tr> =




E'Cus{ng on-"y on the x 'Y dePeanME:

, Hh e R (Jh  dq0ey _
s h h
o dixd \f g ? L'z*r'r}"
= PA*K Jﬁ ELﬂ__ AX ( B-R- q) iy fF%fFH+ﬁ}
)7 ) G €
= —3_}—(—2“’)* §(Put+Pa+9) §(PitPit q} (2m)4 = @W)* § (PytPu-Py-P2)
)G

gach nhwachon vevtew
roducesa §- JCL\']Cfr-ﬂh

(ene is used o fix 1 (The gther

%iq esthe fel. conServation)
Cf.:\nsécfer the one L chide ¢l s
¥
P
B
e ke L F
— —
aoox G
~ K ‘*_g
P : o)
el L F*.I,EI.A&‘ E-.fx‘:.-(szE]E X (PtR) (dbqy Jba, d'K, d" k. .E—qun-x;‘]g..aq.(x,-x,g_‘-,g@(,.xg_m(&_xz-]
i T | Cemh Gemh Cem)h Cem)h

~n rdl"}i déqa dhu, d"l(z
Jamt cmr Gnt G

em* S(PtR-94) (@M §(Pi+ P- 9.) E1)* 8§ (96 -Ks tua) (2M)° (-9t Ks tkd=

A X1 (91 KL +%e
We fix  QizPitp, 9o =P +Py, Ka=Ke=9s :
d"k
(zm)

?”{1 M) §(-Ps- Py LM I + Pth) = (zﬂ)‘;g(Pgi-Fz—ﬂ-ﬁ)j
2m)4

So H’le faaP c;r‘a?mm f'{""f—r‘?j@n’j ravolves ‘!Lhe imlegra.‘ CI’F‘L ‘ﬂqd amf,’;fua‘e)

I K KA
(em (k™-m) [(K-q)%nr]
We just count Yoe powers o f fhe m'!ea.raf jon variable ) he &flentron s paid for y functions

@45

n J-OMW ::: GHK Jdﬂ HS JG!K K a’: Veraeé' ?uda‘m*[‘:ca '\t}r in K

What is ovepased fo be a small correction actually diverqes |




B SuPERFICIAL DEGREE OF DIVERGENCE

We ‘t'nf fo  set the previeus analyscs on more Formal 3.muwd . First of all  flefs
focus on d’f‘&ar&ms which are connecfed and 4PI.

ConNECTED ' A disqram made c:-f external [ines , vertices and propagetors
‘n which we cin /l'na' a f&‘fh fr‘am one element Tto cilflo'f‘ er witheut
JUWP.“).

Ex: >'W*OW< connected !

2 L oo B ﬂl clt‘a«ava,m Jr'na‘|‘ canneot be cvt in 2, J‘:»y cu#:'ng_ a Sinafe Pmp@gafor.

. >?¥O“’< — ,WOW< still connected but wot 1Pt

. LA — ey :hw "thrhé s now 4P L (&'.r‘lﬁll-
;t ; connected .

There s wo /o.ss cf 8eﬁer@[i+y ff we /.-'mr“‘f' fa con nected amaf 4 Fr dr'ag,mmS.

| 2 Clisccwﬂacfea" cfr'ag Bms can be Wn“an as Froducf of cawnecf'eaf a(.«"a?rams

» disgrams thatare not 4Pz can be obtained b7 aluina 'f'oaeﬂer 1PI. Afaar.m.s wifhou‘{'dailg
additionsl in‘l‘x&amls

Forexa.mf:.le. fcf’.: consider seme cra?'f dia'aram-;t

- AJ'KL"'CI[’WL
Oﬁ"’l’l"l)l{‘f'“ K;

"o
is the number of loops | aud we integvate over the ”L" momenta Ki,.._ k.

In the inteqvand |, the dependence on Ko will enfer via propagaters that sive ueqafive

o PrPeg ey
nf {'aa’p mamewfa. @,".B. This is Sfrr‘c‘f'fy ‘f‘rue in &ED , since the vertex cesS NC &ef:»ené
on mementa.)

We introdoce -Hne fo”{waM? d‘éfr'ﬂf")!faf/l E -:>U":>r;- r*;fl't:r—a[ c:[%vaf 9} vaegeﬂcc.

D= nomber of K in the womershoy — #of Kin the demominator

Given this defiartion The m*eﬂml‘ will have the strctore:
A = if D>0 — power diversence in A
Jc]'*ir’i K ~ if D=e —» /o cfr‘uerﬁemce i A
if D<o —> convergent



The taskK is now a Wore exlah‘cif com gauta#t'an of "0'. To this end , we define

Ne = # of exterval Femmionic leg s

Ny = # of external Pho‘hm !e.gis

Pe = # of jufemal Fermionic f@aaai‘ws
Py
V. = 4 of vertices
L = # of [oops
We notice +hat:

# o;ﬁ (uternal Fﬁ:o}"aﬂ fn:f&aaaf"ws

B The fermfgnfa mea-&a‘f‘q‘r has Jf"h& ﬁr’m J:K;L—j::? —_— Re :ow‘fribu‘('e.é as —-Ps: tio D

m The Fho{'on. I:Vhf-acaaﬁr s —«':jm —y Ph’ contributes as —.aP; ol D
KidE
B Theve Is ne mementum Jﬁ’f:ewd'end‘e ‘n the QEP. vertex.

] Euenlf fc:o',n fnngral gwcs a 4 Fowera :;-_,C K
We —then weite:

Dr 4l — -'&P;y

we now elaborate on thia ﬂ"?"‘aﬂ“"' asfa:’?’awé

&) As we have discussed the wnomber of fagps 2 d’:‘.;gram is equal 7o the wumber of internal
Momenta of f,-rc»f-pa?afsﬁs that 1s wet Fixed brf momentum conservation al the vertex .

L= Fer B - (v-1)
5 et .5 Q- DS,

# infernal momenls \, constrats {rom

(one for each Prr:?aaa'm'r) enservations at the
vertices,

¢)) We worK on JV“; +he  num ber of vertices in a a!i-&a‘ir’&m L

Consider an individusl @ ED vertex ' eacl one ‘at‘ues one l:rlfjo+on line and two fermion [ives.

>WM

C;Ee‘aueﬂﬂlf ; (F we have a c{iaamm with & tetal of “V"* vertices , we wil] have a tatal of

V photon lines + 2V fermion lines

(onsider  first the pho'ﬁon fines - As we have said the J:‘aamm has Ny external



hoton [ines . T means that the remafnfha V—Ny phaton [ines are interndl and,
,;L‘lereﬁmf ﬂm}’ mustbe closed o form Ysropsgatovs. Fach ropagalor closes
Two I:ho-hm lines = fhat we have one f::hofon "meaaaa‘l‘ar Sfor every 2 internal Pi:w?’an lines

Ly || M-iNg =P
2

Consider vow fermion \ines. The d'r'aﬂravn has Ne exterwal fermion lines. 7f means
+hat OV-Ne lines ave internal and’ must be closed into fmfaa&am‘:ﬁ .
Since each f:m'paaa'l'cr closes = fermion [ines, we have:

ZV-Ne P,
Z-

\UQ. nowd c:om‘nfne inﬂe Et?ua'Hohs we j—’ouwd &o j-dr‘ cSi'mFi.E_ a\aeb\"a E?ues i

L= FatPye-lfynije 2VNE . VMg (ved) = v-de by Moy —9L=%(V—N2‘Nh)*1

We thea 9o back to ”D' and find :
D=4k -Be-2Py = 4 £ (V-Ne-Ny) #4 — (ZV=Ne) =2 (Vobiv)
= V(2-4-4) +Ne (-2+4) + Ny(-244) + 4=

= -‘f"Nx——g—Ne

— D: 4~ Nh’ _'-—23-—Ne Su;aer]ciciaJ Je?lree c:-/d‘:'tfeifaems /v QED

Comme VT"S ;

We rewrvete D tn terms Gnllf of (v, Ny Ne) i stead of (L, P., A). Zn +hi
rocess ,WE/MJ that +he Jﬁpewa’ence of Wy ac"(u:g",y cancels et u fhe/;'na,f
ression so that D is r:»nit;/ Sonetion of Ny aud Ne .
-[i?s s ey velevont for the ffn’fam‘ng reason . Znsfead of faf’fﬂ‘mi sbout the degree of diversence
of sn individual connected and 11 diagram , we can falk abot the deqree of diversene of & connected
1Pl amplifude which is ouly idenfified by the nomber qcsx?tzmaf ﬁrmioﬂg and pﬁofaﬁt leg s },r}?d'eﬂeﬁd:f’nﬂ}f
fmn its nomber o](‘ Ver‘h'ceps V. 3

Examfu'e: Suppose we wan fo describe the cose with Ne=2 ,Ny=4¢ — D = &.

:

Conseamenfluf , we can cla ssl'ﬁ/ the connected , 1PT amplitude ar'eipma’:'w:, on their value of D

V=3, L=1 V=s,L=2

/ 7 i

We notice that we have a finite nomber of svpecficiall W © | 2 | 4
ofivergeﬂ']’am,:[fi'ude.s bot ahinfinile nomber of suféi’f?c{-a”y ::ffv@raﬁﬂf 0| 4 i | -2
a‘l’a%rams . ! 3 o -3
2| £ -1 -4
3| 4 -2 =5
4| O -5 -6




B SuPERFICIAL DEGEEE oOF DIVERGENCE AND SYNMETRIES

W

D is defined in 8 very uaive way- Conse uenﬂy we expect it fo be ! bumd“"ra sTroctoral mi:ser‘{ri‘e.s
of the -{heor«}z [(Ke for insfance ,+he presence of ..s'}/hnme'f‘n'es, We conseder few exawples

B SUPEREICIALLY DIVERGENT  AHPLITUDES TRHRAT ACTUALLY VANISH AT ALl ORDERS

b Consider the case Ne=o , Ny=4, D=3|. We dvaw Hais aw\i}lihrcle as -

P
sz. AK.A. TADPOLE DIAGRAMS

We take this eccaston o make an tmportant commedt of genersl uai:‘a!&y . We write
the a\mF'lHuAE as A”aws , If we consider 1he f)lnoifon ‘l‘o be.external.

M = fﬂfl’) LHA(P)

However | we dont wart to make any assompetion about the role of thes Pho‘f’aﬂ.
Fer nnu:i'a.nﬂu:.ezJF in the logic we-re /Eu% wing , F s well Jpossfb."e Hat this zPz1.
amfofr'fud'e. is Farf of & bt’aaer poL-£PT. Bmflf'fuJe of +he )'!;/fe

In this case the Jphaf'on Is ps t of & propagater and we have LMY(P) aftacked fo
a Fm]aaaqa’cor ~A%n2ge . Werll focus a?walf_c on guentity like < M7(P) in which
we steip all the i formation akoet the natore of the external leqs .

ket ’s 9° back to the tad pele -:Jiana,ram . On very c&anem[ ?rr-:n.rml; we will have :

pAn(in)  AMAO = PP

ds a consequence of Jorentz covaviance. However momentom conservat on requites Pto.

Gwse?ue.nftf LM (P)=0| Tnthis cose "D"isbund w.rt. lorentz.

b Consider the case [Ne=o ,Ny=3, b=4| . We draw the amf:l{Jrucie as:

= M (F,7R)

\We camPu'l*e. it at one Rc:nF. We draw the diaﬂ,r&'{hr

AAAA
R Y : .
— WP | A e [ LK) g (kBB 2 G g |
/\/vvv<Q _-?4//‘{ Ia_wcirﬂ) ﬁr F_t_mi v (K-P-BY -m*  (4-R)Y-m H, U)
we sfart from an we add an
a

for each \
intes val a&v Vevtex -Foradoﬁﬁ Fermion
r arkitrary vévte ovevall 1)
t ft"xmp mom. (i) loop we tike Hhetraze prepe St Snd e Flow f‘“’-*"‘
EYimni

bae [Chuavd the Fermdn ine e Ioafr



Cam me 'I"I.*S :

a L(P+ mat

] whtf we 'l'irace.?
b
Remembev that the fermion propagater is a matiix PE ] PLml ¢ (£

(Pem);,
T a tree-[cvel cliaava*m like : }3_)_*{ these indeces ave euen"(ua”y contracted wih
td ﬁwjda (ﬁ: 7
€ !b (!‘jzb
(it mhy <

62"1&'&"'41.&". Srim'ﬁ'?s.
on other hana'} ‘!tﬁe ropagators are contracted over %ems@he;tﬂ = (Matm),
ar §

I & faran y
So Hna’\‘ (-K'; 'rm)ba (Xﬂj-a!: ngm);e(ﬁ’f}ea( :.-f—l'ﬂ)&c (F)CB and ‘H’[E S C{QE'ES 1“1& ‘i’race. ﬂﬁrm}‘ J
-2 (¥/)ed

. W‘(L;f the oversll 3)7?

This Is teicky . This is related fo ‘:‘l’qe[m"f'omﬁ} /dr.]"_ 7The Fermion vapaga'l‘or Z5 s
4P 7(p+m)

<ol TIye )]0y = pea Py = | 9B e
Cm P2_mi+iE

?
| — —
Zu the fermrm'glc Iaaf we have il y@ﬂ @y”l;v),(\JFr“tF]? (VP ¥/y), we always have a
contraction '!_F\F insfead of Y . This Is still a'p:r?w-?afar bot with a (-4) becauvse we need to
Em:hawae Tlv-amc{ 1!/,.
We can elaborste more on the am]ol~'+ude weve written
K 3t [k m) Y7 (=i -5 ) T (wHivm) Y]

PRI - \3
AM7 "= (1)(ie) Y
M (k) (k- me (k- R )= 2]
x {'Hr [w Yo (k-A-) ¥ (K-K) r'] +

dK 1
@M (K:m)[(K-R)-w"][(K-P-RY-nr]

R [ IR e SV Bl

we realive +hat we have a| second o’ra?ram which

Fe(rt ) =o
Fon=oen | % (-ﬂ(éﬂ’f"‘[

This swmplitode does not ventsh . Hewever :

Farfe.cfpafe-; fo the am/pr'r'faa/e :

fe, p
L e ey [0 ‘ :
AH I LE} (-i) "‘-'+ {'Iﬂ =i it ‘rk’1fz-],ﬁ.’1h
% ( i CEITJ‘" (Kgm!]]'-(m"ﬁ)!‘m?]{[: ‘ﬁ'ﬁ]‘—ﬂﬂl Y[ M]I {’K b )ﬁ E )3’}

] %Iﬂ_

lef'.fs/@x-us on the frace :
tr [d« Y )Y (e +H+,P;]gr“’] t mUtr [r"'{f(—mﬂ»ﬂ)a’h Y (s R Y+ (—ka"&”‘]“

we vse that e (0P ¥2x ) =t (oY)

= (-4) Jrr[Lé’V (- +.P: + %) yf(-,whﬂ)x"l
This is equal sud o stte fo the trace of +he prev ious d:‘a%mm. Therefore the som of fhe 2

d’raa.rams ;Jem*'fcaﬂy vaduishes .



This result Parsfs'fa fo all orders and it is cslled Forny’s theorem . I# is actos lly valid for

all ampiﬁ‘ude with an odd number of ,phof'om'c fines| . MB| F isls mnse7uame afiman‘dwe
vinder cﬁara.e cok J'u?df:'orz.

B SUPERFICIALY DIVERGENT AHPUTUDES THAT DO NOT DIVERGE

» Consider the case |Ny=4, Ne=0, D=0

f it should diverse (D=0) but this ;s
actoally fiﬂ:’“l'e?j_

¥
Te ondecrstand its finifuess we conscder the followrn roperty of 7D"
C-phsic‘le,r aaafn a geﬂeﬁc amF\E{Lucjg wrfﬂ'em in +heﬁrm 3 P JD

b — 1
AMP:) = J ‘i o t{" , £ ave external vnomenta
Wl [-R) ]

Tale the derivative with resPecf te  Pr,we %ef :

'BH —- C“K:L A“;HL
ise Kt (B - w ] KT

.9.(1(;*&]5M

If we compute the d'e?vee. of diverqgence we find : D'=(4L-2n)=2+4=D-1
So the desiee s:»f c:u"r‘vergemce is red(ced bl{ - dp Cc»w.—séawewﬂtf I we Eylor
G‘XPaﬂd tin oriamdi a!mP [itude we write:

M) = M(Pe=0) + IM | P!y .
1\ 2R, ) e T S ﬁ;r‘!her derivatives lower D even mor
ovia inal amplifude  oiginal ampl.
with D F[ with ext- mimemb J['Iflesril'l’ﬂi’ms have
set fo . 2Fstlll D-1
has D

_'ZSC we come iﬂck fo our exatmfﬂa'f

vV }M‘ P=o Pco g v

q

p Dxe —5 ‘HneY conv-:sr%c

In e?m,a.fr‘ems we wrife:

HEPE (BB By P = Mo (Ri=0) « H2Z (R)

FINITE

we isolate the a':‘nrerﬁmt part



Uﬂn'a J‘ﬂrﬁm‘f:{ covariance Wwe h&‘f&.:
__ diverqent Jorevlz
Mﬂvﬁ(P‘ _—.g‘)? (aﬁvaﬁ'ﬂ' +§‘Hfg?f* ?'y‘l‘? V)rj{u{ a\dv

|

Sice P:so we can -o'n'ur use 3»‘” +o re Fmducﬂ
the teaser atructure

Because of Bose sywmmetry (the expression most  be )ﬁ.)ﬁy 3ymme+n‘c under & qemeric permatativ
el indices . We now use Ward JJ&wﬁ"{Y , we wirike -

Pup MR = B MU (Riz0) + Py MEY (P2 2 0

These two ferms st vanish r‘ndﬂjpgwdenﬂ?- Ey construction - G:-haeaumﬂy :

Bu(9Mar s aParT ¢ apmer) My = (PL825 PL 9 Tk BT9Y )Mo 20 — Moo
p7e T3 e Y § g ried

Zw this case the Ward- idenfily forces the vaa‘fveraenf Faﬂ* of the amlplr:fuée to
vanish . “D" inthis case is"blind" to chanae con servation .

B SUPERFICAWLY COMERGENT AHPUTUDES THAT DIVERGE

Consider Ne=4, Ny=0, D=2

@ it .Shoufd CQHUEY%E Sence D<O

A‘I’ one-[oc:‘:a wWE ‘(La'ue. c:lt'a%r&mz liKe

T this chacanm indeed G:-nve.raes

Y A

—sl—NAnnn L
However at *\mwlwfa we have

L il we still have D=-2 bo} it
di\rerae.sl_

%,

v A

A

h

R_ cliqu-ae.vﬁ' sub dn‘a%mm

The point is that thesasrc not “new® cfr'v:vaemces . Zn other words; if we £ind a way
to eliminate the ciiuerﬁ-ewce in the :::]ad'e.v:‘l'

rn(Eman

we aquoma"ilca\\\i Fix the diaar&m above



B TRULY DWERGENT DAGRAMS (ewam?\es)

Ne=Ny=0 ; D=4 Ny=2, 6 Ne=0; D=2
Ne=2 ,Ny=0, D=4 Ne=2,Ny-4 ; D=0
()

B D in generic @rT.
0

Consider a @FT  with au arbitrary aumbey of salars , fermions and vector frelds

L) Sc.af'fms& thal in the iaarawafam density that describes the 'Hweunr we have different Kind of
inferactions that we label with the index £=4,2,..., ny.

i) We indicate wilk S; the nomber of spae-time derivatives fhst chavacteriee the inferaction %"
M: ..:-'a::"ﬂf.;iR aE_.D

L= (0.0 (dre) - w&'d -1 1091 - LE,FY ;D= b s oA
| If we wrife explicifily the covariant derivative we find the fellowing sntecactions :

i) 'A(dfq?)z —— ko derivatives 5i =0

3-) EZA,(A’“cP*cP — no Jderivatives , §,=0
3 ih|G009-0Gd)] — e clrivative , 534

So in this cose we have V=3 ‘f'“:«as ﬁf inferactions with §;=§ =0 = Ss=4 .

The fact that iutersctions de or dondt have devivatives is of course crucial for our arg vments

| Tu facT" : inferactions with derivatives have Fdwe?s of o menta i their Fe?rmmdn rule .
| For nstance :

%---)}-‘#’i = (€ (PsR)  — 50 Hhstwe have power of mementa in the
- = inferaction vertex
(}I.r' Pu

We wow have aw adlitional ingredient in ocor power z:aun'fr‘n}. Ff the interaction vertex of ﬁ»ipe GV has
Si derivatives, it contfribotes with §: powers of womentom  in the ccun'ﬁma o D . We jndicate:

Br i uumber of prepogators of f?ipe "y,
Ng i nomber of external lines of fype 'F'.
Vi & number of intferaction verlices of fﬂ:e 24
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We have the Wme.wl'umadefoend‘en(e offmfaaafarﬁ- We cpt for ‘f:ﬁvE/c:ffawihg noTation -

Dp(p) ~ p'o sed we bhave { 1 foredaanlglidab
S5:=1 Jfor fermions

ﬂmfmp'*o'ht behaviovr T

of +he h”u e

il e

Comments - in the !ohofan case Ay(P)~ % Since we d’wp ferms that becavse :sff;auae jnuarianae

1
have wo ef‘fe.:‘ﬁ F

T the cose of massive vectos | we Know thal in geweral we have :
IrArAre—|-= PL:W (‘3”1-—1:;;&) — the a.s?'m’pfe'f.-'c behaviovr of fﬁﬁf)r’v’p has Se=d
S massive vector fields are indeed a bit fricky and we/ll ndt consider Fhem in fﬁeﬁf{awrn}

a"—“.ﬁc.uss fer .

We naw aeﬂev‘alc‘%e_ the e»c?u.aﬁfeh D=4aL-P-aP. We write:
D= 4L +§(zs,-.a) Pt 6V

T, I
# of lcops aimn by \ cont rf‘ﬂﬁ’f'*m‘ifmm\s

8 aenevalization of FWP& afors . Ju Hhae we add a coritri bation
L ="PetPy-(V-1) , Fhatis: QED casdf WEe SUm Ver )(r@m verticee with
L=3F (S-Vi-4) Feof with S=% and S0 devivatives
to %&T i -4

Wri{ima it more exPrfdfeit(:

D= ¢[Z-(Fu-e)] + ZGs-0R 1Tk -
= 2 PrRgy-2ra) £ 2 Vi(8:i-4) + 4

= | =;Pf(25f+i)+izvx:(£;-4) + 4

We new need to relate Hhais expression with the external lves . To +his end , we need
4o introduce a new o"e/Z,«'nh‘fon . We indreate wilh ¢

Wi the nomber of Fields of fﬂae e Pl@ﬂ?ﬂ‘f i the intera chion yerfex o; "r}’f’e it

oes ‘as follows : consider a disgvam with a total number of verfices iven
i = Vi . C:mse;uewﬂy the fotal U nomber of fields of ’Afﬂe ﬁf"]ore&!mlr 1l
cflaaram s, therd fore %V;-Hﬁf

We try to qevevalize the velations: V=2P+Ny and V’R:Jr%- The /c:gf?:.

B Tf we have N external lnes of f{?'pe ;"" it means thal the remalnm% lines 9;(1‘?'?6 Ju
‘Z‘u'fc'ﬁu:,,:-N; are closa inYe PmPh%aJidS



m We fhos have Z\IZ'VLJJ‘NI =B
£}

(eme e?uaffm Ffor esch’d").

We thus have :
D= ?[@c&*-ﬁ]}(?_w n‘-,;—N;)] I AZV;- (§i-4) +4 =
= 4 - ;(5;*1)”; f’ﬁZVi(&i"ﬁ) 5 ;V» ;(Sf"‘i) l’ij,f =
= 4= (oM + ZU[si-ar Zsrom, ]

[z, e S rG]

EH o B e e

Zu the case of KED ; we <can checlf that The coefficient of V. is e?ua." fo Fere . J'nﬁc-.‘- we bave
onc inferaction with §=0 , ,=2, By=4 ; Se=%, G-0 and we 3&1‘:

"U'[ 4-0 - .2(-1-‘—+1:I --:(or:ﬂ = V(4-3-1) =0

and the V-deFamdema capcels out

B POWER COUNTING RENORMA(1ZA8ILITY OF A THECRY

The Fact that , in Eenaraf , D depends on Vv has M?norfanf' consequences . We a"a'#r‘uam'sh befueen
Hivee cases . For .sm:}nﬂ'c:'fy consider | The cose! in which wa ;:rm"?r have one 117!“ of interaction

D= z.-;(s,u) Np - v [4ng- ;u,(s,u]]

) The coefficient of Vis zero and the V—dependence d'r‘salpfceavsfm D (This is the @ED case)
As weve discussed , in this case we have 3 finite number of soperficially clivergent amplitudes that can
be classifred based on Ny (bt an infinite number of of -rurerfff.'aﬂr d":‘I'er?ewf aﬂ'a;ra-msj

Imf‘;."w!

41'-) The Je’mmd’emt on V. euters im D with a heEaJere coefficient D= 4- z“j (Sf#IJ“V[‘t'S—ZHf(SJ*f)]

A £
Znthe @ED case , The dependence on V dissppears and  for a aiven supey ficially a’;veraﬁ.enf'

amplitude wehave an infinile number of Svferfl'ci'ﬂl'[y c{fl.rerae.n‘f' r.:ff&?ram.s since. gelding
verlices does andl chan%a_ D'. For example

WWOVW / M»vvv@vw\un R
D=2 stil\ D=s

i '|'\1~°.l1' all bhave D=2

Ja this case , Nowever, if we consider a =o eficially  diver ent diagram  with a fixed number
of exterpal fsas Nf (5&;{ i at one lw]:?) and we consider the | same amPl.{deP. at hisher orders

blf acuiuud vertices , we lower the cleavee of superficial di\ferazm.-:e. Tn this asse we have a fonite
nuvmber of su‘perffcr'af{y d';ver%enf dr‘ﬂﬁmms,

a?fr'ife
{6¢) The Jerewdehce on 'V edters with a Pcsﬁiv& cée:)r.’)ﬁr‘crenlt D= 4—}2”;(3;11)#[4-5 =2 el +4)
This Is an rnfamsfm% sitation. Even if we consider an amplitode wilh a veey large nomber of
external fﬁ%.’:‘- (o that —;N;(S;ﬂ) gives o very lar«aa negative contrilevtion Yo D) [ f we consider such

am’ph'fadre at a sufficient fle‘ah order b‘“/ ad’tfm? vertices , we give ,pcsﬁive aontribution and ot fhe



end D become n?ﬂ-‘“*’e. Zn This case ,ad'dri'ﬂﬁ verfices rises the AEIBH‘:F of d'r'vtrﬁenre of a aiven ampll'fudf
Tn this cose we bae an fmjr'm"fe avmber of JUPErﬁci&[f'f‘ a’imaew‘.l' amr:h'JruJE:»_

Examg:e:

onsider f=§(§,¢)(‘&"¢) - %m“i" -_;"Tdﬁs . Ja this case Sg=0j §=0, hz=s

D=4-NtV

— D= 4-N(0f1) - V(4o-5S@td) = 4-NtV —

If we consider N=9 we have:
D=d-9e3=-20 | —» canveraer:ff

However | if we Keep N fixed and consider an ('u‘ahe.r 1001:: contribution with wore

|, ewe n‘kua's'u{ D will " forn I:o-s{wlive.

We would (iKe to have a belter undersfama‘rn?f abost what the coefficient of Vis.

el ’s %iue a better lcok gt the vertex V :
- 4 "has a2 number of derivatives equal to §

- we have n; felds of ﬂ«,pe £t Paﬂecii;ahm& to it
Ccseqan.r.ﬂ_mfl'}r ,if 1 described by o operafor of the form : (ot foe leve| of the J.aaranafah density)

)
wt =90 T4
\3 % 5 Some Cout:ifm% c;:n&+a.an

Lej’ vs awnalire ‘H\E Mass GiiMEﬂs-fﬂﬂ @)thfs interaction Ja mwgfaﬂ. Con seder the mess-
dimension of the /.f‘dc:f Cf?f. We (il it fo fhe scaf:‘ma ofﬂ@: PVq:a«aa‘i‘or-

the mass dim. Is aiw_’.n E?r ) ¥ 5
[4«}]: the mase dim . of this eJ:J'eci' is
[MI% [Ap00]= [N 2
—_ e f—
e %51-%4 1’;;?:”‘?5;'1 As 5 check:

41252 o Sealar field (S=0) — [4JN]
—> 9] = [M] 2 IMTE™ —|[@)- [M]7 Femion freld (54%) — [+ (1]
f—"hnjim )Ffeu (Sfﬁﬂ) **IHFJ‘[HJ

Since  [£]= [M]* , we find :

ZHeSy Wy 4-8-F e (5573) [H]h

[M1* = EIMI" IN] — [81=[M]

—— A\ = 4-§- Z 1 (5p+4) mass dimenséan of the cau’pfi'wg constail
¥ :
asscciated fo The inferaction vevtex




AU. tn a.l‘l'
D=4 *;N; (St4) +VA

.ﬁ = 4- g";ﬂffﬁfﬂ)

The coefficient A Hhat multiplies V" in the formols for 10" is erhin% bt Hoe mass dimension
‘:‘f ite Ccu?lih%.

nlaep. | L4 = W}'Wﬁq} — 7e" is dimensionless and A=o.
We thvs have the fu”nw:n? relations :

1) Theory with a venormalizable tuteraction — the maess dimensien ofthe couplivg (= ec]u,a[ to Fere
Consequently | "V does not enter i "D* and we have a theory with 2 Finite number of
superficially a’:veraem amplifudes . Soch ‘Eheov-f is called venormslizable.

.z) ﬂneok u.rhth a  nen-renormali zable interaction — “HWL mass dimension af“le ceupling is hegative
! /8 WY,
ﬂ'fd TL eory has an Eﬂﬁ'ﬂd’e aumber oj: Supers i'c{all?* Ji\rev-hﬂ.h* amtzlﬂ‘ucles . Such

non -rencrmalizable.

enr'? is called

3) Theory with a 5u1>eruremorm&\i"rahle interaction —> the mass dimension of the coling s posctive
The fl;-ean, hms a Ainite number of EOffrficfa”lf J;‘reraen“f c{r'aamms . Such ‘%heor;( is called

super - venorwalizable |

More tn odemm[ a theovy has differeni Kind of inferactions. 7o cach one af them , we associate the
dimension A; of the z:arres’omd'fﬂﬁ favff-'na , with

D= 4- ZNe(5p44) - Z Ve

D If Di>o forall £=4... 5 the H\wr-f is colled seper- rerormalizable .
D If Al 20 and otleast one Ai=0 , the +hee.hf is called vamormalizable .

3) T5 at least one A;<o , the ﬂfonj is called now- renormalizable.

Example : sSchcarR QED
T

L= (DY (040) -migte - M(ed) - L, P

The wmteractions ave :
- X (¢1d) —>  repgrmalizable

- et AN (¢'®) — rewormalizille ' The Hneoqf 15 renormalizible

- A,u [(B,u d’+)¢ -$*(o. 4:')] — renormalizible |
Examlpb 2: MNODFED QE.D

L= Prg -my - LE67 ePyrap +

Ew Pty




The ivteractions are:
; e’T,PgﬂA#L)J —— reacrmalizible

} H\e Hﬂfor}( is not rencrmali 2ible
. %Eﬁ“‘ Wa? P — (aoh - repcrmalizible

Exa.mpfe = (}Eﬂl.rlrlf & = "‘IG” ~ % — A< —> KON - renorma lHable



EXPLICIT CONPUTATION AT 1-1COP  REGULARIZATION : | he fhcﬂ-on self-evtev&Y

We consider the eP‘noer 2-point amfl'ifucle

9 9
e i

we start -l:ram some ganem‘c conscoleradions :

i) horents cevariavce TPW@] is a Jorenlz feusor botit wih C}J" and Bﬂ"’, Tt vuust  have & struelore

-\Tﬁa(‘:}] = @(“}EJ a‘w - T1(¢) ‘]*‘"‘]" where D and TT ave saalar -chh‘ens

2 Ward - TaKahashi identily C}“W#F(ﬂ}f_{}
|

— O™ T s’ = @@ - TE 9’9 = 97 [@E) - e =0

— @)= FT)

T['»ere}@rs-'

TT#°@) = (2317~ 9#9") TT(%)

3) Peéu\ari‘*i: as 9' =0 The fonetien TT(E) csanct have = pele

A c:\e as cfw—;o weold arise | for ins'{'ance_rm the cosze of the diaamm in which we have a
.stu'ha\e f'ncﬁ‘b'n intermediate slate:

arg s ey s

this jntermediate ?mfa-aa."icr
would -a-;u-:-: us @ Pcle as ‘12—'0

However this diaar@m s noY 1PI and does net enter in .-W-..

4) Dé%me of diﬁer%ev‘nce

Consider the expansion :

v
TI*(®) = T(a=6) + 2T1%°|gr o BT | fpee
L 29F99 L
?IO q 9‘1 q:o
L | Pl L B g A | 1 y
D=2 D=4 D=0 D=-1

WE now compare T with dhe Frewfous &xfrea:u:on:

<) if we set g—o in T @) = (ﬁ"a!‘"-—?ﬁa") @) we %eﬂ‘ zero (remember that TIG) is
rezu'.ar. —3 T (9%=0) =0

= My
it) terms linear in q are alse abswt — gﬂ, f =2

Lit) the h{ah%"r de%ree of dwahﬁeme of TT*@) , therefore is D=0 and wnst D=2




Tn conclosion:

9 i =0
= ¢ TI() =l (‘ia‘a” -‘l‘““]ﬁ)ﬂ“ﬁ!) - T @) r&am\av as 9o
M v

: pertorbative rencrmalization of <ED.

E)tf:'tciJi- mmpo+a+?¢n st i\nc:-p

At ¢ |cc>1> we consider the cfraﬁram:

krﬂ]

1, —‘: = A
B

The amPlﬂ‘ucie. s

T oy [di h[?"i(&fr+mlf”£(kf+ﬁ'm]:]
tnfm Bk~ .I'(zi'r}" (K- m? +ég) [(keq)-mt €]

We now mm?u‘re +hts lnof- ,-Fallqwinﬁ a nomber of steps:

:1) Simplify the infe%mnﬂ
=) J‘A-'uc b [Vieempe emm]  _
t -ITd.LCDF (r:” (2-"-}4 (Kz_ mt 1_‘-6) [(K‘l‘ﬂ}i' h‘ll'r“-E]

J _431J di_ tr [Py o]« mite 1)

Gm*  (k-mtce)[(keq)' ~mitie]
[ dh (K (91 (57797 357 8/v9F) + 'mza’“’] J
J Cmt (K -m? -rfSE}Kmq]‘—m‘ﬂ‘e]

= —4¢

[ d‘iﬁ K’F(“‘f‘i}v- K- (H |‘CDE.|“'1+ Kv[y[+1'}"+mla}l\? g
(?.TI')* (Kl_ m1+££)[(ﬁ+ﬂ]2_ m‘+€£]

—4¢%

W

[ 94 K (K49)” + K (ke ¥ - 17 [k (K+a) -mt]
J (em? (ﬁ‘-m‘ws)[(mq}‘-m‘fiéJ

=z —qu

@W@ introdoce the so called Fe«,rr nman Favam‘\‘et

We vs the {a«nu\ar

oo
X is Wnown as a ‘Fe\imman

i
d'_ — de —'I
AB o ]_-('J-‘X)A ‘I'XB]?- P&T&m&JfE‘P

we af-P\T this formola to the me:acﬁa#nr de nominators :

L
! = Idx' - z
{ (1-x) (k- m?+ €€) + X [(wra)' - m‘ﬂﬂ}

(kE-m* +<g) [(w+a)—mt+ie] .

Lefg fcocu_-. on the c:lEnomiWa*D‘l":



DEN

(4-%)(K-m*+€2) + X (K +9* t2kq-m*+(E) =
K2 (1-x#X) + Xq* + 2XKq - m* (1=X +X) +4& (1-x+X)=

= ﬁl— ‘l__qu*_axm‘?_m? +(‘£ +x??2_x231 =

= (K+Xx9) +x9* (L-X)

4

-m* +{&

—> (K -mr+<g) [(x+

9)—mt4 i&] | L

4

{(H+ x9) +x9* (L-X) -m® + (€ ]L

— t'm";w(ﬁ) = —4e?

d4K ij KK (k19)” 1 K (ke ) - g [k (Ke) -]
(et ), {(H+x°n’+xq= (L-X) -m? 1€ }1

3) Dimensianal veqularization
0]

Be{or& Frocedima_ we need to ra%ulan'ee the in+eara". '|‘n ma e it -Ftni"rve_ .

* One idea could \;)ﬂ te male a r.LF'.‘:-{-"F —_— Jr‘n'ts woold be et cmFa"n'hb with Gabae nyavianae
o Tn ovder to do Hut we aclc]:‘l' the so called dimewn svenal re%u.lcah&ahon=

we lower the nomber of Space Aime  dimensdon -f'mm

4 —> d= 4-5 <4

Tf we lower the dimension of

_time we slec lower D' and the ivteaval will converse .

This is a math trick we ouse To man-.":aula#e the i“i'e‘arai-ﬁf at the ead werll %o back te £ —o.

The InJreara\ becomes «

K (D{-i"]]"':| + KV (ke )t - g [K-(I.{i-q)—mzj

i
—4&‘[&3 ”4‘{
o J Gy

[(K+ x9)* + xqt (L-X) -m? fc‘é] :

we talle d small enouah such tht +he fm’reﬁmi converses

4) Shift i the In#e%rcaﬂun variable

We set li‘"+x¢1f“z,ﬁ’"

avd de fine

A= m*-x (1-x)9? .

K (K4 9)" + KIOer)* = 94 [ (k+9) —me] =

The nymerstor becomes !

[(€-xam(e7 Go09) sGu =) | - 3 [ (Exa)- (£r6-02) =12 | =

= [f"f" +(1-x)€79” - x9F £ -x (1-x) 949" + (m wv}] 5, [€‘+ €90-X) -x89 ~X (aﬂx)q:'—m‘] a@‘/‘w

—>

4 d ")
L4k Jc!x &t N

(em? (21 A+ ie)?

o

A“l {erm:,. in W‘r-{-haﬁ" aye li-nea)r in ”f,” vanish l}ecausca c:f F&rﬁ:{ (.E""—)—.ﬁf) i Wﬁh +h'|-..5

ar%umeni' AV drds’ficallr Si'lmfﬁffe.s .

CJU—"MV - -S‘Eﬁfap _3ﬂv£l —ox (i"x) a#q\? - 3}4‘9 [m?_ +Xfi~x)f-jr‘]




TI'IF“. iDDP '|‘n‘} \r&'. I:)eca:-rnea

— 4t jﬂ’xfddi 28247 98 2x (1200997 + 97 [ e x40 4]
CZHJJ (j‘,,ﬁu'g)‘

5) Feduction of tensor stroctores

J v
Consider the in+93m\ 4 ij’d ‘E:"E’ - ’H«I&. is & tensor integval which i moreoveyr
(2m)° (£°-D+i€) only fonction of A= mi x(4-0)9' thet is a

Scalar c]u.an'l i‘ry i
We thes &xiaed‘ he {oﬂn\uih-a result :

JJ‘C £,#€l? = JiaY
o (AT J()

w‘\Ji'd'l 'a"” ‘H’é+ a.:.:‘ourﬂ'-s f_ﬁ‘r ‘Hrle +|‘_‘1-'150'r -s’fruc‘{'uve

We solve for J(A) : we write (mul'liplrih} both sides with 3,,.“,) ;

CHIQ 3#v£ﬂ€p= wy CID‘(-&}
(am)? (£-Avie) S8 3§

{i’om which we can  extrad: J) = j Y and avcive af:
(zm m’ (£*-A+ie)’
2V ARE ‘2 I .[ci%e 3+ £
(m? (g~ Asie) Cem? (p-Ati)

Coe c-ruaf\na.l M'l'ea'mi Now (eads -
~-4et '[dXIdJ'E 24! %F/J "”»f -2x (+-x)9/'9” +‘H"'F|-mz+>¢(1rx)c!]
0

CZTI'] (,B aﬁuf)
= - 4¢ jj"'[d{a —(4- 2) 9" - 2x (1-x) 99" + [mP = x (-x) gt [ 4
(a'nr}"f (L*-Ati€)?

g) Ferform a Wick vdtation

ie'{ vs introduce the idea c{-' Wick vetation in caenev‘a'\ y con sider 4he Eh+9%j’all1

d
dl ’Ezn wth Ao
@Y (2-AviE)™

we write it as follows:

L= bt Zn
ACH»E de b - - — We {ac.o& on the €°- r'nfEara'l :
(zm)? [(£)-12]=a+i]

- Iy =12 w *-z
Wit vespect o £°, the Ihi‘e‘arahcl has Pc‘les st (&)= E +A-ce — |£°=1+ (|C| FA =L )/

Thz!:n\es aye [am'te& as in 'H’IE F:;“owiln% -Fc‘cau'ra =



A th (ea)

- e
~ (IEl*a-ce)

+(F%E‘1‘ﬁ*f€)"ifﬁf ()

Te be convinced we vewrite :

N Ly O It (GRS R =T a)) =2([EA - £ ) = ”('”“5‘)_0;;{ g

we ave interested v The inﬁ‘e%ra\ aion-a the real \ine , we v3e The Caudmi theo rem :

We talke the conteur as in the -Fu.aure and con sider
the limit R — 0o.

-Sc.hema'\uca\l-f we weite : Ten(€%)
iR
r -] -
o [de"+ lim j&t‘ =0 " Me
R—-)m..;\l L= oo A\ 5 J;k:a n 3
=R 4 & .
il e )u, Rﬁ(t)
I““- JE' + II-M‘. Jtt_ =0
R—= Iy, ke, i

With paemetriaation { M) =47, R2ezo we find :
N (C)=€C", o2e2-R

F:"j(ﬂﬂ bt f jw(aw =0
Jj:" Jle) + < Fé'gﬁfew =o

+oe 0o
= J&E"J{:' = .pﬁ.IAE"b i(".eq) we o=e _\k‘l‘-l:f: {D'G‘m-.)‘l.a in
- d oo (olil'y In‘ie,a_ra'l

, w;umiahm
Tlﬂerﬂ{_ﬂ‘lﬁ J d-4£ |'" 0° [37 |€| j fajfn -E;' lEl )
(‘ﬂr]d Jooa [f" )=121*- Aﬂ.i] {I!TJ (df[f) |f|ri‘-V€]
i Nrp oo [pEyR L we Jfo? ££ since we ave
- j E e M IeN) oo Fro e ]
(emy? PR =\ ki [{g )¢ |21 L\:_Im

The Si:ﬁ“a%m is now Foclidesn . We ntroduce {he -Fo'u'nowin‘b d -dimensconal vector -
Le = (E:?J 1 la‘flz: (e7)%+ 121" = e

and we arrive at the inﬁeaﬁa'!-;

J &2 T T[4y f S |El”

(emY (e arie)™ M (|7 e

we apply this formula to cur previeus im’re%va‘\ ; aw‘w".n% av:



1 =3
¢ T4 ()= J4eai.-[dx d¢e

(+- %44 97~ 2 x (1-x)9"9” + [mz £ X (4-X) ?’]‘a"“

CZT”J (f; + &)!

'JF) d-DIN  Euclidean in+e%va\

4=
Consider the 'm{'ezara‘l. : d Jez (ff%]“)
(2m) es+A)"

We can ose :.;P‘nericai symme’cr-f i d-dimenston (eu[idean)

4t (ed)" d04 IAFE el 2l [ % nb. Jd_ﬁa= %
(zm)? (et A Cem) &2+ )™
n i @méf JJ& :l 1+2n
@™ () (e + A"

J.efi":} Focus on the radial Par*l":

J‘jﬂeﬁ A f,;l—?. tan I i J:‘EE:) Troh g -4 ®

o (€ + A" =R (e + A"
we ntrodvee . X= 8 5 &= A0  det)= -ADdx , Hherefore
L'+ » il
© 4[5 -a)[ AT
£, (? x"et o

i

d— d -d
nt—4—-i+i - nyE -1 =20~ i
ELJA:{ A fe=x) 1= 1 x"”
L +]

p- g
=12 (L)M B 11 B o i
7z \A T

‘Hm's {h'\&ﬁfd] e ::af 1he ‘l:,rpe:

‘ , L=m-n-4-5 — o=m-n-%
jdx x**-x)"= &) P(e) with F i =n +% -4 —> p=ht%
i I (4 B) ol B —mn-h‘il—+n+"-’l—m

@ L(L)'“'“"f' [ (m-n-$) "+ d)
z2 \A [ (m)
'Fr[u‘lallr %aih% vack fo the -FUU mi'e%ra‘i we %e+:

e T et G T T £
am' (@2+A)"  em'n(d) ¢ \A M (m)

( ) Nt M(m-n-2) 7 (n+ L)
M(m)

(41r} %

EUT'F{C aweEa

of a d-4di



I @ T 3 [ (L)‘“‘"‘% [ (m-n-2) [ (e 4)
em? @ +A"  @m%E () \A [(m)

Nolable cases:

. [,q,:c;}
ny J 1| L1 ( ) P(z-—)ﬂ%—ij’ nb. M@ =TG4
et (@2 +AY  @m7E\A DT L),

N

P N i
em? (e + A (am”i \ A

Fiu‘na.\'t\f we can af?lt( these vesults do oo case

Esercizio : After dinner_exercise  (beavtifu\ exercise on gquantom araul’ttt)

== 'u\? = C‘-l es 5 ] o3 v C!JETE. 4
4e cjdx I\E’ (1- )J’(fﬁi i .zx(i -%)99¥ + (m*+ x (1-1) q° )ar] S

J-Efl& Plua~im the e)cfﬂ‘es‘iéhm. {wnd ;

A d o
ok = sz--éf)i( B L. e 7751 i W S

j F':'CUE o curl\l( LH&CKQ*’E:
(1 = r_%) 31” 7‘2[ A — 2X (1-)()7’*:1" + m? Brﬂ’ + X (4-%) o,lzw =

26

e _ayv& - <X (i—X}T“‘]" + m? ?:‘”’ b X (4-X) ??a‘uo
_W‘P %fwx (4-x) C!z — 2X (i'X) clfﬁ\? +’mggfﬁ’{: X(i—}(}?igl‘"’ L

2X(4-x) [3:“’ GT" ")

ES

]

i

(%) ¢ 4 ]’I(z-—.‘i) ¥ 2g AV _ y
+3 = lgefe| Ldxl =1 | 1IL6=2/|  lox (1-¥)({qlah "9
L gm%  aAre i

1
P -EI:..
— | < T4 @) = (9297 —9#9”) Tl () M5, Q) = *(?i;% [ax X (4-%) —‘-—Pgadi}




This expre 3ston mosi clfuefae in the fu‘mﬂ— c‘f a[:d; ] amdr indeed 115 ﬁfoe.

Z-0,-1, -2, F-2-4d — ifd=4 z-o

P(’F) Ts F:erfec‘f aunalitical }Cvr 270 sihiclh means 2-—%;0 — d<4 This aame
on the f@c[ et if we lower dimewgion  we -aei a oot c\iie'r%ewl obJerA.

T

'PTE:FEHLE,K o F ﬁ(ﬂ')

HOE L:‘*&Hd‘f
M= 2 M)

3 -t

__'_H-._H ————— —N
analtic
Comtiwvakion — this allows fotreal 2 (&) as a conlinvous
We can make 2 loraw @xp! variable
d=4-26 — g=2-2
ln‘rdn exp.
1) l_'(z-ii-)= P(E) = %,. -¥ +o(&) ¥: EBoler Mascheren; consfant
-4
5 14 (i_) LA () A [ sl (i) rot]
(4m% \A @m*\ A @ A
af ~ £+&loga + of(e)
(¢ i
) =| = 8€t | 4T [ /L
> ﬂ;,_ (9% (411'}‘jx X (4-x) di'rElo%(ﬁ)i-o(f)](E b’ro(s})

et -
1y - - 2el =S e loa (4T
— Tl (9Y) = dx X (4£-x) - ¥t 3(& )]

Now we can start %o tsolate Yhe origm of the diversence thawks to DmMpse.
Moreoyer remember fhat: [Al=[M]? ," the asvqument’ of loa has e be dimensin less.
The an'l s thal os sma a5 we chawae the dom  4he aeb mﬁhlwa (e Mo more
d
-
[E]’ [-H] = 1[1'1]5 ({or d= 4 (.E:c:) it o

Aimensconless )
ChecK : [£]-[H1° . [‘-P]zfﬁj‘! I [‘4’]=[1ﬂ£§L
P TINT 2 [H])° — rAd-T s

— At dg 1 pqd z-2
— (conzidering eFAp  —  [e]n[N]T[HJE =M]T — [0 =

eil‘mew. sionless

We canede fine : L — M e (vow € Ts dimensiomless and M (re wermalization
Scale) (= dimension FU” .) M kee’as frack a?[ the olmensions . T4is an on}ph;(ﬂ"di c?uanh"?f
ie. at the end Hs coniribulion wmust cancel out.



4
4 (L)ag i_(ﬂré)f ~ 4 _[m.gloa(ﬂa‘)m(ﬁ]
(4m*% \A @m*\ & @) A

T B 7 1 (q‘%f“l— 9#9¥) TT,.(9) Re E(aﬂud pheton
) _ - gel 1| T i e e 1
T [,dx b ove (e ﬂ

This divergence is comdained in 1, (g?=0) (di\'erae& as £2)  althe vest will not
éwer-he . Tndeed -

EN 2 — — 8et ; _ 1
ﬂiuw(ﬂ ) TT-Lmnr(c? =0) %{ J:’X X(‘J— X) IO% il )

m®-x(-x)9*

ELECTRON SELF —ENERGY

Now we can ﬂ'? fo do the came for the ‘cther obje ct Y electron self enevyy

let’s consider
5 B
= £ [Z(P>] D=4
P 4 p

LM = U, (P) £ Z(F?,Pup (?) (£for a more c‘ompln'cafed n‘faara\m)

me am/m'.f'fua’e weul:} lb@.

lau‘k We eoipscder thﬂﬁ. amFu{'&*‘QA &mrl“u&ﬁ: ,(:/{{. = £ Z(P)g‘g

T con write ?enera," Hhis amFé'fqu as:

,L:[Z(ﬁ]“; AGP) §ap + BRIB ()| + 2 %

. c(P)BREYV) ~ cedPiSs

- D(RILBB(Y 3'52 ~ D) B (F)ep

. E(f’z) E.a-({’f"“)ﬁp ¥ viclates Fsr{*tf ( @Ed dees nd dait)
et consider|ihe ]Eo“awima cl{aca_rama

P ﬁm“f’
- - -

A K v

;
L1 2 (P = (+ie) dw Y (Kro)d¥  (-{9w) I
J @m* (K-miece) [(p-k)+ee]

= (reen[ 2K YK mL )
J Gm* (KZ-m? ¢€E) [(P—K)I-H'E]




1
= (+ce) o jdx ¥k rm) Y,
0 [( K=wP)*= X (4-X) PP = (1-%) m’ﬂ"ET

New T use DMN.RE6. | T con define: K-xp=L K=,€+,=<p A= i (1) ~x(14.>c)1°?

1
— (e jdx .[JJ,E Y&+ xftm) ¥u
; (em? (et -A+ig)?

Now T vse That: {(ﬂ: Xu} il 18!0 ’ %}L\? %,up =d ¢ b’f“xﬁ =4 —> bfﬂlﬂq’y: (z-cD'D"J

= (+{€)1 ICJXJ:-J (’z cJ) }(P +I'HG}

(em?  (R%-arcE)
Now we Pe'rform a Wik retation:

21— LEE Ze S (‘feq, F)

ri u
= (ce¥p®ds | dx (z-d) xp +dm dig, 4
/‘ | [ :| (ETI']d (‘EEI ”ﬁ)z
. 2 -{J = _...i
= (o) u*" 4 .:Jx (G- xp +dm] - (m sz_;)

Remember that d=4-26 — £-2- 51: . Therefore: (R-d)=-2(1-8) d _2¢

4
= (ce)f £ ij [-Z(-:‘.-EJX?+(4-2£)M] Gmt N (fm,u‘)f
) 4= A" A

= _@- Ijﬂ [_’3(1'5)Xf|‘(+ (4-25')""] [i? =8 "DB (%&)J

@m®

This expression is ‘(‘c:-'t'ally compatible with % f -
A(?2)=@2_jd>r 4m[ -y +lo (‘*_W*_x)_ ]

(4m*

B 2) = E'EE)2 J:‘ 3 i = tﬁ il S :[
(7 (am* ax(m[f i %(Az) T

Tf we take the [mit &0 these 2 fonctions .:vaerae (ov) inolm‘Femcie'-ﬂH'f.

VERTEX CORRECTION

ief’@ consider the vertex funch‘nn :

9+ +9 =9
=21 9 F Hacie




What about FF(QLICIJ}‘F =2 Tts 2 mess  in -ae-uera]' : Tn aenera"i it is:
409090 ¢ = (Ash Ade e AuTl < AAAL)- 9
t (Bt Beffi+ Bs A + By o) 9

+ (Cd.fﬁ'f:z r“ = 3""?(1 13 Cqﬂt}(ﬂm)

Where ﬁs_f B, ¢ are scalar fuwcfr'om af the scalars (92,(}3,%-%) . h.b. the S‘orm-ariaT
rm 1S 3.'1{&\1‘1 |Blf /ei l We <an ‘H'!E‘r‘l[l': {DT ETvn'p'l{cf']-f ‘l"na.'\‘ the sls'i'nors aryre on '“oq Wass

shell . Thevefere :
U (9.) £e T (949) u(qs)

U@G) =M U(9y)
We can ose Dirvac equation t [}TL 1 i

‘1’:‘:-[’0.!2\} /q’? =m 'ﬁ(ﬂa}

—  [MqQu99,, = (Ast Am cAsm « Aym? )-
+ (Be t Bum+ Bsm + Bom? )9t

t (Cule el v Cmy” + Cam W )

This means That all the ](onr.{icms are  fuuckion of (mz}ﬁ?)

= A() 9 + B@) 9 + c(@)y*
Thie ¢s wet the end of fhe s?’er}z . fheve's a thfnn . Thic meanc that.

Wayd lc}EW}:'}\f‘: CIH PH(QM‘}:)’*O - (1== Q:-94
m-m=o [’ﬂﬁ:rlw'u} D;'rac)

= A("iz)-(qr%}c’u i—B(q‘)(qa-q._).qz + CE‘F;C@ %)
= A (292 -mD) + BE (M- %) =0 => A@)= BGY

TL“:ETe-ForG :

—> | A9 v A (g ) & clap”
A% and c(q?) are caled form factors . Now os::ma the Gerdon ideniity :

Sm A u@) = (92490 W (9)U(9s) + ¢ (9:.-9) U @) &7 (%) where <M = .%[7{*‘,:{"]

Co.RE. standard Model : serie di formile ofili in  Prrmcte Foysics  (paper)
(C::-mpendl‘mn of Relations)

The final vesult 1s the following :



F.= 2mA+C (e.{edﬂ‘c farm facar)

[ (q.,9.) = @it + £ F, (92)9,
2m F=amEnA (maane‘rft. fom facter)

We have the nffyoduni‘ﬁr view e malkke the {oﬂnwrn? considecstion . Remember That Hais

am-l'.,lf"fu:le has D=o. If: we E.\r‘,-:\and i+ with re:Fecf To +he external Vﬁomenfvmﬂ

we Find :
[ (9,0 = B (-opts 20 A

p=o D<o (cn-.retae'n‘r)

The on\u‘- c:liue\raewl’ part is centained in Fi(g2=0)

Considerations about the ohe locp vertex

CE'”J”E"'Y To the PrEViEOS. case. | WE alveady have & non-zewo contribfion fo the
vertex )Cuncj‘icm at dthe tre level

Ir >vw 1 i (PO 0
tree- fevel contribotion pore g.-laof:.

AJF ‘H’IE 3=[E'Jf-'l ‘{'laeh:fort' ‘H"Ie {G'T'm factor are ca{-mln lD;(

F¢J+m (=4 ’ Fortree (@9)=0 ¥qz

Se we found  That these dtaaram.s are 4-&-u(n1r o':‘uefgen'l obJ'ec’r.S-.
@ — B

PERTORBRATVE RENORMALIZATION ©OF QED

@HS-EG(E?#‘ 'HIE ELED aédg rawa,fai'l. :
L= 2B « B (¥ %-my tepA Y

I
We +1||=n‘ca‘u\\1 conseder ‘m" ande" as The electon’s mass
Me =~ 0.SMeV and i¥s chatac e ~0.13,

Obgervalion 1: in &FT we &ef;‘me +he mass 94 a sfable F.sw—lfcie 1o be +the f.\cle o{ its froPaaﬂaﬁor.

In the cose above |we have > : F—an'E hence a pole af pf=m? which s a anc{i def

of rest mass in S.R.

Obserialion 2: in aunalogy the clectric charge is defined comfu¥:'w3 the pofeatial From fhe Free - el
Exchange of & Pbofon and comparing 1 with the Coulomb ‘,pofe ntial
These conscderstions are frve om'y af the free level and in a Fmg -f{ha::-r?/.




The "DResseEp" electron )Pn::-}pajdfbr

We Know that the free prepagator (s de fined 2s:

We ave interested now in the compotation of the ?uan)‘{'}y:

T = 2
I Tl wchL TW]jo> = Iw F

These a3
ié?e#d'sm free

—LF (%-Y)

4.

('P - tigE)

— propacator of the
<lT [Pl 0 3 ‘ 41 W T
A |
Vacwum o-[-'"Hwe ,./, pa {ield:
Fu“ *’n@r‘f
Whﬁ'-'re b.b{»n? a di&afﬁm‘m&‘\‘fc_ aH:rrpach:
P
E ;P_ = .—7P—. + O+ + -|--._
with :
@5

Mathe mati r:a'.'uf we weite

1‘—%1-—*-

< =2 (P)

P.P 1| &

F-m+{E
Now T vse the identity:

-H"I'EE'E!(:W‘&- we 30+:

2, cESERVATI(ONS ;

fixed al m) .

4..

(=im. 4 | |
P-m +if P-m+iE P-my g
< (g 4 | o F(p |
F-m+CE P-miLig P-myLig
- a[ f =7
P-miig P-m +Eg P-miig
€l ioim. L & L Siey. [
P—m*tg P’_.m.]-{"g
LML I AL dRR
X+Y x x * X X X
@y= g |

F-mrie +=(p)

¢

_L._LW

We can write the

-mtig +=(f)

[x‘l-e. a:Tuaﬁian :

P -m + > )20
£ = M phys

38

Ll

Dissisd |elaction fvrci:aa%afcr

D The preseace of rmferactions Shift the mass of the electron respect fo "m!'. (1he pole s no moe



—t mﬂ"'f-"‘ -m + z(FE mmj} =0 Pole aqlu.a*iio'n

3) Jnfersctions also c’ﬁam&e the residve of The pole . Let s expand = awund +he Fal'&’ Wopys =

A

> < ne =
- 4= ATl
= E = = = Mphya = ' £
P-mtis +=(p) P-m + [Z(F m""")*TLx(,ﬂP,T”) + 0 (P-my, q e
—_— I“
P-m + Z(Pemaa) 3] (F-mpus) + 0 (eﬂ-mmi‘] i
dF F‘=mW5
— ": —
4= ] |,
B T ,f’duraﬂf eui:aﬂ.sfnn
-m d= - H ] .E
(P Fh‘rs)[i + a7 F"T“‘M:} (P-Mangs) | +1¢
=~ L Z + ferms that ave reaular at #= Mpys

J My tLE
Wheve Z /s the residves (inonits of ¢) awd it rs ar'wm 1:-/

I
e T

d#

N 11s the tesedve of the
" phy3 f'ree +‘neorlf

Ju concluston we Sély 'H’)af:

P £l £ xr + ferms that ave \'83“1-3"" at #= Mpys
. Fmus ti€

= % ;o Moy —m > (P=mu,) =0
di B

d ¥

HMJ

ulae !:ﬂ netion e

Comments: Al +he above discussion s valid if (¥ is a well re:a
it wmostut diverae (tosether with i1s devivalives). Siace we ]Cc-unr.l that > (8) ac‘tda\'l‘ll

chuanaes it stmply that we re net yet raad:f +o =uvbaslitote it in the i-‘krression above
Comment 2: the rewneter "m" in the ia&ran?fah is ot the physical mass of 1he electon in

the )GJ" fm-ferac:f:'ng ﬁl:‘orr.



The "bressep® -Flrm'\‘can propagatolr
' 1 {

We set 3 similay compstation for the photon . The free Projcaaafo‘r s :

: : P
<o| T [0 Aw]lo> = jil“_ Pidiiis AW B [yn (4-F) P"PJ e A
(em)* Pit1i€E e »

We e intevested in fhe camlpufa‘f;'an of

“\“9\" c'{: J[';ﬂe
<al T[Pf'(xlA"(x)]lﬂ> wv {uﬂ afh&oh{

.F:

Where u;tm? a Ataarc.mma#ic approach:

-AAA/\'OMAIV‘ = svvvvavis + + @ ﬂ.ﬂ.p'l.fll.'{-.._

with :

e /\/\/‘MQ/VW\ + WV*@VVW\ 4 Sl S T I 'ﬂ:(f’z?‘"t F’”F")TT(F‘)

We start from some preliminary considevalions. We write fhe free propagstor as
fc"cws

T = m_(1-8) PR%) = -t [ po_ PR P"P”-J
I Parcf (j p® P LE (3 E) 2

The farqf:erﬂes of these z feredws awe

B P = RPL =0

‘!'9 be clear Przf P; means in cowmponedts :
PTM+ P"tv ¥ 2’” i
z 2 Ba= (%nv wv)(ay __&_E,_)=

Pr = PT J PL1=PL

PrPL =P Preo = A - M B FM/P/ pl% “-=PTH,°
p2 ,/Pa
Tl’lﬁ\’&[am'-
P
A — 7] — -Ef-l?
AN szce (P £ )

We 4hos write:

5

= '{"—L(P’W"EP“)-]— (4} (E"M W)[ﬁP‘(ﬁ}vﬂ(Plj] ) (PT E/F’{Ji'-—_

M i Pitce FCE
=| Eal (B+ 2 B*) + (—.c] B (B )pe chikra ({1 P L =
peice Pice

=| o _(psep) !l Cell pEITIey LG8 PO e =
pitce P24cE plt CE




=| €O P,f‘”[1:+ TICe?) + TICR)? + _-L]— < _LEPY e
Pt {g Pitfe

| ol B L fx| par
Pit<e [t-TKR) | PedE

P et _ Dressed Fhofon
= ("-\'.} P‘r J oL 3 PL,H‘P Pmﬂaaafer
M i Vo (Prrig)[e-TrR)]  PRE

The Iumr’tam Poin’ts are the {:o'ﬂowim}:

'.‘u) Toteractions do not shipt the photon mass :  the pole is skl focated a1 P.o e T!ﬁff:\‘)n}pn
femains massless i the full Infelracf'mg theory

2) However interactions de change the residve of the pole
iy

'P
e - (-4) B‘M‘i + P*P? Herms
“ ‘ v (Prrie)[s-TT(Y)]

It has 8 pole of p*=o with vesidve: F 2 | & | j so that 4ve looreny . reads:
4 -TT{P;-O‘)

—Pa a0

.va'wwu = 23 Z 4+ derms \re-aular inq + qﬂq?-l-enws

M i (P*+ie)
i L i

Wit E= 4 -Ti(p&q)

CONMENT

SUFF::S.Q we hae a r‘i'?jfd sphere of uslume V Clide a Pl - ponsy ball) (mmeyvsed ina Per-Fech: {loid ofé&'&“’tr
P. We assame that m. = :T}:v‘ . Jf we coasider the motion of this sphere  {n 4he {-iuté\/ a0

Q{eune-w‘}a‘f‘f ana!?sfs aives’-

F =Fay ( Pechimede s force) The vet force whidh acts on the ball is:

— F:Jpav—m.% :f?if— 1%«;91{3 =_i%j’3v=5mn§

ma% (&muﬂa%?uha\ foree) —la= 3’3 nosen se l

The resolvfion ofthe issve is the ﬁf{owma. Howma instde the floid an acelersial body most
move  some velume of sercounding floid as T maves throug iF . Conseguently the body hasa
sort of additional inertia. This phenomencn , indeed can be deswribed by Mfmal'ur_ma fhe idea of the
Modded" mass == +hat:

F=moa becomes |[F=(me+mamm)a

Iﬁ this s-im'ple case of a ;Fﬁere we -aei' {

I"'ﬂ,mmf- ‘%’ﬂ'?a‘.)c’ =%—(%1TEEP) = —%1‘?5 %(i(}mn) =5Me



Conse?a.en Hy :

F=(m.+Sa)a =E€m)a — a=_2"3
€ m.

I
|
o8

a8 mouch wore seasible vesult | T we soppese folbe a fish -

it connel messare

the ball mess me (baremss)_\

it ts only seasitive to 1he “ew' : ( )
mass (renormalited mass)

THE LS# REDUCTION FORMULA

IN and ©ooT F(ELDsS

Consider a mﬁer-'rg amplitude in ferms of asymptcic "' and "eut* stafes :

Sk = ot QIYd = <P (t=rm) | 5] Pt=-n)>
L T J L - 3

"']Dfu?“d |42 are slofes Description based on
with well - sepaveted free  fhe interaction pictore
parficles . Th fhe F.r'ersemf;.evg,

pictore. they dent depend ntivme

We {-oma on the Heisem\oera fn‘c{ure . We 'h'mir te constrod the "in"and "ot" sfafes us.u.‘w:a the ]G'efnr ?Mrafprs.
n 1”"& Hﬁr'afmbdra 'p.l'r:fu!' - ?mfum ;(F&'J.S de élml'fve n the E.-.zord’;‘mg fo 7he /fw"f ﬁam.—ffnnhn,

For si.'mFlIci.*y we work wilh secalar fizlds . P(x) is a ff—f“f r‘n‘(cr&c{i’wa t?llaﬂ'?cﬂm field that evelves aacat‘r'r?a
to the Full Hawmiltonian *

CP(;‘:*:' = ,-E&:H(P(i}&') E—-A‘fﬁ‘

jf we censcder the ssgmptetic past ¢ —-c in which we forn off intersclions ;, we
exfec'l“ that &) will fend fo a free Ffield a/?erafcr- We would be 'ie.mf'}ed 1o write:

: = dr-E oy — A PX by 4P
lim ¢ = @r(x)-ﬁm?ﬁ[am(p)e +al(Ple ]

3

\ free f;‘gfd' afyfrafar that therefore can be wrilen
Ae a m}pfrjﬂax'f«'nh ef creation and osnuchdaiion forafar:
Mereover verifies {he. ozual ?m?erﬂes [aih‘:?),'g;.fﬂk (am) S(F-i0) and it
con be ovsed ta creste parlicles /i fhe inifial sdafe  |P2,= LEalLF)ln>

Comment: here and in thefllowing we indicste with ln> the vacoum of fhe folly m’tc:reac‘r'm:i
theory while we vsed [0> for the vacwm of the free Theory. Formally we have -

16> gqrewnd sfste of free Ham lfonian  He
J=> ﬁrcuncl state o/" H=Ho+ Hint

C—Qmmﬂﬁ-f:
The external stotes are physial states , cans-e?‘uev:ﬂ; Ep=([F[+ m;h.,,)% witl fhe physical mass . As o resul

P () verifies the Ulein- Gordon equation:
(O Mfiys) Pin () =0




(f."earf}- , the difficolt pard is the exact ckfinidion of the limit that relales  Ppx) 1o P () .

f-.) The s.im‘P|Es“FCﬂ'lal'ce would e : |'I.W'. $x) = C’:'ih(*‘}
t— -

This is incorrect becavse we cauwnct never foru off self iufersctions

7
tt) The second ;0055&‘51‘_!,‘7,}' 2 A peride: |{w| d)(x} a \IE; chn (%)
£ oo
This 7e alse meorrect . The reasen is that fhe Heisembery fieds are ﬂwanh‘%ed b
fmpo sin the guafrv"fme. commuialion relations: [@(ﬂg, PF )] =i8E-7) end the
foih‘t is thal also the “iut felds smfr‘sf/‘v the some relstion: [ Qu(i,t), P, t)]=450)
Therefore if fhe limit s undsrsfood in ferms of operstors , it wovld imply c=4.

tt7) One sibility is fo ntecpret the pravievs limit in the swnse of wealk convergence [e. the
(tmit  holds ahyy at the lvel of motrix elements of cperaters (whilke o dcesnd hold {for operaters)
We write:

lima P60 = VG Puctd  in fhe weak sense

t3-co

The wloe OF in Is r'n‘!‘e.resﬂh% to have the ﬁl'fowfwc} considerations :

alte—xt
R e Mg b | AP oA
i) O is oa | ﬂ‘l'erac{'ina field and it doeys : e* > o e > = Pxra) gl e 5*4'4:@ Epﬁ"iﬂ@ﬁ*
2) Conscder the matrix element <aldm|Frw . We write:
<R P = <l eFo0 X P = <14 FPFn, = e T <ri00I T,

invariant of

‘“‘n& - T=1 | g

— 5 <2190 1 P = %P <2101 F2,

3) We spply the HWlein - Gordon cperater ;
(D + m;.?,) <alP P = (D'l' m;.}!)cﬁM)(o)H‘:‘)m E‘-‘.Pz =0 Since (l:] +m}u}g)f’_"?: (—in rﬂ;ﬁ)eﬂlfic
Se the ‘?“““J”f' <2 | PO | Pow verifies the K6 ga';u,a‘tion even ‘flm:u?h d) does hot .

-f) We consider the same quanmr bt now for rh.{‘x}/ <RI IErin . Pn() 2dmits a mode expansion So we

c‘am,:q.rha :

FE v =L KX + e £l I‘J?E E. <KX E ~LPx
Zn in (K w(i) e 26 3,(Fle = <al|—==L¢ P le>= €
e e L L R (G

— <2l QP = T™

.‘_-':) We canséJ&r the ?nc.am’f'éy:

Al = Icl’:?' e s <210 P, el TN

Ihie c]maw'cﬂnr does n :lernsuncl on Yime. We can c:meu'te indeed EKP“CH”'}( the

derivaives -



it J 4% [e-iF’x (2% <2160 1F74) - )<z i@cxalﬁ'zn]
dA®) ._J.:Pf [(a,eim{_ar@.m@n%) +eP %} <a1 8Py, (32 €T <RIPMIFA, —(et oo tPor)

dt

The Key peint is that beth 247X and <2 1D Fow vexif the Ko aguation . Therefore:
DEeiPL e ths Mo P
92 <IOWIF2in =V <2196 IPin - Minys <2146 1FD,
— i_if - J'dg.? [ﬁzf’fﬁ?_ﬁ{d)&) | Poin —w;‘ﬁm—;eﬂf—_ﬁ-:b@-)'ﬁr"ﬁ +
~ (TP IP + e e d6dtPom |
Tategrating by parts and vsivg 1hat beundsry ferms at spatial infinily wwish , we qet:
g 9 i P 3
2 J $7 |-(Ve°P) (F<n1 €001Fom) + (FeP)- (V<219601F )= 0

We wow elskborate 'H\e cesults Sotaiped 50f°-dl" as/’ofa’aws :

) : 5 ~—> this u:ﬂﬂ't”f}? is slso
Idaf e P <2100 |Prm = <nI4@IF, JAB?C‘FZ P e r'ﬂaf?owde»f ou fime sn
©*F* vevifies Us. eq.
Since +hat couation dces depend ondime we can jost evaloate itat £ -co.
Stuce <2|PX) |1POw (s & mafrix element we uvse the weak convergence:

o LPX > 5 iPx € -ipX
Jdaz f{fo % NG <21 P PO = dﬂl¢tc)]?>:njdzxc P eF

F\f‘am -Pne <O Pn.‘r\.' LD (we vse <2 | P Fr. =™ P"') we %Gjl :

5| 0O 1P = \Cin

C::nseauewf'fy /ram ’pa,-'m" 2) we acrive at: osing 4)

<2|$ P = €7F <213@) |Fom = € “T\cu = (G <52 Pl F>in

== <RI¢O‘) I_P.}i“ LE ﬁ <:JZ'I ¢in(f'{)|-§‘>in = \Cin ETJH'P

One conn ron the ssme ar%uman‘ﬁ-“. in the case of ! out sla¥es® . Th short, we introduce the
”DU‘"“ {—'Eelcs cbWT (K) with +he

weald conve r%ence condifion :

[ $PK) = ot [ Pogi 0D lin the  Weak sonse

t—iw

wheve :

diaa =LPA 4 e iPH e " g
P () = jm—);ﬁ{amfﬂe P atutpe f’] i P =\2E S BN [au(P) dLP] = @S (F-R)



A cmpie)feltj ana‘lc:%u.& mmFu"ta‘hon cﬂwes :
<2 [ 40 [Pt = NG <2 001 Py = VCu €XP

Aa Irnf:er‘!'an*f con sideration s fhe ﬁ:'liowin% . IF we consder one Paﬁ\“c\e stakes, fhen
we have ;

|_F-;>‘m = ”3-)-:& = |?? (nn'h]i one erpe pf Sinea\e I:a'r’fn.‘cb S{a{-ﬂf)

"'T:\‘hl‘ﬁt?cai'tt)( that 15 becavse there is ne sca&e.rma_ with only one Faﬁt—:[e and we must have -
Spi = ot <KIFD 0 « S(F-P)
As a censequence we hsve :
<216 > =\Gu e *P¥= au e — ¢, =Cun

Se that we onhf lhave :

i 00 = VE dij) i Hoe weak sense  with < 21OWIF> =\ <£i¢:-;,w(>¢lﬁ>:{5§;ﬁ

£— Fa

Ul.”ﬂﬂ* s fIC'ﬂ ? :
Frem 4he Fre.vipuz, he_su_H'_,. we see fhat | I{J?-lcp(fx')r[g.}l =G

So  C can be interpreted as the probability fo create a stogle- partice state from the vacoum.
B:arina_ in mind This result | consider the [a;’.r’owfna araume;d:

¢) Consider the propagaloc in the <abr theoty . We can compute The dressed repagator, thats
the Frofa?afw i the fully theory - LL’, meaus of o simple resummalion of disgroms semilar in
:s]c-‘nrer fo the ene we did for fermions and i:incﬁ'cma : Schevm”\ica\".\(:

P P P F P P
._?5-077.3,‘ e R T ---)---;-4 + ---)---}-':3-1 + ==
P - 2
where __;,._.}_ = ¢ T(PY)

The resuwwalion %we.a

= .-L' -L‘ r 1 4,
oy, Loy TR Ll
Q PLm'tet  pimiiif PZ M+ {E i

+ '{‘—_ {]T(F:) —24’ - iﬂ'(r‘) cad = 4
PEImi+iE P-m+LE PE: W+ i€ P'E mia ()4 ce

Newl Knewing tne pole enuation mrt‘iﬂ -m? + TU(p-mly) =  we can Perfarmalauwi‘r
ExPa sLon imund fhe pole
5 e

4 &£ L J 22| lm

= — =
Pt TH(:de | Pt Momb)s 30 (b oo (P[0 3] votem plnfyie ™
)-i
mf’l"fs

0]
[’.—.mf‘ur;

where = ({. ¢ 4
dp*




—_— ...,_-Q__-. = L + ferms ra?ul;wm
i My sHEE Pi= mirkrs

Cf«) We vow -h«r Yo 't‘ﬁ"fe'rf:rejr {his vesalt . We censider -Fir.:“r the -f—rae_-qunwf, The
Fm'pa%aﬁ'w IS

<ol T[Pod ¢N]I0> = Gx-99) <ol PPN 1> + G (Y=x°) <oldy ¢x)|0o>

e consider the caxe Kisy® and Fam.s on ZoldEP(le> . We intredvoce a resolution bf

H’-e. Tden‘hﬁ-
wldLPW 0> ;= > Jdm IX>< x| The rcesclvtion of the Fa‘em'r')%
z inclodes all ststes , single - 5nd
- EHT my— cjgﬁ, 'I"I"JUH’IFQ?‘E‘I‘:{E states
EY =8 N = ieX Gﬂ'ﬁszH) -
Se we have that-
<o <[22 lemiEoc? 4 | HEL Ay
190 10> = [75om CLeNNF><PI P I0> = |- ie, € e

Se inthis ca=e is evident +hat werre Fmpa%a&tn%a siheﬂie f:aT‘JrCCEe state {mm
yto .

. if We add He cawe X®<y° we reconsfroct the foll Frbfa-da‘h:r d

—y 3=
Lol T[addW]lo) = 8=y L il <ol dEIP><F1 e 10> + B(y=X°) L. 20 <o| KDIF><Fl4eNd

(em)? 2Fp CGmP(2E,)
= (d4p o 4PON__ £
@mh p-m?i<e

46t) Consicer now the foll Frapa?afpr . Wedry 1he ssme drick |, and msert a resolotion of

the rdewntity.
2P M In> = ZIJ M <st| O I X>< x | d(1) |92
| = |, T
im*eted'in%ﬁdci the marn a’rf/errence is thal new #he

inferacfing freld has the apbility of

creaﬁ'wg’ rem | ) het ewff scing le Fs'r’rl‘c!.g
gfates | bat also muHEPar‘ricle states .

r”h‘s & con r'rmEdl Ly )‘he .S'hruc'}ul'e af ‘H‘m ae.aseci ‘-Pralrnaaa'\'sr we fpunch Befare. .T,?'we Eefara*e i

{he previevs EkFre.ss.éan the pne—farf.“c[e stales Jfrom fhe rest , we write:

[ 35 g
<) b)) = (_P_‘;J’( E)a_;z]d;:g)[p)(r'\q:(wl_ﬁ) + moltiparticle wiermediste slates -
4 MY (E P
- i J‘;E' “Lpix-y)
= TR ce + molliparticle intermediste states
J (m 2 (2Ep > non 7ere in the :‘w:"er.aff.-'? Jirary

T]f we combine all in the propagator we find:



_ o+ i .
4 p intermedi ate.
Cer) P My, +TE States

<\ TIeom]lny = Cjﬂe_m{x'ﬂ < molipardicle

G

in mom. 8 this 7 e:.‘u_i_ir +he contribution n'F the
We I:Jerr'n'ﬁf c=F ,and we thus have :

s Te
i derm of the laorent gi?ans-tm

lim P) = VZ Piafont () (weak sense )

¢ —> 500
._dﬁ..O_?__. = A | |4 raaular terms
Px Mpu,stCE

THE LSé REDULTION

We conséder fdr SimP]th{ the cace of aztez Sca{'}eriﬂa

out ‘(ﬂ,Pz |q4,qt>;.,._ o= 5‘)&'

5+§£ i:
Sfi = Jqu£ oot < ﬂ, ful aii.u (E]:) |‘1:>|,. =
= \2Eq < B, RI(3WE) + 26an(@)-35:3) 1903, =

= ey <P Bl 2% ()-8 G) ] 19, + V2B, <[00 @) ] fo,

ac{-mz on 1he lefy, the action of
at,.@) _BWBE. Eevo unles  either F'I:iiﬂ
°F R=9.

To 'ﬁ.e.e»r the compufafn'on sc‘mfl’e | We &8 sume Hhat oll momentas aye diffevent  so /o exc lvele

casLs i '.Uh':CE'I Scme of '!’f;lé ,oa-rffr_‘[és S!‘m'bllf i v ‘!hv‘au?h“ wH‘hnU‘l' F&rjrecc‘f'a*t\ﬂa 1o the
sca‘ﬁe.ﬁn%. Onder this sssum pion :

S - J«"-_Ee,‘ ot <P I[85 @) - ake @)]19.5,

5"2{3 2. We jnvert i aud oot Fields

- ER u Al L (JB* —LPX + g X
Consider the “in f‘e‘.d- C{Q,n = j@% [a[“(}i?}e +al(Pe ]

we Com?u‘*.'#a:

: r : 2 ) )
JA 4 (2 (X)) 2% o | &% E"MJ—F—dg [am(‘ﬁ)(—zrj e “P* ol (F) up) e“""“] =
. (@) zE,

_ (R ef
J Mg

22 133 (PRIt = et ¥
Al ,{dg;jil% Ef[a-,.(ﬁl{-x)e ' (@PSEF) +an(Pl)e - WS{Hﬂ]

[a-..(ﬁ'l Cip)e AP L ot pupy e O F "“’F}]=



ThE cenditien (Wl=IF| eufprc&ar !:Y the delta Fonclian enferces K'= p° f-flm'. take K'= (K')E' IK|" = m;hﬁ

= EZ.H [[.L)am[f) +¢at [K}E“Ett] =

_,-"

= e am @ -0 ]

X (2 ‘Ph(x))eéu'x = % [azn () =ahn (=K eulE"*]

We now consider :
3 45‘ - AS-" + -
[di’dJ.u[I) ) Pﬁ ﬁ[ai,(ﬁ) ot e anre
-—jal (LK)ASR’I}:},,.( ) ~{X (p- ) (F]Edi’w:WJ =

X

)
[n: e SAE(PR) CH-(FR) 4 a4 (PHKD) LT (FUH)
CBTI'] ZEF - (Pn+KnJ

S(F+) | =

JdaP Bt ,,l(")e ol i ”S(r ‘) +ah(Pe
=1 ¢ @'L [B.n(K) +a:n'§K‘}E2{{F“]

2 3~ KX N N - 24tEy
—1 _E{l?Jéx(me Dduld = E.[a.uCK)+a...EK‘]e ]

Z/T we falfe the diﬁ[grence , we find :
: . ' 3 I
x[e“"x (26 Gu(x) e** - (:Jre‘“)d?mcx)] =

K

- HHa® BB 2@ BT | = 33, (R)
L LJEE P dad ol AP 9
2Ey

— aq‘u (E) =

(@)= =t .‘AJ% K% 5% B
\ZE.

G:nﬁaamnﬂy we write these ~Fzrmul3<3=

- = [ i -49-X —£9,.X
Facl) - @) = L[240 5 €3~ 05 V-
n () = St (9 ZEqu.‘q:() bt }
Ll TR L) & 8, 5%~
\[a ] _‘p () ‘Pm(")-g £

— a‘i-m, (cl:} = a ot (‘it) \IE?‘ :C'I'a; j‘Pi“ () = @m(")ﬁ 3




5‘[’2?3 ! e no'}'lce ‘Haa‘i' '|'Iﬂe_ abeoe @:fmsﬁon dees het Ae.’t)c'né on fime . Cfohs.e&mwﬁ?r iy
csn ke euaiuaJled at ah? chosen Fc:‘u“} c?-F {ime x°=+t.

dn ‘,oaru"icul'ar- we consider the 7574erm st X°—s -00 snd the second form at X"— +o so
that' we can use the weall limit to write @ sud Do in Yerms of )

3t ) - alw @) = £ Ida:x’ i — i | 408, 53"
n(q wt 9 e [ m " ] ot

-0 t-2+t00

S‘fe? 4 . we suitch  a 4-dim iﬂh:%m'\

We ose fhe Idaw\ﬂu{ . deﬂ'%: FoO = lim - lim M)F'(x) . that awes:

— oo X—-
. -

t o = 45d) 4 > 9 S AWK
Qi (30) - 2.4(G) = dix [ X) 2.4 ] =
9 t = @ { o P 9
= G0 |dx i[¢(x](3x-e":q"x}-(3x.¢(x})/e""f"" =
JEN2E, J | ]
= G [dx [g00 (k€M) - (31-43@})2"1'{*] i
\| L =y :
\E ZE?: \-P K o :(D{_m}w}e—cﬂ;-x
= G |4 F¢’("]($1 ”""tr"'ﬁ)‘:-ﬂ'“'t (31-‘1’@})4?“.""“ =
E J zET; v = }

= G {d [(T wp, -3) g0 ™

L9y 4
=e —2%.€ Ly E(ﬁu—m;h?,)e'tw

R R FTA T D,+m;ﬂ,;¢@]e"‘”

JeNzE, ) L

(- au) = _._n_f|_*f> Jd“‘x O + M ) 0] €
(‘I‘ ot E ZE% [( Y ]

-Sﬁags owe cao back to the wmatrix elemert

0 2 N qX
S)F,: - FICF'X - <P B' ‘D(K) 1 9:2m (ﬁx+ M s )6 -

S‘f&f ¢ : the above chedure can e %eferalizad +a the other Pat*ﬁcks
As an exercise conzider the extraction of fhe o Par}rc'.e fmm the nitial state .
o PP | 9601900 1 = eBy o <PuR| 006N () >
$ (&N - : 39 4 kb
400 2t = & L jd ? duly) T €
= o lim jda? ¢ $(y) ‘5,;, g cr!
we can intredoce Nz 26, =
Time Ordering, wit

prie bockan = ¢ || [ jaznr Tlow éw)] 5, &7
aF Ehm'r—-)-do Edz_ﬁh Tn_’_h




- -(: i da-"’ X) 43 = ~E‘-}ry‘__ '{ 4 , s "E"]l'?'
e vl"w—" m[ 7 Tlew ] 3y e A ja'; 3, {T e ¢w] 3. e }

Consider the 15 term , since there s a lim Yy —s to0  we write;

4 im 7005 " o = 3L ()M

| 2 | [[d
% By 21" \2Ee I

And it vanishes since we asgywme ﬂaﬁr all P are diffevent fram the @fi
The 2" feem con be analysed as  we id before . We thes find -

e 3t (@) =f jdffy a0 ] (T + misgs) €%

I 76 By &M 40 -

So that we wrile:

S (2 )" 44 &y rpITIOW O] 127 (Fmi )y W) e

L —

This constroction can be camflfe{ﬁa’ cphﬁa’er:‘wg also the fiual statec . We obtoin +he
1S5z reduction -Fdr‘mula for Scalars:

oot <F ,---;Pu] Qi Qm2in = disconnectel forms +
_ (2Rt - Zaok .

+ (\rim)mm’[d{'fs - d‘f’fﬂ Id‘fx;... J*Xm e ( ol §i ) (Dx.‘rm;’ir&) pot (Dh”“m) 5 .(ﬂlT[‘K"h} )b q@“ﬂl‘n)
z

wation becomes ewn more evecative when wriflen in momentom 3Face.—l—uﬂwrs end we

This
in‘frjuce. the N-Fo'mf Green fonclion -
N -
G (a,..p) = J’Hf%‘ ePXe £ g T]_-d}(m)- . 4?(1:.0] l2>

We intea vate f@b’iﬁ 3o that the K.G. oFaréﬁﬂs acl on the I:l.ane wiaves faclers ; sr:hem#fea\} it amounis fo

fhe subs Hufion :
(O + Miuys) — (~97 + mhiys)
We obtain the 152 recducdion formola e mementom S

-\
=f" - - 1)
Sp —(.L') lim  (q-mis) --- lim  (RE-may) G (R Pa; G o)
l{ {%E_’m;ip H‘T*MP"T’

Notice that the est. Faﬁ&:‘.es ave thsrcal and "lr'neut are on +he mass- shell Therefore 97 = Mys and
ﬁjz= Mlays . For his vessen | we owed the notslion wilh Jhe [imid wrifien E‘;Th‘cﬁthf.

DiscossoN

We aive a diaarauma‘\ic.a‘} interprefation of the is2 redvcfion formulas in momentom space .
G ™™ C Ry Prj = Gtr nep 2 Gm) iJrc:arra::sFom{:s to Yhe seom ever ol connecled Ji'aaram s with nem

external points.

Think  aboest G| 35 Hhe sneralization of the ?m?a%a”\'n'r : ﬁ(ﬂ(ﬁ,.,.,Pn) is the

Feorter fuans form of  <2\T [P @] 12y . So it seneralizes the propogator that istin
y sl

Fourter {-v'e.t.hsform of R\ T[POXD]In). Therefore the Pr.aoa?afor has z ext Po:‘w’rj



‘H‘IE N'Pofﬂﬁ Green funclion has N ext. /eomfs.
Dlacaramma-\‘:ca\'\y we  have ‘fheﬁﬂow:‘wa Stroctore  for fhe connectal  N-point Green.f.

-
-

Xn
Pon ‘fh

Fach external ‘e% cottribute with = foll propagator | whose  stroclor , if we Lavrent expand avsvnd He
ﬂwaie {:arl":-:lz Joc»fe , 8 given by :

¥z | |, TE?-+BTMS

Pl HE
The Ke il is that when we c;m]:.u‘&a the scatlering matrix eleweats with on-shell @xternal pavticles
the Lsz formula ftells os that Sy will vanish , because of +he factars tim?(qf-m;,f,) :
Onless +aese faz:inm ar precisely canceled 'Df sémple Pdes in the .:;.Eep.'ﬁj&’ﬂ*}"!‘au.

There}ae {he um’y mnwams-kr'n& condributions comes from the lmit in whick the ek‘fernaffmfaaa‘brs are dlese To
Hheir sinalerfdrﬂcfe Fvés- We thus Find :

htm _ ()
SJQ'(EJ Gap  (Peyeoey Pri=9ey -y =9m)
\—) These are dm’puﬁg'fea' (>reeun ﬂﬂdfb}is with on- shell wmemernta

2 T P e . 1
P = Mpkys 7 9= Mphys

Ty 3snsral we discovered that we need fo inclide a foctor E for each exterval lo. NE At
'Hfh'; ree level F=2 snd we do not f'aj.ﬂl'ra fflr,r inelvde +his rule . However =1 l::::[: level i becames

imfx:»ﬁaufl' i

CONHENT : We worked out dhe previcus resalt w2 scalor ‘H"!e.nrlir but it remains twe in fheories wih spin.
For 513;«\!1“1!‘-3 Yeories , In addidion to ‘IE_‘, each [eg hae a corms!:mcﬂ"rg Spiner  or ',Pofar:‘eafian vectar.

For cor forposes we l'niah ]i’ah‘! He faffowr‘nﬁ Faiw'f&;

i) »Sr:aﬂerm% matrix elements are mvariant under fleld rescaling

Suppose we malle a field cescaling ) — P00 = LK) thee ave 2 consequences -

1) At the level of the Fmpza‘}w y we find :

# < Tlowom]iw = < T[E @] 1>



{i) this gyess It 2es ﬁ-ﬂlhe cax of & M-point cerrelater:

<2l T[#00.- o]l = 2 <o) T[do - ]l
Aﬂ'

Therefore Sg (dake i+ v memewtom space for simplicity) Wmodiftes in :

~ “iA il ) 2 ~ (ftw)

S:Fé= ( ) -~ lim (ﬁ}-mm“; i (R:---fﬁ‘ f'ﬁi»‘—"fcf"‘) .
VE
A

q}'?"'zms

W+

= [ ['I.'M (ﬂ:‘-‘w‘{ :} P i— G(*"H'\":l (Fh---.'F",: ﬂh"‘;?‘“} = 'S L D
(\E Qv | || | d

This s net & sf(mmler-f becavse £ is <hangin so there is no correni 3z ssocieted to
this res:a!':'mj, Jramsfarmafr'an- However on-shell imalrix elemeats are fmvariant.

-2) Consider the elastic scalierin of .v:haraad Far”ﬂcle i The won- relabivistic mit .

Wprl{ina at the tre
level we idewdified the pavametec "e' of £ as the Fondamentol  electric .cﬁa'rae

ed 28

\ = 19)% << m?

\

Can ke
e _—a xtmi‘eé as
an heavy € ed
hl'.'ld.iun l’" S‘I’

In realijcn( ohe should consider the full in*\tmc’:m% theory and dhe computatisn of {he gaﬂeﬂnot
maleX  clement takkes the schoematic form (diaeaﬂmmaﬁfm\hf‘)‘-

\F3

correciions {’f/
the verdiex

Meral: in gewem! “eN will net be cc'ma‘. + dhe Fingﬂ‘aal' Eleciric c.'ﬁurge.
FURRY THEOREHY

Since the approach we consfrocted scfar is general , all Hhe ideubities auy T:wr:eri-res
will remain valid af all order m pertobation Thtery.

Consicler for example The w-poinls {1ime ord. correlation foncfion with N- phdon fields.

< | TIAM () --- AP ]l
we aFT’[T cct=1 :

&rlc'c T e Ao ec” -.- Ao e 1 = <al T[a%w) - AR (0
+
vacuun  j, -



i( Nis odd then - <2l T[A') - AW =o|  Zony theorem

Fc';rr? fheorem s the reason why we found :

@ £ lcoPpr =0

We how onderstand it 1s valid af all ordec in Tcr’rurbd"rimﬂennr and for an odd nember of exteral
Phc*ran.

RENORMALIZED JLAGRANGIAN AND CouUNTER TERNS

let % ge bacK te «ED * | 1l
aeo = P (i¥¥0. =P | = i—ﬁustu te Py Ay,

Tlﬂis s oor original |&3fah%!ah bot we add 2 5ubscﬁ‘:ri "B" 4o m ande to remind that these are net
the 'ah?'sica| mass  and the playsceal electric dmtae . We alto added the same subsertpt to the fields.
This is Kuewn as The Bare A"aammaran. We rewrite now it as f{ollows:

1.) We |'ﬂ.+h:-cIUc& +he renormali zed —(EeHs; .LPE = E IPR y A';!\I?;A':

We caw do t since we have the {reea"om fo rescale the /r'e:'a"s with eyt c[qa-n%-:n} the Plr.‘fsrcs‘
(that is withaut changing the on-shel) matrix elements).

43| L= — 2 (A - M) + ERGZ-m) e + e EE T ALY

2 We indroduce the rewormakized mass and couFfa'wg : Mg = Fmimg €p = ZeCn

F

— £, = -%(&"A:‘B’Af)l-r Zhizh t LB R Mt —F Enme e

From wnow on [t me drop  the ‘R" from rewormalized Fields for scmplicity.  Mereover we cauld
define |Fi= BNE ZFe| = We awive st:

Lo = B (WM LBTY - RIemTY tGETAY

3 F F, Fs and Fm ave rencrmalization consfanfs . T+ (s convenieal To introduce fhe
re,olef(m:'f.-'orl.sf

Fi=4+§
Fa=1+ 6 }:fmhh = Mpt&m

$1,8:,8y, Sm are called counter ferms . Suézn‘r‘f'v-rfr'ha we see That:
FAE —*f:r_&?';;w,':ﬁ + ¢ (1 5)TY = (Me+S)TY + Eelat 8)TAY

We can 5e]oara‘|;e -H'Lf: jaaran%{an N .E,P-.“ec.-.-s:

4{3 = fa T cftr




R T P
e = —i_BEﬂ,F‘W-I' TP(’ES?,E"SN.)"P -~ SifR{Fﬂ?

Comments -

We re not ad:lin? Amf-[hing to the Barce la%ran?{ran ; it is an equality - we Just ,S}a-l"fﬁe-cl: the Bare

J»aaran%ran in 2 parts. We exPresseA the freealom of the orfainal ia? rangia n e ferms of these covnter
terms. ({re: Jpaif&mﬂf-ﬁ('a +that  werre ?ofh? te vse Te cancel oot cor dfmraenceg.

fﬁ has the same stroctore of Ls + bot mafead of Bare famma+e.rs and lﬁ;‘sfdrs we have repnermalized favamei'efs

and 1{(‘&[:[5- What alecust af&".’ ? What s s 'm‘]:erf:rﬂ'hfian?

i'.) We start Fro L g,_ tr ?Xﬂﬂp— Y

This is clearly & new inferadion  teem  with En{,ruman rule - 45 ea

M

¢0) Conscder ‘_gx_(a,.. A =0 Au) (AY- 2°A4%)

This s quadratic inthe field , techuically this s wet an tateraction

. However & s use-lr-'uf fo thimkK
sbatit as a two- field b jntevaction term

We vewrite: —_Es_(a,.m—avﬁﬂ)(a"ﬁ’-‘a“ﬁ“) = =S Q.AN0N-2) =

=t 3 A% (M- = 2 A (34974, -2, ') = SLA(573.0¢-272) A,

We introduce a FE({&LM&U’L role Yo olescrive  tacs 1intevaction

P

e

A, = <85 (g7 Pt + PYPY)

\‘5‘ each derivative

?fiﬂ‘:.‘i ('-,EP#) fcr
l‘wromim? and (i

%) for cu‘frwmfﬂ? parlide

i) Con sider P52 ~8m)Y

= 1
This con be seen as a sort of new nleraction' whose F:eyumau rle is :

';P @ 3 EL(S:P'—SM)

\—) fnceniin = fved & '\C'ﬂ.}P
7 7 i

The on-shell remormalization scheme

Consider the faﬁowm? example : consider the electron self energy at one locp

£y 4 | P, O (P) = AP (P + <8 (P)

- 7 2 £ LooP

j»ﬁ'i.i(:rml i&_,_ + ——®—— = {-Z(k} (PJ*P. Z(Cﬂ (#)

4 Loop % 4 LOOP




.Tf we ale #}& L‘omfsw!al"e'on wi th Z:E -rafcrj we wow have 'f'w.a confributiens

= £)
- < z:,m, () ﬁmﬁ.}f&a" with te it has the same stroctore of P zfi;(ﬂ with mg—m.
and S— e . C-énmgaewﬁy AR .Y_:ffw (B will u'}'rer?e
fwchsef}! as < ECF?,..CF’:J does

o« ¢ .Zi:;f#’) cernfﬂe& wit Leor v inthis case we have dhe counter fecme that we

can clhoese o cance] the o ver euces.,

WE. haue 'Hne JCQHGW-"W? r&m”‘ (-Foc,us..g‘n? any =10 d;'vevgen‘i ‘f‘ex«'ms).

Y
4

= [ﬂ(ip = iﬂu) + finite ’rermsJ'r £(5P-Sw)

We consider the chorce: m
2
éi =—ﬁz L t+ Ca I 'i“zi LN Cz and Con are arbtrarly.
(an) € (ap (£ ff we Dli'Ll.'}f cave about 1he

cavcellation of uv divergenes
fhe choice of counterlevms is
sl 1 i b : hot vu fque
In order 7o Fox aleo Fhe ,(f‘m‘f'e JpaP‘f«S of the Countertferms we need To lmpese some cond fions ,
An?' Iarescr:'lpf.-'wh fer choo scne, the -F;'m‘fe }pdrfs of the CLovater ferms is Kuewn as subtraction
scheme . A sobtraction scaeme is .EFECEFFE:' btf a set of conditions WKuewn as renormalization
conditigns.
We consider the so called on-shell subfracticn scheme .  The renormalization condifions in the ©s"

scheme are !

Mp = Mpnys  ; €= Epiys

We need however 2 wmore cenditions (the couuter terms ave four):

We vepuive fhat botlh the electron and Fha‘f‘an Fropasﬁ(ﬁans have vesidue F=1 at their pole

THE RENORMALIZED <ED (AT ONE LOOP)

¢) The éelectron self enerey
U‘l

We write : |S._(#) =2 @@ +5P-5n| W

» The pole eyuation tells me that : i 2 (P=mpgs) =0 —3| Z(P=muy)=0
(on shell scheme)

o Jetss impoR e ofher <ondition:

f=<¢+ 4= )Jﬂ R EEIm
d° A= Wy s dp P = Mphys

(3 T'n&refare frqm the devivative of * we f:‘ﬂﬂ’-‘

£ &
d = 4Z t & — gz=-—d Z oo
P F=Mphgs 4P P=l"‘phqs 1P P ="Mplys

If
=]




»p While dom"pu:{fﬂj W ot F=mpuys we find:

)] (R (®)
M= chﬂ(F=m'°“'”)+ S2Mpge = 6m — S = Zum@zm-‘““)- M gy A_G%L"Liﬁmﬁ-n
3
This choice of $: and Sw cancels the (f-diversences . We define :
i
N (R)
D e @22 () + 5P Sun
Jets check fhat s free {rom Ly diver ence:
- (R) ” (R o
z{m@-‘}-: IL&P(’P) - dz— 1Le0p Fﬁ - th(iﬂ':mw} + df“"’"’ -mp..,f, =
d‘P P=m|*f$ 7 F’""P"r-‘
_ Z(R’] = cl Z(E:‘ poes dz‘(ﬂ
s AAF= Monys) + Ll (F-mps) -+ finite tevms -[%} +jm} =
P-Wlm; F:mPﬁri
= oy Fini‘l‘& terms

— | 2, s wv-finite and it is now written in ferms of physical parsmetevs

<¢) The ;phOTLOFL, self energy

We write : | < TT/Z, () = (92 97 - 9#9*) € T 00 () - <6 (5¢°9 - 949%)

The .Pc\e. eclu_,aﬂci‘cn “le.\'\& me JT = (1' = Tr(‘iz”’))_iéi —_— W(‘}‘=0‘)=D

We impose this condition t fa‘x 83 -

(k) MR .,
4 tooP (qzzo-) = gs =0 = 53 = 'I-i;mal‘ (c! =,

We wow defz‘me :

M () = (g 0 T @) - TL2 (5220)
we aleady Kuow that fhis difference does nof diverge in the ov

{il) Vertex correction

Th the on-shell scheme ; we lmpose the condifion €r = €uys - Therefore | we need first of all
a way ta Fw?erl{f dlefme the fsfz'y.s.-':a." elecTric dﬁar-a.e et us vse as a quidance the tree- |evel

ntoition. We conseder the amplifude for smisscon or sbsorblion eof a {obﬁforz Fron an elecfron
c'aﬂ:-c‘-n“err'w? flee Sxa-;f‘f!,oép?{ﬂn Lo ﬁ—iﬁh

ero*'“(%qi) L () < Ephys VUG Ea (7) 9 1+

%

we camtake it as a definifion of the Fhr:,rs.{cal electric z:harae . Jn fact , if we considy
the .s:aﬂerfvu} ofam electron off seome heau{u :fzar?acf nvelevs in Yhe elastic , nen relativiske
lim it f [iw -:-f [ew mementone 'ﬁ’ausf&r} > the electron wmost interact with the corrent
U (9) "’-EP"'F J#U(qs) Since Ephys (s what we measure via Coulomb jnteraction |



A+ 'Hl'?. 'b(&ﬂ, [EUE‘\ ﬂua deﬁhr"}“'}bh t.‘orrec'ltl':l;{ ?il,re.s us, L= ef“’l’s ffew&ver i 'Hae [uh'jr
intferactin f&lﬂcry this d’eﬁmc‘iﬁrah bhas t be elaborated . The 252 red. fc:rmufa tells us
that the' amplitode fer the emission (abserbtion of a pheton fakes The form :

& P oy

dia-arwa be"foh&
dhe” free - level
24_ é‘mq d a:iw:l %%\I_

cha -.'am Lu"llv'u
4us 3Ieais is 1P1

. T in a 2+t 2 EC&Henn

Since jn the on-shell scheme we Imrngaf 2=1 we arrive at. X X

|

ill'i - l @ = U(Ge) < Ephys " U(9:) En(a)
™

We WKnow the explicit stroctore of this term , so we can sct the equstions :

We wvite >w
+ bw -r>4~w«
B _
= e (99 = {E’{:H- F—} (c}z}] ¥ _‘.‘1‘5'_;.:_"_ qvﬁ(q’}} PR
™ 7

We now fom}oa'f'e the limct of q—o

L
—| =l st [“F,f“” (@ n)]a" IR BT,

Wi-i-h 'I'IILE os Epnolla“;tcﬂ €g= Ef’h’f" e e‘i‘:

= (R) | {R)
{fphr-?l: ’w:w@ Lo) + Si] H = fefkgs K'M = Si 4; i.!aoP(ﬂ )

thalhlt we check V- finteness . We Jef:‘we:

|_I-I¢oﬂ|" {q‘rql) = r:.rmf (q*rqi} = S:L r.d-’l

let’s check:
=y
e (44,92) = T P90, + 5 1% = T2 % 000) = Tioone G I* =
(E) (& 3 {
SRR | AANCOIE AaBIi| P il 2% 5 @ =
2iMg
ihﬂ U= clll.l ence roblew i |
15 cont ameaﬁ int e:r' 3 fomite
(R)
lim g0 s we expand —\ 'FCE} =0) 4 é S uiear | g2y [iuibe tems -FCZ:,, 9to)| + finide terms
the term in [-] dq '

F|a

= V- Fmi{a {erms



Final considerations

Jn a renormalizable {ﬁ&ui'?f we have the 5:4‘!:;“!':?7 fo define a fr‘nr?e nomber of
counter Terms such as fo cancel the }fc'ﬁ.-"fe number of wv clivergencas *hat arises order
by order in perturbation theory . It 's easy fa cee That This re?m‘remenf Facls (f we
con sider a pon — reaorma(iza ble fﬁepry.

Example: £ = £ (2.0)(3"$) - Lmipt-de o

fhis 'Haeor'{ has D=4-Ng+V = 7 # verfices
ks # ext. scalar fields
SUFPow. we want te a pply 1he renormalization ?roce::[ure we discussed for QED .

The counter ferms ave tn this case 81 Sm, Sns.

At ove logp the &Ta«%mm is
Ng=¢ ,V=2 — D=0

This c‘.iasa'r&un d?uer%es‘-_
In order fo ﬁx it T should have a counferterm % to -Fix T bt we do net have it

A FDSMZHE way (s Jo introdluce an extra teem  in dhe -:aﬁ%ihal laaramﬁian. :

&

We now ha a coonterterm S that we can 0se te concel fhe previous d?‘vevaem
however Wwe now alse have a one locp of the Kind :

Il

4 ) ) 3 Pl s ¢° ¢ = G-
T(aﬂ‘ft)(g”tpj _—g'--‘m ¢ ‘“%—‘b —)6\_!4}‘; —— L= N¢+Vs+z\a2

Ng=% , Vs=1, V=4 — D=0

=3 cJ‘ruerae.:s

In  order fo f:‘x i 7 should have a counferterm % to {ix (ae bt we do uct have it.

We coold  inclode sn interaction = ¢% in the ar‘uﬁmnl iaaramaiaﬂ, bot we will need
counter ferms fer inferactions with T ﬁ:‘g,l'aer valves of ext N¢ | ond the ‘prn:'eJUﬂ.? revey evds.
We would nEEC:I Sl J‘H][f'y;r"t{e nom ber ::TC C.Guﬂf'ﬁr'f‘eirms.

Eaam’gle © Scalar @eb Theory (renormalivble)

fSQED - I(D,ud:')*(DH@,- m2q' ‘ztiij.,]c‘w this J(hea'c‘t( has D= 4- Ne- Ny

{ EI&A" ¢t
ie A [(oud) 0 B (374

e TaKe the case in which N¢=4, Ny=0 — D=9




TD cancel "c‘-‘\eae c:hih'ﬂﬁ’%e&lces We need @ CQ&J"[\*E" i‘e.'rm Q-F '{'lﬂve_ 'li‘tf’ﬁ' ,.\
whiclh 1= however nok Fw:wfsla.a[ 13'&,/ =T -'E.Jfar‘Hm% Laar Atma(a.n, P >y

We 5hau'\cl ‘ihavefore consider 1o add auwother ferm :
L= (D)) - mePO-AEF - X (479)’

that interacticn feem will vafde the coonter fecm that cavcels Hhe :fiweraences (it
i= -l-:ﬁa'l'l‘f consisterd with 1he 57\«1”1&1‘!"[&5 G'F the 'l'{ﬂEGV‘r)

- Take the case in which Ny=o , Ng=3

\ ________ ——p D=y Tt weold be clive‘raﬁ'nrﬂ'

However * is emsy fo see that such am?\ﬁucle does not receive any contrbution
In other worde 1} is nat Fasgilo[e to write any disavam with 3 external

scalar leas . To concel /1s diveraeunce , indeed, we would heed & covwuterterm with 3
sealar .Fte-lds and such a term is forb{c(/em in  our laaran?fan cince (f would breall
4 he L) &fmme‘l‘r‘r : (CF+¢)¢’ net  OC4) s?mme+ri‘c.

The bolfom line /s thal it a renormalizable theory we should write i cor iaaramaiw
all renormalizable terms which ave ceompatible with +he umq\erly{m% :SlfWLME{‘TCE.S
ﬂ\E’..Sﬂ"”"IEOTIEE ave :auec{ UU-—CS}MFI.E.""E.

CONSEQUENCES OF RENORMALIZATION lezione 33 (I"% 24-34)




SEONTANEOOS S({&HETRY BREAKING

We staet fmm a classécal discusscon

SPONTANEOUS BREAKING oF AN SO(2) GLOBAL SYNNETRY

Consider the ﬁﬁawm‘? scalar field 'f‘heurr

2

7t é%(a¢u)(a*¢u} -S> - %<KZ¢)‘

K=1

4?,():] snd §:(x) are £ real _;Cfefd's. rﬁwe Laqranaian is inverisat onder a afabai So(2)

.Sxfmme'l'rY vnder which dhe scalar ﬁ'efd's ’{'f’amsﬁrm acrara’n'mgﬁ'::

(@> T (g) = R(6) (i:) . R(e)= (::j -c:v:)

Z

TF we introduce the veetor c?i (jj:) the é(dzramgﬂ:m falles ﬂw/or‘m:

L-4£06)0(r8) - W 5F - 233

We now [ook {ar#:f‘ Field Conﬁgumfx'an ) f fowest- euergy . The discossion is clossica) but
Vevry often we ue a' quaatun fawauaae 'y and we say fhat we look for +he wscuum

state of the Hse-or;f

The Hamiltonian of the fﬁsor? is gfveﬂ Ly:
2
H - f #7 [Z L 0o+ L3 D T V()]
K=4

k=4

where -
V(@) =" (6747 + % (s 62)*

2
The /[r'r.sf".a Yerms arve minimized to zero If we consider field c‘onf.r‘gumﬁ‘am which are

constant in fime and hamaﬁeneu.s In space .

We need 0 minimize ‘Hﬂle Po'l'euﬂ'{a'l eneuﬁ’ (bUE set x5i$1 = (c]}f-|¢f}"":‘)

— (k) = Mm% x4 X x4
2 4

VIX) = WPX £ AX> = X (M + X%2) =0
Vi) = m?s 3hx?

There ave differeat cases :



\T"/
i) |m'>0, k>0 |

| it
The ?O‘\'eﬁﬂiﬁ'\ has a wminimum jn X=0 (H i= unic[u.e.)
TV
{) |[m?>0, Xco ~1

[T\

The fnoi'enﬁai las a wminimum n X=0. However this i>ouly [ocal . The f>:=‘l'em4ﬂa\ bas
a maximom @t Xi= -:'_2 and the i is vnbounded From below at ".ar-ae field valves . We discard

sueh stualieon.
/l_\ - X

From the same reason we do wot consider this case .

v

<) mz=_/u3’/u*>o ; A0 \ /
| g N S

Gl 4

) [m2 <o ; Nco

The mass has alpaaremﬂy +he w'mm} 3-{}#1

- TF x=0 we now have \/”(x=o) = —#? <o So that the potentia\ now has a

max imum (. X=o0.

c TFxt=-E o e e find V(A = 124250 so thet the
Fo%eerrai h>a\.s a mthrmum  inx? =M% | and” 1 13 an asbsolute minimuym

. The valve Of the f)oﬁtemﬂ‘al' at the minimum is giveq br .

RIS [ PRy A Y R e L R
V(x*=4>) Z(X)+4(>.= s s

- T order to have a vaccom stafe with Fere emeraY we @lnvewfrom”y add fo the
initial Po’reﬁia'l the constaud term +/&4'jf- . Our T:QJreu‘\'?ai wew reads !

Ay
P 4 9 N 5

Consider uow the 2 cases in the freld space AV(d6:)

d.

. wl??:ar X>0 — minimom at b =4, =0

The ‘Yacoom is uniﬂu.e and ; most impcr’\'&uﬂlh s
invariant onder the o) golobal symmehy . This is a N
Frivial statement since +he uac.uuva is (3) (F we aﬂ:!t,f any So(2) ‘ﬁ
retation we Sfill %ef (f;.)




This case Hrﬂrffore .-:arre.ilpawds 4o the sitvation in which the s mua’n‘?« i5 realized 3 la Wiquer Weyl
Frecisely because the vacwm is wique sad s left invaviont vuder the action of the 5lr§¢ma'rr’r

roup .
%« {his cose fhe Jograwgiam v manifestly (wvavient ovnder the action of the Sywuetvy gvoup

and forlhermore the sywmetry is also manifest in the particle =pectvum of the tieory .
Ju foct , if we now infevpret

L-£00) () - L §F - 2F3

as a @FT. it describes 2 scalar particles (uith precisely the same wass)

. mls—/uifﬂ?)o !;J\?ﬂ — miimum at CP}-‘*‘P: =

7ull
A
The vaccum 3 nef unique , indeed the relation yedi '%?-

I'deu"lifies a monifold of vacva : the minimim eccors for any
434. / CF; ‘Hﬂa’* lie en a cirele af md’:'us .-'“:/L

We hove fueefore a de gneracy i.e. a catinvum of

vound states |, all with™ the same enersy and all conwected
viz S0C2) rwotations

The system chooses one of the deaeuerate vacw. Soppose Yoo Keep a ball a7 the maximum and
let it g0 . The ball will Al fowards the boltem of the petential and will evewdually come to vest
at a af&ci)ct'c jpofﬂ'{ on the cirele . Which ?Giuﬂ' we choose (s arE{fmrT ; hewever cnce & choe

is made , the arouwd state loses the rofational rnvariance . we s8¢ that we have a sloom‘aurzaus
breakdown of the sywmuetry .

let’s make o choie , we consider_for instance the f:a,riu‘f ¢, - P,‘Tj , =0 . We introduce the

}E;:-How.'nﬁ nofation : 1\431
‘U'z-_= /i_z 2 {'&'?E(g) dd’!J:'D' ; cd>=0 /‘
We S8y thst the Sield has a vaccom exf:e:fa‘ffoh valve «@>= (1;) k 4)1

This Sf’ecfffc choice of the vocoum s ot iwariant ovader yolations since now R(8) (g)#‘z(:)
A[{hou%h our discosston is clossical | if seems we are in a sctustion cmcef:fuaﬂy dffereit
Eopzaarﬁd fo the case in which the S’ymme‘lr:{ [s realized & la Wimqer - L. ,I'u;‘écf,

in this case the vacoum is not ivariant onder the action of 1he Spmumetry .

CONSEQUENCES OF S FONTANEOUS SYNNETRY BRFAK ING

We define the shifled Fields E}y wri{-:‘n% :

di(x) = v +X(X)

4}1 C’(] = B(x)

Sveh fhast e x®)o=0 (om‘na {he same wotstion as 'eefare) s ﬂenﬁre the lagurew;f;}&fb can

be rewrillen in ferms o/'?c and @,



KINETIC TERM

Since VU is & constadt it does not affect these derivative terms :
Lin= 5 (06)29) + £(8)044) - £ (001 + £9.00%0
POTENTIAL TERM
___....,,u?;z \ 112+/a5=
V(‘P#.-‘Pz) z—@’i‘fq):) + q—(‘h*cp‘) 2‘?T
L —_fgj[(lrf?c)li* 82] + %]ﬁ(ﬂf?ﬂ)ﬂéﬂ 1’-% =

4
= —ﬂ[wﬁ x3+.zvx+ﬁ‘] + i[vﬁ- A4 X+ 8942V X + 403X + 2070° +41;x?+2?(§‘+4m‘] T.‘%_E
Z 4

Fero-th order ferms 1n fhe frelds

i e 3 I =—£’(’"€)+ “(ﬂ)*’”‘ =| el AL

E, 4 4% 2 X/ | 4\A

Terms l{fhear in fhe}ﬁ's/a‘ts

_’“Tz(avx) t %(4'"3%) = -t tAUX = U (pEdX =4

Luadratic '['e.wns in the )cha":s

z
= 'X'(-#‘_? 2 _55_.51;-‘) - A% X aviet =
z 2 z 4

'»“Tz gt - #¢ xt + _2_ (4 it FevriA? + zv‘a*) =

=x2_ 4 Ty 2 [ 2
Z_(}#r_i-.a:#) .r_g_(#z+ﬁ>1f_) _*:;_(3}19

Cobic and -::,u.ar’fic; terms

12_ (X516 14U A3 + 2%%6% + 4w A6*)

U\I& avrive at Jr‘ne j-aar& ng idn in 7%@ éraKevt fpham:

L= £@x)0%) - L)X + £ (8)(048) | Free Ligaugion
._% (;{4+94 14T A3+ 2%°6% + 4uA6) Tatevaction £.

.Tjtfwe lookk at +the ?uaa(r&‘ﬁc ,[.aaramB:'auL piece  we see an t‘m'oor'ran‘l' {ac‘i‘:

- The field X(x) bhas mass My = 2pt
« The /;'8-"4" O(x) lhas mass mg¢ =o

We see a crucial difference  compared to the case i which -the symumetry is realited a (a Wigner
Weyl. Zn the preseace of spontanecrs symmetry Ereah’iimg the s?mm&‘i'n' (inthis case



Sorl)) i= 0t realized i the wmass siaed*mm of the 'l"nemrcf sivnce We Kow hauejins‘fead of & dovbldt
of scslar fields with the same mass, one massive field and one massless Field.

Tun the Wiguer- [Uer( case | the 5:,;mme+rlr 15 manifest at the level of +he .,fa re.wamn.
What happens in the case of spontfaveovs symma’try brealking? 7T we (00K ot “the
ia?lm“%mm we wiote Eﬁfcm there seems +to be ho 5{3;«; a}{ So(2) Srm““e'h}/

ieffs consider The same laarem'aim bet with a diffecedt choice of field vavisbles  @(x) *
L= (p)re) -vee) V)= 2% M (e AL

which is eolmua‘-em.‘r’m ouw ariaé-:m\ J-aamn%tan ' we set

p(x) = \Ii_T(ch(}() Fidu ()

Tf)e 9[@3mw9mn is 5,/mmefn'c under ’phase rearefr'm'ffons

| e — (w.g’fe exlol'ai'h'ﬂ +he
[P(x'} L (]oi(x) 2 lf(:-de So(2) Z u) lsemorphism between 80(2) and
u)

Thiz 57wv,me"frr s 51:onjtaweomiy brelent since we have d'eaener&'l’ﬁ' Vacoa dlescribed

b1 the "condifion : - 5
s
=

Tn +this varisbles The f:h;rsfcs of .slpom‘aneam symm&ff}/ brea l{ma iS5 Imere ‘f‘ranafarard‘.

Let vs write:

P = L [900+ €hA] = L pe P00

ir
eart e.s.fauJ{ cep ve senfation exponentisl represen tation 1

field space bt P and Pr ave veal fields

We choese the vacoom . Our previous choice was cPy=1v , <de>=0 . Zu the new variables

we set <fe=v, <P.>=0 . We introduce the shifted fields:

i) = KG0t v = =i
L (X)) = mx) T Lf(x}- ﬁ[ﬁfﬁfvj EXF( tr )
&

\Wheve )ﬁ,r s a conslant with dimenscon [N] in natora\ onits to make (T]
of dimension 1. AG) and () are real scalar fields ef mass —dimension 4.

We now 9o bocK e the jaavangmn : let’s rewvite it in teyms GF ﬁamcf T
FOTENTIAL TERM
V(Y) = —%? (ﬁ.z +Utt 2hy) + %(ﬂz+v’1+.§3};v‘)t+_4L: =

= *fg—z (R +vi+ g hv) + %— (A5 +v9s44i0® ¢ 2 AV 4 A3 + 41:"51’%-5*1;—




Fero-1h order ferms in fhe fields

'z“—+>=v‘*+/“‘ - -_/ﬂ_’(ﬁ)+L(z“_“)+£:¢
44 d LA g 1A “A

Te n n_the

~/“?i(zﬁv)+_é_(4£v3)= hv (44 +x0°) = &

T erms qw:{mﬁc in the fields
-L;:, + A (Eﬂ"' ) = Zi'ﬁ* (—,u’+311,r') = %ﬂ‘(-}*‘+3/u‘)= %(z,u’)#

Cobic and qu.ar"nc terms

A(R #avh?) - 24 (0t

—|V(hyr) = %(gﬂzma AR5 QU

N.B. The }ﬁ:'efd T s guam nteed Yo be wassless since it never appears in Hoe 1:o+em+ial-

KINET(C TERHS
()" = L9 ((h m)e‘f%“:)aﬂ ((hv) e ) -
I»é,‘ﬁ,)f 7+ (hv) (:L) @,.A'JT)E :I|i@ﬁ|_ﬁ) Tf_+_ (ﬁﬂr) 7 (?FJ'T)E }

73
= L (b0 4 W+ W) +L‘*:”)(M)a«)
- %(sﬁﬁ)@%) . 'v“ - (m)(Hr) + L (K24 2Av)(Qm)(54T)
Rire Kime*-c 'f'mrms Tufenn‘ro between 4 and ;T

7;4 we ﬂfﬁrf 'D'J, 'Hue Kme‘*m‘{‘e\fm ]C:!r‘ X)) is c.am;-mcaﬂr mormafi sreo‘
All snall we find :

L =2 (004) - L@+ £Gn)(*n)
+% (A t24v)(3M)O*T) - v £ —% 7

As before we find » massive scalor field Ax) with  wmass mj=2zm? and a wessless
scalar field T, The fact that 7700 is massless has two mterpretations.



«(,) _Infufﬁ'w, ?rthMM im‘fer?re_fa‘twﬂ

&,
.;.n"ﬂ \
& 3
. JT(X) describes e--.ncaular fluctuations -fluloma*hia direction ,__'\_é.“

there is wo Fe+em1cia\, k/ﬂ "4
d ‘ﬁ,(x} describes radial fluctoations . Along this direction we i

have a Pa'\‘em"riai. We call offen f the " re?!al made" .

()
; 73&:’5 Agmwﬁian has

e
1) Zuferprefation in t i - \J
L) Tuferprefation in ferms of g non linearly realized sywmmwetry !
1 : ' 1 [

Consider the Adaarsugian written interms of I(X) and (%)
a e}{mmei'wf . Consider the ‘r‘rang%kmaﬁ'aﬂ:

) — 4z

(X)) — (%) +const

This is a s)fmmefry of A since :
<) A(x) does not transform

40) (%) enters in £ only derivatively : cpmseguewﬂ the shift IT— 31+ const leaves the
lacaran tan wmvaviant. The foct "that 7700 “has fo mas= teem of the form 7T snd

in ?Q—Iﬂ&ﬂﬂﬂ. any f:oJfanTIal fam of the Kind T1(¥), (D) is inextricably [k to this
shift BYm'meihl‘.

What is Yhe aﬁ%‘m of this s?mmdﬁ\f?'

! oo e : o i £ TT) o
Consider our definttion : -LF(K‘)— \\?[i()ﬂr]exr( = ) and falle the Jframs\)&:mﬁﬂh.
In ferms of CIP(x‘J we %e'r.

A0 jc "o
w

LF(X) 2 \Ii?[ﬁ(x)-i-?f] gle = CPC}() eﬂ where o« =- .IC?

This is nothive bot ooc original 30() 20W) < mme'f'r‘ir byt now vealized asa shifr
symmetey on the massless field (0. This s an impectant point @ The symme

So@ =UE) is still Frsseuﬂ- in the .fatamneat‘an even if we consider the case of <sponfaneers
%mms{r}; bre.al‘iina Lt lis am’} realited " in a differeal uay.

We eall the field
.S‘ymme'l'r:( brea Kin

et’s malke a aaor-'l' Smwmary af'wha'f‘ we've leavmed sa;ér.

: & "%3- 5‘]"4"“-“"18"1"{ &JrEﬂKimg
I = &«aammc? of vacua , the am,,wl
A

state is nal invaciant underihe LLE
« The a-?tmms{'rf is hat realized n
the mass EPBC‘|T|'.M']

* Emergence of massless field,
- S-ru.uu.e'tttf vealized in Hae Farﬂde ﬂue Coldstone basen.

éf»ec‘frum. . ;'Sfmm. realized non tu'\'learly inthe .,‘{

. Goldsfone boson. I# remsins massless n the presence of sporitaneous

L i1 Wiﬁnmr qu[ realizakion
S '&{mma*rrt( realited (ineard

. onthe dynamical fields of
/] * the '!’iﬂe.artf (%) '%R(?J(i’!)

e Unique vacuum state , invariand
vader the inrwuwir(f :




"\.Uhe czn ose this wodel fo discuss ancther re::ultar ]pralper‘ry of Geoldstone bosons. Consider First
€ aaranaian -
£= 2@ - Lext+ L (uo)(e49)

-% (2’44'!94 14U X3+ 2%%6% + 4v 8% )

C“m'pufc Flee 5:&1‘!&.*(&13 process (af fhe Tree Jevef) -

X (P)+ GR) — X(R) +@(P.)

We vse *f'hefa/fow:‘m'} Il%-;mm-:'m. rules -

P PROPAGATORS !

X--___f___- = 4 : a0 I 5 | &
PLml 1€ / Pl+cf
P VERTEX
x x
g @
74
. Xl =l
e
.4
[ Y =lf X e d gl
. ICEERIE =t (T)ﬁw_ £CA
x.-"

171 \‘5 ,/' R \n\ "-'
>+ T‘B.-E 4 N R
\
P \Z /\
M = (=2i)) + eirv) £ (z242v) +
(A-R)*-mx €€
$(-2<hw) 4 (-2id0) 4 (i) _4 (-2€A7) =
(Fo-P)? t (€ (Ps+P)t L€

(P A - (R-R)? (P + R




‘L’)Jzﬁf‘{-:s {5 e +he X on 1he mmass -shell (Ph-im.'cal Farh-cl’eh P.f‘; Bl = im3

fim

1'.‘!:) Lﬁf s considew ﬁ'", .ﬁ;"“ —T7 o (k-—mom D}C Hhre Gold sfone bg&@ﬂ -go)

— M =) + EDOMYT L G4 | a4
- My MWy my?
. 2 ]
= Cro) 4 AR g et
Wiy -2/!42}-

So we )Cr'wdr that the scatterin amPIHU.lﬂ vanishes in the limit in which fhe momentom of fhe
Coldstone besons qogs To Zero. 7 his iprafer‘f'f however /s not mam‘ﬁzsf at the [evel
of the -éjrawgfam since [t comes from a npon-trivial caucellation Sunong, cliaﬁrams‘

- [ann‘dai“ new “ﬁie. 'ﬂ;!solrr d&SCl“Ibﬂd b:f 'Hle iaav&m%mﬁ
L= 2-(0r4) - L@)E" + £(5m)("n)
+_§_Ei, (/{‘ +,z£zr)(2,:ﬂ')(3‘“JT) I M3 -%  Ja

aund consider asain +hﬂ st:aﬂe.mma a-m:m% the massive lec-l - now {fo) — and the
massless Gold sfene - vow TT(X)

A(p) + T(P) —> AR)+ (R

Lo this case even withovt do the cam/pafafrbn it is evideat fhat this amfﬁ?u& vanis hes

if we talke the limit in which R, Py —o0
Becavse of the non- fi’nearf:/ realized sywme the Goldstone ﬁ‘e.u (s pnl'y r:ou,p."eaf

derﬁva%frely/ For instance , consider the cobic mfevaction T
¥ .
fo- b Gmlrm) — o * 2 Lo

Pi m

and all these interactions vauish as the Goldstene momentom 3.065 fo Zero .

Consider a shorf summdr? mfar. We can deseribe the r:alqr.s;:.s of pronfangoué srmmétw
'brealﬂim} with the fwo -‘raamwa,i“dﬁs

4= %(@ﬂc)(a*‘x) - L)'+ L (u8)(20)

-2 (7{4+|94 14U X3+ 2%%6% + 4vn8*)
9

g{ﬂ_r-' S (%uﬂ)@"'i) = %—(zju‘){z + i(&j‘l‘}(}”}?’) — This description , tHhe non-liver
& k& one, malkes the Plraf-erﬁeﬁ of

.t T (‘{z +,z£v)(9’,]?')(3'“]1') ~wdE =244 the Goldstone boson more monifest

= < Z;z'parh‘-:u(a'r ﬂwy are linked to fhe

hon linear realization q"—"f’fze

‘Symmef‘ry broKen l;'l/ the vacum



The =2 formolations are reflated b}/ a chanae of uwriables in field space.

%[m'x t {2'6] = %[ﬂ Hr] exp (1.1}7.[)

= () E-Fr -5 - 1)

b T ) e e )

-”M;"TE fare. :

A = h () — 09 L Non-[inear )(Telc]
=l redefinition .
O(x) = T + 7%%) )

At the [fneav order [ we Juer have A (%) = ‘fb(x) ond AX) = TTK) . This rs
becavze The two theories have The sume Free- Theory limact. (Kietic tems)

The two fhwriea awe_ the same resofts if we consider the cornf:u‘[‘a".”fbn of on-shell Eceﬂ&iﬂa
mateix elements .

Exercise
lef’fs {ale the scaHeHn? for this fhce&s '

X(P)+ € () — X[s) +8 (R)

&% dhe ext. ]:a'r'h.:ies on shell. meufe fhe amﬂﬁ‘?’dnfss sk com pare the teselt with the other bases .
(b — hw) .

EM =| g ¢ | G223 wt sk (-;:)4,1’#: J (-;:mﬁr; B-B2 = i mgu?
(fa-Pa)- M3 (f-Fe) (Rt R B L. pteo
= -z ¢ CORNY L e (0 6XpF
T2RR-ME 2R o 28, P 4 Iyt

Deffw,;‘u?_ f(ﬁe Hdnc{ﬁ:fﬂ[ﬂﬂ ua\"iabies :

S= (RipYf= (RiAY=mf + 2/ B
i Sttiu =2ms
t=(R-n) = (R-B)=-2p Fi

U= (R-P)'= (R-f)° = md -2fi 3

we can vewrife (M as:
iM= | —gp) ¢ GUERNY? || cDadet | cosxte
t- My 2ms -s-t S
F.r‘wai’f’y 5 tis wefol to frade Av? for mx uain% My =242 =2 XV :

(M = —2i) ¢ (REXM )2 , e
-y U s




We now coansider the same com[:)qua‘\Ioﬁ with the won - inear realization
n(P)+ T (R) —> A(R)+ (%)
The rules we need are:

h{,’ K1
L ir -
h, _______ - =—rAUE ___h___ = -'{'_CEH.{'KI)
\'. ?.,..
\‘h L{” 'fr‘
and in adddion , from Lint :'.';1?5 2 (2.m)(2*7) we also have :
h
\\\ K}. e
% = £ _(QEAKIER) 2 = £ QK-Ks)
B o av? u?
‘f k‘ ﬂ

‘\\ /// Ps - e &
i h A [ad | oe = ;
—;\ # \».'.' \\ ’,
- # 1__ i LN 4
1 \\ ﬂ_ra ,1
VPRt ¥
7] &
Pz//\\p,, P
contsct interadion { chauunel L) chauuel S -dhanne]

(M=t (2pR)+(-i6AV)_4 £ (2B-P)+.A 2(-BtB) -4 % 3 (B (B-R))+
vz( u)+ (4 )z-m,g L (2R + 4 (,o..,fa)ﬁ e (f: (F-R)

{-i-‘iPz'(Fa*‘Rﬁ)L .E.(Frl'ﬁa)‘?ﬁ =
U “op S

ik
s
FatF

- L(_f) v AACH) | GO (2p-P)C2RB) | () @RR)ERP) =
.u.t i'— :E -y.i U 'U-? S

-4 0f) L ogedt | |4 (u—m:)(u-m;:)-L(s—m%)(.s-rrbf)
vt £ - m3 viu oE

We nate that 1n this am]oif*ude thee ave terms that, if talken J'Hofiﬁduauy‘, are very

dengerous since the oW vp with enerny. However if we sum we ae'[' (Coﬂs-ia"evf#ﬂ? only

the ~feoms which gmu w ith emechr}:

"-if -ﬂ - “;5 = "'_-‘:_ — . “: 3
it L o (stt+u) F(.-zmg,_r)

and the am‘ali*ucie reads :

R s 2 - - ]
=] d 20 L i§6AT | | < (wﬂ;f —2umnd) -1 (m,ﬁ -zsmx‘) =
v t-m; v ailis
= -Rmé _ Lmf  omé 6t 2eumd . L 3sm? -

vl wv? syt t-my uvt st



= - 400 LmEaavt _ imizav? - 66X (B-mdimd) . ALmE

vt uv? St £ -yt Pt
= —4i) - AMmied _ fmf 2 ~ i)+ 4L@wt) | eiamd _
w 5 e +-mé
L l—&i] F Lhae) - AWM ey 4+ 2{) - 6<xm¥
w s £"m;l
- I by 3 - z ik )
— ‘[',H == _.2,{,‘)( 1 {1{) g;\m)‘ _,_ ("‘-1:)-?) mx + (i)-ﬁlmx
+-mi U s

Even thouglh the 2 dascangians ave completef di ffevent the < theories
ive the s8me on-shell “s-mateix elements (that is) they describe the samei\h Sics)
he veason s thal the 2 theories are velated by o field redefinition that does nof alter

e )(v'ee H’Imr}( [Tmit.
We remar K that the ecjmualenc:e between the 2 theories is on'y frue en-shell . T /oarfr‘cu.’ar

there is a price to pay feor maiﬁrng the Goldstone boson shift .Symmeﬂy explicit. The a(aaran iah
Ly has non - renormslizable intetoctions. ; fhis & vnaveidable if we start from a renormalizable anmf

(Lo in our cese) and malke a uon [inear )lre."af redefiarlinn .

Which chorce fhea, is the best one? T+ afe}aend's on which Wind of compufation we are intrstd
in .

o Tf we ave iatereated in hi hliahh'ln serne  structorval Frclpar'i-:'es of the +|neory,- then we

thf:icak'u', chocse a wviov - linear redle finition.

o 7f we want® Ferfarm complicated lo:af: caleulations , then we choose the cartesian basis.

FURTRER PROPERTIES : THE "BROKEN' cURRENT

Cnnai.&er Jf"ne cw'r’eh‘{' Jﬂ asaocia“l'eci ‘{a 'Hne brcK&ln .symmeht{ :
&\ _, (6 2 re) (% =<4 - (@)+Oez) :<¢$-@¢5) | 0h=-
<“""> (‘1’5) (‘b*> g 4) 8" 84+ o D¢ =+

J’u = LD@ - = E}i Dd’z = (Qﬁd?‘)(‘i)d’a o CB""d’z)fﬂl: P, =1t
? (Judy) 2% t2) ¢ =0

= (9"x)(-0) + (*8)(v+x) = v (9*8) + x (9%6) — & (2*x)

ﬁa‘f‘ﬂr(?“e; +x (978) -a(2#%)

g the covreat has a feam livear tw
the Goldstone ﬁ'éld

CRNVT*IE>. We mm?u‘]‘e it in the free fheory

We consider the matrix element
limit-



<0 I[vCa“e) +x (219) - e(a#x}} P>

One specific parficle state of

Only this ferm contributes . the Geldstone Field -
We write ‘the Goldstone field as: [F) = \I'-’._Fp at(pio , Ep IFI
i 4% ~ Lif{‘-i‘-_} R e[f'; since Mg =©
007 [£E=—[e®) ¢+ 210 ]
K ; — KX : KX =
= v <ol =y (a (@) (-iu)(e ) +at(f) {Kret )- 25 at(F)lo> =
BT S T e B o o P
= (-{K*) e 28, @) S(Z-F) = -<pte P
Lw}‘ (25, f ; i

3 Y = T The EFOHEWG corrent THx) ords
‘::F ‘J-"‘(x]lfj) = 'f,F-‘hE U' 3 S“‘J le Pﬁﬁi‘t‘le G—Eﬁl S'h'.?ﬂe
state From fhe vacuom.

The result in the full interactin ﬁawry can be ﬁme‘swc‘ as follows . Consider X=o
<P IJr@ o> =évpt . Tatle full! f eory <plJr@I> is a feur-vecter and i
most be prep. o the only  four-vector we have at cordisposal  pM. We simply wrik:

(F’ | ThGO) | 2> = cF PM where T = coust.

- s w0, OF
At vown - zero X mejuf} oSe e_iq“EﬂJ”(K)E Q“PH*JJH(X—SJ) thst = J’YGFEC:J'E‘W?

— <PIJ@ | = <F‘|e“‘""'f\j”‘(x)ﬁ‘:"fl_rz> = e *fepiguc0in

so that: - =
<PIJre) lap = <cFpr el

FURTHER PROPERTIES: EFT FOR GOLDSTONE BasSoIYS

Con sider ﬁ'ﬁsf‘ the ;[a/./dwfﬂg cxerese . We mmFufE the amlalifude Jéa-fhe_ mﬁermg

TI(P)+ (R — T(R) + TT(R) _
with on-shell external particles. We have 3 aﬂ'&amms which contribute fo the qmrfr'*fuJe..

!

P P
I i 3 - M | F;
A H T
7
n P, T ) Pﬁ 7] 1

P4
We vse the unon linear freld rede finition.

= | 2 Crrpes < 2 < £ ' :

g — e d i
r_{%(za-ﬁ,);__w L (2P Ps)

M



T This case:
S=(P1f) = (PR) = 2pR - 2P

t= (fi-B) = (R-R) = -2pps = -2pf
w= (p-f)= (B-B) =200 =2p-f

W= CEY 1 8% | [CH)| €7 <N
Ll Gl T e -ms vt e-mj

— (-0 [s2(t-m)(u-m}) + t*(s-mi)(u-m}) + w(s- mi) (t-mi)]
7 (S—m2) (£ -y Coi-wid)

Consider the numeratar  (in the square bracket) . We vewrite f as:

Stu ttbud st o+ mif Guthiw) - ) [Se(fm) +1%(s12) + u? (s-nf)] =

= stu (s+tsw) - mi [52 (110 + €3 (sew) + w2 (srt)] + mf (524 424 )
v

Haam we wote thaf the daugerons® term that would lead to an am'ul[fude that grows with |

e ErﬁLJ adu&lly vauish iw 1he sum since s+1+u=o

Zn 7he con Sframe we write :

'S Pi= (¥00E) aﬁ(Er Esing, G{‘E@Es)
=
f f = (EIO,GI-E) fu = (E,~Esing, 0-Fusg) |
i )¢ > S=4E’
7 P ¥ — t=-2pp =—£E*§i-m56)
U= —2 PP = ~2E° (4+casa)
f

We consider aﬁxaﬁ-aw le scattering and we suppose that ‘H’}e ener: y is much smaller
c:am.r:aareol 'l‘o *Hne mass mh. N&af:!:;oxfmd{'e_ ‘an amfli‘fucle as ﬁffowa!

M= O s? bl ut ct 2
11 Ut [(s-mﬁ) +(t_mﬁ) + (u-mf}] ('-.Ue. meca[e st u com‘mrtﬂ fo mg)

= G0 (_‘1_ (st u?) = te (st4thud)
Pt My ?}"?mf'

U e e ¢ 4 =2
4‘511"1'= SN (Sz-}f?iLﬂ-l) S}hﬂ << mj,
m,




What ,{a%ram%ian describes this {fcm enery {imﬁﬁ?

UJ{ Caﬂ.‘h'(f 11'9 Ca@rmf sodh Ja%ran%mn fmm %rsf Prrri.;:"c)l'esh

1) The iseawan%ian we seek must confain 7T(x) as dyuamic&'l. decavee of freedom .

f:E) We a.si{,f'he.refﬂrﬁ " the )Q?M?W!'ﬂ? c?ue..’;‘fr'm, . " What is the mosT aenersl Laarehaiam which
deseribes a Gold stone beson ari-ﬁ‘meﬁ )Cmm the Sfoh‘l‘éh&oua EreaK*w? o{an <o) =2 0l 5:‘mm€+&‘r:‘:

iti) To answer this c.]u&ﬂ?qn , we aﬁ!l'f oor general criteris -
a) The Goldstone bosen 1s a vea\ salav field
by Tt enjoys the shift simme‘I'ruf T =2 7 tcondt

let = write a iaaranaian consistent with these rules .

At the  renormalizable level  we only have ene Fo.ss‘t'nilﬁnr:

Z= LGmG )

(Free theory of o swalar massless field)
eory of

However if we %Tue. op with the rentu_iremenT of renormalizabilily | we can write additional terms :

L= Lonem + < [amer)]

l

This ferm | consistent with our vules, mvolves 4 Fields T and 4 derivatives Ther

e{o re ithas

dimeasien 8 and mosl be h*nul#ii:rlie.d bj g constant Yc" with wmass dimension [H 1

We have classified these theories ss non- renormslizable , on indeed thay are. However , e
how have the possibilily To qive 2 physical in+er|:>re"ra+'~0n of these theories.

Fit'&'l.' c)c c"!nn le.{‘ ‘s ComFu"te ﬂne SC&'H'EH

nsa amiblijmcle of TE)T(R) — m(P)T®) with The T:‘ﬂr'ws
Iatammaian.

= LEm0m) + ¢ @mmbmG )

Lt
the interaction fzarfawe:s a tolal of 41=24 contractions divided into 3 indlependent  stryctures

Tﬁwaa, the [imit of Eamp the Pmt:racaé"bv‘ ¢'¢7‘|[5F5‘3 info & conlact ;'ﬂ?’:‘.’i’dc*‘?‘ibﬂz.
) 5,

] = (c {(—zﬂ,{)(ﬂéﬁ*‘)@ BERY) 8 + (iR )CiR,)ERIER8 + CiRu)(+R,)E E“){ffi‘hﬂ
= (o8 [(R R R) HPR) (AR + (RR)(RR)] =
= ic.2 [@RRICR R) + QR P)ER A)+eRR)ER )] -
= 2icC (st u?)

We /}'md the same amf:.l’;'fude iff we idenlify C E?% . We avrive at:

7= Emrm « 2]




T {his Zdaraw on , Fhe massive mode does uof appear e}rfﬁ’r}:f“f&-fy we say Fhst &t hos been
:‘n'Pe,atra‘fed ouﬁ

We call the sbove Aa rangian an effective field 1"“6’0!’}/ d'escr[‘nrn?_ the cfywamfcs of The
Gold sfone boson at’fs?mg fmm+he So(2) Emaﬁfm&.

ﬁez«’g;(
H-‘Ih -+

remt — Jimit descrlbed ﬂy L= %(%‘JT)(J"F) 1'“?}:' [:(&?T)@”?T)]z
€) Non - renormalizable thecries can be considered fo be faw-ene@v effective field theotis

in which non - revormelizable ofera‘hzm arise because h@aur sfates thal do nol Parf‘ecr‘f:sft' fo
the -Jynamf:s have beei r}z?{e(?ra'fﬁ'd out,

tf) We wnow understand why , Iofa‘ysr'«:.s side, the non-renormalizable raTors ave chavacterized

1:17 coefficients with a wegqalive imass dimeasion . This dimensionfoll /a&r&mef:ra Kce/o
tracl of ﬁsdu'y states

r’ﬂfﬁa rated ovt . For instance ;i our case, /7 is The mmoss of the
adial  mede .

{it) S far, we encountered two Kinds of non- renormalizable theories

L= £@00) - £mx+ £(3.0)(0%0) - 2(x% gl-avi+2 2’6 s sv26)

y
£r = 2RI - 2wk 2 Gnkorm)
F2 (14 2 hv)(3 QM) - Ird?- 2 44

V
L= L (um)(orm) + %[(%TTXQ"“)T

Non rencrmalizable qpemfm ﬁgm
Nen - venormalizable ferms from hon- lin eav

inteqarating out heawy Fields
fq‘e[c’ redefinition ﬁﬁ d 7

We ncte that these < Kind of non renormalizable theories differ :

b Tu the 1% case. the catterin amfl':"f'ud(ew de pndl g wilh eneryy (we verified that
tn ewr explicit computations)

» 7o the eﬁﬁedivﬁ ﬁm’d '}ﬁanry case , scafterin amfh'fud'es do
the ﬁgaﬁerim? amplitvde for wmw — computed in fhe EFT. 7s:

{,-{='2"ym: (s¥tt'+2?) and il arome- with enen ; thecefore  we cannet extrapolate its
Va'h‘ch“!'lf vp te srbifmry lm“gh enery becavse” ' will lead fo wnitarity wolation.

This malkes sense , ince at ‘epergies I‘Zﬁ’mh there is ewovah ene fo' malke The radial
mode dynomicsl . This is & generic resuht @ we say that gfﬁ;{?ve field Theeries break
dewn at some ener Y scale (ﬂ.l.{..‘e. the ﬂm"’aﬁp of The E.F:.T:J

This enerqy scale is the scale at which the amplitode grows in energy at the poimt

o f ceusing violation o f uniferity- Physically * fhis scsk sfanal.s the Em’sfﬂ'{::e of
kEauy particles fhat become a‘yk&mr‘cﬂl.

Emw with ewerglf . Fer example



The exact compvlation is on lectore 36, 42-18 ; we con show that for w7 =77
the energy cioff of the FAr Is E < W

PARTIAL SYMMETRY BREAKING

We 'h’tir fo st a mere %eﬂem\ discussion . Consider a scalar ﬂi&ary wilh a alubal srmmt’i}
G.

D) — DU = PR ~Lo (TY)7, P x) nfin

| | F L sulh that
= .. I A — L4
Multiplet of scalar i S i et L

fr‘gfafs
T* are the oenerstors of 6. Their number is always ec‘;u.ai fo the dimension of the roup. Their
e,krlicif form :JEPERO;-S on the te.f)re.senfaf;bn aammfr'n?, te which +the ﬁ‘efd’ qﬁaﬁansfprm.

The, .,Za vangian “i‘al{e.a +heﬁrm : .ﬁ “—'zm,.; "V('-’F) ;u;i‘['h ‘Hne mo'\'&"‘i‘en $To \'th'?!.hc!t Jl'lna‘i‘
we have a wmoftiplet of swslar fields . 74e Jaaraw ian hss fo be imvsriant Df=o.
This =ondition , if we focus ou The Po?’&wfr‘af fé€rm , can be wriffen aafm","owa:

DV(d)=0 — BV pd® = AV (D)us (T ' = o
th i T
at is:

g;a ol (T"]ah CPh =0 (quariance. -nf the fgfsm[r‘a( under G)

We minimize the Bheralf of‘H're. +he.ory- As woal the Kivetic part s minimized lonf hom@(
for ﬁefd mnﬁ'gura‘h'ams which ave consfont in fime and hpmoaeneaua in spoce. As far St
FJPEVHF&\ (s cowcernal , we Suppose that the “pc}?fem’:«'ai'r (s malerei ved E}z Some ﬁ‘e.l"o" cchﬁ‘g.uraﬁbh
$E’: . We have 2 condifions :

oV (@F=¢)=0 RV (5~‘-$«) is Hive semi-definite
24° 3‘1’3 Bcrh (%Smualues ‘4,0)

We introduce shifted fields acmr&tn%ﬂ‘b:

) = 2+ X ()

and consider 1he Pa‘}e'n‘H&'u exran&.ed arwnd the minimum
= V(E )] = o) + 2V (Byx®y 4 2%V o, 0 O
V@) =v(@+X) = V(&) + o (E)x°+ 4 e &) x5 +

= 1 BZV ab
V(@) + EW(&:]‘X b it S|

b
" Mass Matrix"

The terms cjuaa‘rm‘rc in the fields determine Tthe "ma s matrix" of the ﬂ"i'&ﬂr‘lf :

Exavngle.
Gonsider the case of G=30Q) we discossed before with



P(8) s el e g0 e

-jﬂ« ?%.-'5 case we have:

] 2
W | ((E,) = (3];}‘ 7719 ) % i o) (Th& eigen yaloes represent e
3‘#’4‘ ?Jdﬁ o TA-pt o o hass .51:ec+rum of Hoe ﬂ'&:r‘y}

N.B. The wass matrix in %emeraﬁ is ngl clfacaenal_f For instanee consider o di ffevent
rhoice o)( Vacuum 3er#1, br’(;

4¢L> . 2 fdJ'z.)={F1r v e:'CP-Lf-‘l +¢C’¢a)z “"‘I?'z'
z

1
o

we find : e o (The matrix s won-disgonal bul
f oty | ((_ﬁa) = <'ZUA—““ TA ) = (}L s ) the Fh*s-:i:s is unchag‘a@\.
24: 29; v 2 A p .l o Toread tlhe wmass spectram we

disqonalite the mass malrix : the
e?aeaua';uea ate (ndeed -?juzancl gdj

The matrix is non d'r'aaonal means that (f we considered fhe shifted fields -

‘CP; (x) = —%U‘f Xy (x)

= 4
cpa O‘-} ﬁv +'X: (X]

ﬂae (A is vale idn reads :
/l 3 % we cannel vead the :Lmss
L (9004 + L x)(0r%) ~Lp (X 2% P ﬁﬁiﬁl‘;'ﬁj’rﬁm = i

The vnasa-sinec‘Pmm however becomes *Framsjoaren'f’ af?‘er J;‘aagn&.’r‘?.ﬁf{oh.

We vow ask what is the act{on 935 the Symmejrn( arguf:- on the vacoum .-::onf,‘aumﬁ[m

WIGNER-WAY ( SITUATION 1:‘[4(2 vaecuym s f'eﬁ wvariant J':Jy the action af the ?muf

D(g)&i =-$: Vae& — 7""4_9:=5’ ’ A=d,..., dim(e)

—

i+ talles place if the vecoum s ndt

(PORTIAL) SPONTANEOQUS SYMMNETRY BREAKING
fnvariant vader the action of &

) v T4 a’ 45 (T does ndt annihilate the vacoum)

Some of the geuersiars sunihilate the vecoum ond some of

GEMERAL SITUATION
the aeuerafoﬁ do not eaunchilste dhe vacvom

- Zf T3, =0 — T2 is colled unBROKEN cENERATOR
e IF Ti@ #£0 — T° s colled BRoKEN GENERATOR




Eﬁmgle :
Consider the case of G = So@) .
¢ > - 2 : =
d= (f) /- -Zi—@q’d@"d%)—”@) V()= vg_z %dﬁ.\ + 41(%@.)
3

:Def"ini‘ﬂ% X = (¢ b+ $2)% V(K= -/“Tz){2+,2:,><“f J pLo  Aso the minimum is:

P+ + PE —'-ﬁTz =gt

Hewce in this cace we have a degeveraqy of vacua described by o 2 dim. sphere of radivs 7
All cleaautera‘m vacua are velaied b?o an S0(38) transfermation

We now makKe a chomce ; }ﬁor instance :

c:’_d;?r-.ﬁ,=(g)

v

This specific choice of the vacuum brealks the
orisinal s=o(3) Symme’tr'f- However theve is & sub roup
of s0(3) onder which fhe vacwum is invariaaf @ th $.

vacoum indeed v invevianl under S0(2) rotations avround
the third axis (in 1his case). Thevrefore :

o o p — a
T1 = (ﬂ o -.2) —— Tif,'l" (—.u,r) %3 — BROUEN
Q

0O 4 ©

¢ = (U
a) — Tih = (o) +0 —> BROKEN
Q o

T he ,fol'fewr'n% resolt  laolds:

| The vabroKen ?amra'}urs T° close 5 subalgebra. The elemenfs exp ((etT®) form a subgroup
vsvally denoted " with H . (jﬂ fhis cese we say ‘that the symmetry is broken & —H) .

IYGUI [ ~
Let’s consider the commutafor [Ta,Thl - We  write : [Ta; Tb] =ifaneT tifaeTC
we aﬂaltf fo both gides the vacuum: [11:7°] $. - Fooe TR, +ifaee TE

sk =0 Fo

so we find that f;bETca?: =e —|fab2 =0 ¥ ali2

The‘.refore I:':I'_aJ Th] 5 A:f.;bcTc (d'nsed suhalael:ra) O




Wz now come back to the e::lm‘ﬁan WV o™ ¢* =0  sud differentiate it
with Feafbec?" fo 47:-‘ 942

VL LAy idh L BV o f S =0

24° 24¢ Ly
oy |2V (T @° + 2L (T‘)&c} e
?¢aa¢c g,d,i
2V (rpy ¢b + 2L (14, =o
..-‘Hb-iatp: gd}i

We evaloate Aor c??: -
D (@) + W’W JTe=0  —— |2V (G)(T'R) =0 Asdim(®)
2¢°2¢" i 2¢°24 " (

l
Thiis the mass matrix we definad before

There sre = coses:

{) The case in which %' corresponds o sw nbroken 3euemfar Ti=rtl T°¢ <&
(‘fhe shove condition is ?{-f‘fif!aﬂjf vevified) .

() The csce in which A" z:ar'rnsf:ﬂhds fo a broken generstor T%= TQ; Tst‘ﬁ.‘f*ﬁ'
Za this cose we extrect mon-trivial fufermatieons

H:V |, (&):) (Tﬂ(ﬁ,)a =0 Sty TSJ?: is an eiqenvector Df fhe mass matrix with
2¢°24 +3 Fevo ef?lemm[u:

Since we can repeat this reaseoning for oll 5 mJefmdmﬁy, we conclode that -

There is one Goldstone bason (mass less scalar) for every ﬁ'ueary :}za’e;oendeuf Sponta neous

brolen J}Immﬁh’y a‘ewemfor :
# Gold shove bosons = dim 6 - dim H

Seo #here s aA ‘i'{'c 4 Cvrv’ear)ondemce LJE"[‘WGQVL ‘Hfbe 59!9‘5'&\(1& ff&{d’s’ dm:'f i"'I{Tc 5&-:%4
%aneva“‘[ors i i =¥

C:Dmmenﬂ( :

a m H a3
We  have seParafaof the gewera+on T% inlo JET"} = {T; Ta} = glﬁl-i,_._;'l"DJr s Ta}
l__v,_.—P
{prlﬂ a subﬂi‘njl.hra-fhai' ﬁsuewa‘:ea e sukavoup H

Jw BEneral the oubamuF H is net & normsl 5u[oa\rm’b . Zn fact we have
[TI: TE] = “.JE!'EGTC‘f «'.‘]z.-n%‘é Tc = - 4 fabd T4 A:;JEQTQ = »f.-](até‘Ts wI{a‘oh 5 Hd?" ’,4,

As a» final inT we would (e & Find a enevalization o f the non linear
Farame“‘ﬁ%a‘i;om that desceibes the Goldsfone ]Cr'elds.

As we have seew, theve is a cne-To-one corresponclence between Geoldstone besons
and the breKen 3enemfwr_ T his Juaaes“!s ve fo consider the exfanemffaf watrix:;



Ly 3
U(x) = exp (M) Goldstene boson matrix

T

with 78 3 =4, ,dim6-dim H fhe 30!’:1{.5?‘0&6 Fields.

We discoss the case |sSo(N) — so(N-1)

b
Consider a mquF(eﬁ of real sealar ﬁa'fds $= ( ) witl ,faamngfan
a"emsr'ﬁy ! d)"

L= L3323 +£23F - 233
which is invariant ounder the ﬁefd ‘|ram5ﬁ?rmaﬁ'gn

$‘ — exp (-coaT) ¢ 77 are the NZ‘N
Fondsmentsl

aﬂﬂera*fohs af SO(N) in The
clefihing ) vepresentation

Hinima ave defined 57 the cond fion -

—_— —>

¢.¢=/“T2§vz

o
v

The genevsfors of So(N) ia the defin ing i'elpres.enfa'ff‘ans ire given as Follows . ﬁv’zegﬂmraifurs
of fhe afﬁebm 90 () are .5?umte+r=‘r: matcices . Tﬁz? con be ara&lﬂi?&f as follows

2 o i 5

ﬁ- a_ :O : . O I:.
TVs T*( ,,,,, 0PI 3 MR I 4
ST ‘o AD O 10 Q...410

A enmifes the So(i-4) N-1 broen aemmhﬂ ?’3
Sugbgrob']!

We choose fhe vacoum -

We write - /- M-2 real .s'cafarﬁ‘ef'af’:

F) =exp (imm 2T )(
P ey G’ S v )(m w)
I S~ salsr field

Goldslone mstrix U )

WE FGU.II"I_'['E "Hle Jﬁzrenafan in ie.rm.r of $(x} ; -”:E Ilarma'.tiem‘#‘r.r}'arl is -f:r;‘w'al/ Sikece {ﬁe if:afd'.;‘fdw rm‘h-ﬁc
C[I"OFS- Zu Jfaet we wyike 34’ as .

$-§= 33 - (ST,Amw)u(:frgm)Tu(nﬁ‘cx))(zu) = (fo) +v)°
and +he F«:‘Em“fia\ s

V= :gi(ﬁw)l +2_(hw)’
The field T13(¢x)  therefere, covreclly describes the Gold sTene fields | Aorthermare , we can wau




check how the Goldsfone Field 'fransvform.

{',) F?rs‘{' we consider +ransﬂarmaﬁr:h£ qOWd]Eﬂtl l'al|l' the bieken Sy b e"rrq
CRJ[X‘} = E#F(-t&'; “?igf-“ = exp (aodﬂT“]e.xP(ﬂT’(x) ( )
h@sv
USIncaJ;\\aﬂc formda and foc.ua‘ma on in)(?mfa&tamaf fran s formation we 3&:‘[‘:

]Td (kj =3 JT ("6 X3 (Norl IHE&P‘SJ(’.‘F)(% v dler
2. he broken symmefryj

£€) Considev how Yesnsfomolions a/anj The _un broken directon.

B0 — exp (Lo T') $) =
= exp (—LolaT?) ex {'Trg(x)'z_Tg eheall ot T o\
e xp cmdinfa bath i o end TS we ae‘f':
2 (4 -couT) (B4 2T )(4 10aT") =
Ll el Lt bt doant®s To15L L rte 19"
v w b
=l 4 £ T0eT |, 27 [7477) -
s v
i 7
T+ .E‘JT'U'Q(.; A;aﬁtT =

LA €imer®
=1 f’-ir_‘:(ﬂ'gffofa)caﬁﬁ]'l')rs

ar

Fom the com parison we cejeft

Ji_a‘@) HEES ]TQ(X)—A‘o(a{fa’EﬂT%(X) (T[na Gold sfone beson fransforms

[mearlq under H)

The oubrolew group H 7s wdeed realized ala Wnanﬂr‘ Wayl , and sl ﬁefa’s;mc[udhﬁ
the Goldstene “ must +ramafbrm /mear{y vader itsN action.

From +he tmﬁmi#ﬂsimal {ramsﬁrma‘ﬁ'on we can extract The enevrators n
the representation of H aCCt:'(dEm%".‘c which the Geoldstone Aelds Transform.

JTS(X\J — ﬂlﬁ(x) ~ 4oty () sh ﬂt(x) (a runs over the onbroen 3&?:6!"&1:'5}"&)

—_ (fa)a’t =1 £

aamsr‘a‘:"om are WI‘IHEH in ff‘-'t’ms C’f ?q’h’l Strectore coh‘&"falf‘.-'." D 'H’I& a!rot_;]: 6'-
:f'h 273l that runs ger the onboroken cdemara‘['ora and 73" aud "B’ ruwmw&
over the breen faar‘f Afl=1,..., dimé-ditmH =d,..., #6.8

Remember the de finition of the aaﬁ'omf I"a?.f?rES@ﬂ'f"ﬂ'HOH of a lie Afrg.ebra:



ad: 3—_; 3(3) (%(ﬁ] s?ace ofaﬂ eifa"amorfﬁl'.sm }fram +the al'gelarafo ﬁ“seff)
Gdw)y = [% Y] Vxyeq

We extract the matrix elements which JE_*ﬁne the ojoera"foir ad (']'&) in 1 he bass
clefined by the 3&m.erafar.f: i
(f A)Rc T 4/.43:: .

Consider the ad cint of +he qrovp ognd consider its restriction fo the su
. We compute J (ad ('T"’)J[)(Tﬂ) gr %m’p
ENT! = [T T I=ifane T — fhis s fhe adjoiat of fhe sibg. 1

: (ad (T“])TL = [T‘,TSJ =i fte T | Ly thic b Yhel subidpace of T?
lefH inva riant ¢ +he action of ad(T?)

The botlem line is that the angz‘nf represedatation of &, when restricted 7o the
onbrofen subaroup H, decamposes into "the direct sum of 2 reprasﬂﬂh‘ﬁens . The 1
opne is sﬂml;ﬂ\f the odjom? of # , whle +he 29ane i3 tpe mfresewfaf-:m accoru’ma fo which
H’)e LroKEﬂ aenera-fer;s +r-a ﬂ,sfc?rm (uwcafer 'qu w b rollen S}/bwm.ﬁ‘}ry)

Ad(g) £ Aich) 0 R

witn em_era’rdm \ witl e eraters
(f;)hc '-'L)(.g.:h Gfa)'i‘,? = A‘r)caﬂ

Tn few words: the Gofd'.sfami’parf ices form the same type of multiplet ouder the unbvolis
5(;»11»1-&*‘!':( a= the %enevaiars T® of the broKan strmme%ry.

JOWARDS THE GCOCDSTONE THEOREM

We discose the Geldsione Theorem in the foll clu,am"rum tHieory . Consider a aFrT with a
%\aioa.\ s?mmdrur grov Cecontiniow) G, The sqwmetry group s ve sl’t edl IJL{ means o £ fhe
action of om’i‘mr_r oFerefars on the stsfes of the 'ifﬁe.or?«',. and the corresfonclima hecmitian gen erafors
ave indicated with @,

We have heace +hal [Q“,- H] =0 (JTulerual Srmme’iry}+ Remember That the gvoond state isthe
ove with Hie lowest eue gy Hle = Ele). (with Es -Hfica'\i';/ marma\i?ﬂg tv zero).

:,rf Qtlad=c ; tlhe s:fmm.e,fr'f is= realized & {El Wfamev'—l.b"er!'

As we discossed | spentaneous symmefry Ereahiiwj (s realired [f fhe &rouna’ state is not
invariant onder fhe acfion of a mmet and its fradewmark s o deqensracy /nThe vacua

Tl is fhen nafursl fo iﬂfei‘!oraf the sfoni"awscw.s .S‘}lmm.é’h‘?«‘ bi’eaﬁ-'ws_ case as %Jﬁ’vw.cr

Tf£ @l #0 , the symmafry is veslized & (2 Nawbu-Goldsfone

ﬂlf.s seems fo be a 3995{ ”qw&m?‘um Jgﬁ'm{‘f{on" Sihee :
He' |a> = hatle> = @"E.la> = Eo (0412)



So thal @M > 40 has the same Eﬂﬂi"g? of 1. Precfsﬂ\f what we observed in
the classical smlysis.
There s, lhowever , a problem with this definction Kuown as the Fabri-Preasso Thesrem

The problem s that if we apply Q"> ,elther we gef Fero or the sfate Q" [2> isndt
well de fined in the Hilber! space .

Consider the vorm |12 :
la* > 1I°- <alararia>  ;  at- [$F 5370
= j.&;:? <nletgi®e> ;g3 o= g“"’-x'EJ&"(oJe"“X*E
= fclf‘:? <ﬁ}a“e£*'fJ§@) E¥Fla> =T (@ and B4commdte and e"wﬁx)#@

:Ed’f ¢n|@’7i@1s> —ow wless @*|l=0

We need fheefore o different definifion . The by observotions ave the following.

£) Consider the commulotor [},‘1“‘0(!{)] where O(y) is some operator (made ot of
Fields) . We write:

[, 0t0] - [0 [sim, 0]
—

TC Tf (kY)'co 5 (X)LIRFI0 S | R-TI(x-y)
The above obieet s well de fined I’DSCE,U&E it vecelves conir'butions onl }(rﬂm 8
FFHHE volume ]?—?f'{d (XQF?’jIZ. The j’” insialtt f{-hereﬁre s that i+ 1= fwssf'ble o

ovYercoc me 'H'IE cbsfrucﬂon o![ 'ﬂte ;"'-_abrf— R'cassﬂ fﬁeafem é}y caw.sfc:!’&n‘wg e:@PHMdfa'fokE
fnvoiv:‘mg as.

-t'{:) We now ueed an alternative condition to @A do0 . (onsider The fmmﬁrmaﬁ'pn
?rc:ferhf of a e:}mam'Fum}[-fsld vnder the action of &. We wrates

[@% 0%0] = - (T")b0%0 | o

Consider the case in which 6 is vealized 3 la Wianer UJET'[ - Jin such cage
KRY)=0. S

<)@ 0w]ln) = ~(Th3% <210l =o

=g :[',F the s M . IS this s 8 true Vacum
realized 3 la Ca\r\u" W&i{} -‘:xFeci‘aﬁ.m va lue

#* s the mﬁnﬁe.sfmaf _form Of the 'ﬁ'&ﬂ:ﬁl’ﬂ"l ation 'ProPgr'fy:

0°(x) — 0K = U 0*®) UE) = DE)’b O°K)

e that the q:‘:erafr«a‘r 0°x) has & won-zero VEV — £0|0°0) > $0 ,rfﬁeﬁ it will
{‘ﬁw.sﬁ;rm &cccrdfna To -

14 b -4 b . a
<0 1> — <alo s =D& <calctmin = <l 0%x) |=>
exp ("iﬁtTﬂ}ab



We (earq s'ame'l'hm? interesiing . ﬁnhf aperstors which ave tnvariant under & may
a“}““’“—' & non-zero VeV if G is reslized le Wigner UJe'fi . This is important becavse
in evr sefup Space-"rfme symmetres are always maqn'?eﬁl § la Wigner Weyl. 7herefore only
operators  which ore Jorent: scolovs wey acquire a8 non-veaishing vev. Feor fhis reason
we tipica H!y consider o(xX) fo be an e."emenfary scslar field even ?&rou‘?h o) could
alae 1:)2 a scalar c‘am},cxua“le Dfnemfoh

We now oot fogether €) and ¢0).Stace for o symmetry realized 3 [a Wiquer Weyl we have
C.ﬂl[&’“; *x) || it seems natural fo require fhat a tredemarK for o spentaneous brofien
sy mmm‘ry ‘s the condifion :

<a|[e*,0%0]l@) = - (T <210' ) |2 #0

O) are opersfors fhst transform hon *Frfv-'a,’f/v under the qroup G but they are Lowents sealars
Becavse of i) the vev 1s well defined . We can 'l-wr fo"be evew more specific .
Consider a scalar a/oerafar- O°%x) with non frivial fransformation Praferf:es vnder G. T perticl
suppese fhat this pe rater fronsforms acording tfo some ivreps of 6. = # trade mark of sponilneovs
Symm. breakmg is the presnce of a mr:-rvam‘s{:‘m} order f:ammeferr

< 2| OLO'J 2> = v* #o (ﬂ'l leasd Sfor some camfoneﬂf b)

In fecf the presence of a non-vanmhr‘ng order Pamme?‘er‘ fm,offes that
<nlfar,0*W]le> £o| (At least for one "A*and one %a")

Ju fact:
% an [@“; 0“(%)] sty = - (T“)qc <)o‘wW | =

= GO TETL IR
T - (T“)a;, b #o Since tr"“#o
More Jpren‘sftfy Fhere must be at least one”A* and ohe "a* such that — (1" v® 4o,

¢+hermfse T weuld d.gfme an  invarient Sob-ir'éice ('H’!a* i= noh Faéﬂiﬂe Since '”\E‘ refresenfaﬂ'un
ts irreducible) .

Exam?g[e !

Consider the case G =60@) we discossed st the b i'l.kulfv;a . The vector $= cg:l jsa
deublet of scalay fields that fra nsform aa:ero’fna o the /w;' amenh) re;:msam"aﬂ'on of 6.

(&) — F(3) = w-en)(8) | 7= (27)

S{Ine:e de‘*:-‘—diz and DCIJL’T'% ‘H‘Le,u. 'Hut c,u'-’fe-i.t‘i' &HJ hemce ﬂte dmrae ate

Jﬂ = (2« s - (3*P)d: — |@ = F’f [@£¢LJ¢J ~ (3£¢1)¢2]

We CQV‘I‘]PU{'E ‘Hﬁe c@mmu‘{'a‘i“ar 2




; 3 - o -4 A A, ’d;!‘]s 4-4)
[@% 0. 0] = - (1N w0 — [&,300]=- (,; ) i)“(-,eia.) T {EZJ@]:JJ&

The 5r;mmefr?r is slpenfa neoos ly broKen if there ;s & non-zero order Farame1er. T F we sef

<Po=v — <[e,d]>=0

[\JUE. See exf)ﬂcife| H‘ld'l' a non - feyo c:rrd’er Far&mefer :'mfl"l'ES a non—FEere cammur'afslr

of &, frev:'oualtf stated.

GOLD STONE THEOREM

iven cenlinvous global symmetry (f <J1|[Qﬂ;oa(x}J|J1>i‘LO at lesst for

For &
one ”ﬂ’a and one 7al, {len theve is a' Fere mases I::.arﬁcle in the 'lh&nrlf-

Preof:
We censider the mn-l'i{y <2 |J{ o’ ad . We elaborate as follows: we
introcduce a mﬁcn‘gf@w of the ideatity  in the form -

4 = -%« IN><N| | (The som extends fo the vewm , +o
5Fm§le pavlide sttes snd malti- Ipaﬂixln

stafes) .

We dowt need to construct exfbl.‘c.'-ielr sich stafes , we gldl?' need the information
that these are c:‘aewafaie_; of P* with fofsl guergy and Yefal momentum :

HIN>=E N ; PIv= g

There fore:
< | FWYSEID = S<2] TiY) INSCNI0°60 12
we Now wri’re: o 0
T = e ot a1t
0%(x) = e'”PO“(oj e r
and then : il L L i 2 n lvee
= = <ale @ T N ™o e a5 & Eih Lo

oy R X R
= > <algiee 0 nsen] e ¥ 0%0) 1> =

' (x-4) Pu
”Z Em K <2|JA@IN> <N 0¥@) | =2 =

1

- Jd‘Fda %Qz 174 @I N><N IO @] et “'”PS,,. A
We now define :
(i—ﬂﬁ’: (P)= 2 <2l J{@ SN0 §epf #
2T




We vewrite fj‘:“ (p) as: ﬁ:{: (P)= P* fan (PY ©(P) (Usmea Jud‘ Jorentr ceovariance)

We are now %m‘ma to prove the confra Poaﬁwc ?v’o?oaf‘l'i'oﬂ ( which is [oarr.ali.q ec'uiu.aleu'ﬁ‘]

Jf, except for the vacwum, all ststes are swh thot TuP#2> £ >0 (No massless states)
thea < )[@40'®M]Isw=0.

Two considerations:

a) Congider some valve of PM such thaf plece . Thon the R.H.S. of1the ¢ wation i
Zero. .Z"?:fa.:‘:' ‘i the sum the vacvum sfate deegun-t contribute <ince <R | T @) M>=0
and all other states have P22, So we have

fra(P)=0 ; pige

b) Consider now
<salfimoinia>= Lo [4% Praw ) 89T
Tf we talfe :? and use the conservation of fhe current

[ ifxY)-
o= 41 Id‘*P PP () 0(p) e T
czm)?

and [ f we consider the case P‘:*,EM it follows that :

P (P)=0 , pPl2¢

We conclude that <2 lJf(‘f)Oa<X}|ﬂ>=0 : S.‘mil‘art'fj stnee the fDT’c::of deec ndl ol@f)aﬂd
on the order , we also have <210°C)Jh (NIWD=0 C‘anse?uewﬁy?

<al [Ji@, W] 2> =0

and since <nl@ 0wl - (P7¢n|limowlie, , we have fht:

=

<l [af 2] 2> =0

Cﬂmmeﬂl i
Notice fhat the roof (s invalidated (f 4here ave massless f)arh‘cfes in The theory.

The eqration P! fu(F)=c wnusl hold, since if is a consequence of coreul conservation.
However (f is satisfied i£ we faKe Faa (P =50 . [gnsea wently

A praL(FE(P) = é_“j3 PrS(Pg(P) = 4L pr

1 el
em)? Gm’ | zpe §(P ﬁﬂ)

it meons that in the sum over IN> there s a mossless sin«a[e perticle ctate Snce o would contihie

N s
Qme K

<2| A @IK><K ) 1> S(F>R) § (F-F) = (4_"13 <l J4©) | F><F1 0%@) m}ﬁfL;flJ
£ £



THE RIGGS HNECHANLIEN

o ABELAN GADGE THEORY CASE

Consider the Q@) Gaw&e fuery (Sslac @EDd)
[ = (D0) (044) +p2¢' ¢ - 1 (¢70)' - 45, FF
Dp¢ = (3usigA)d  , Fav =2uA -2A. P30, A>o

the .Zaara.ng:'an 7s invorianl voder the 6&:132 ﬁ&n{ﬁrmcﬂ'r‘m
P — $'00 = exp (-4 x(X) $(x)
Au(x) — Au(= Au)+ g—(a,.«(x))

This means TLfla‘l". weitten i ferms of ¢'C) and  Au @), +he iaavanaran has /ore:f'sef?v fhe same
Jorm . Consider for iustouce the WFinetic term :

Dob=%d 1654uP = 2E%) vig(M-$@e“e -

= QY s (U d) § ighn e e EH =

= e (d't i ALG) - € “b. ¢!
—— Lt GO - @) = La

The {aaﬁmﬁ‘af ives rise fo s)pon‘fane.pus g m.m.e{*rf brea(«{im.j .| This s The  dliscossion| we akeady
had i the .-.?oom?eucau.s s?mmdry breal’ﬂ:‘n% of S0@. < |aa.siml1f , the vacua we defiued i'o?r +the cond'tion
(¢|t= 1,533‘i . We malie a sf;ecfﬁ'c choice of vacoum  whi .:*crre.s.pamfs i carfestan Feld vayiables
d(x) = f_T(q:,(x}H:cpgm) o <P>=T, <do=0 .

We introduce +the .sl'u_,ﬁ‘ed‘ ﬁefd's : i exloecT Fhis fr'efdr 3

A ke a gafd'sfme basoh
[‘U’ tEe+ < ﬁ(x}}

= L
$x)= =

Wa aﬂ:lt( ouy S{hﬂ'&ai{ and (ool at the iaamﬂgrau wiitten fc-z"fke Jﬁ:}f&d’ﬁiﬂf#‘r
Dud®) = (3t (34Au) % (V+ o +ig) -

- ‘—_ﬁ[z},upﬁ L(3) + L9V AW + 09 Anfl -sAufi] <

o %[ﬁrtﬁ. . jﬂ,&(ﬁ 1€ (a,.cﬁ f?'ﬂ’ﬂu r%ﬁ, ‘FJJ

2 we = q‘esﬂ,-e +€va Hia'!‘q( Eﬂ‘?’ahﬂ‘
(E;Ad))-F(Df‘d}) = %[(Bju%‘gﬂf.'ﬁ) + (gvﬁﬂ +§Aﬂ‘f’,_ + 3}.;%3] =(- From  that does nal g(?og“j‘:n s

= 1[04 980 (3800 2p )]+ £ gvan ey va Gt g2t
Hazs term - iC mixws

(after S 'waﬂ(iuh]



* The term %gqﬁﬂﬁﬂ’” s surprising Jrc:-caEJrher with the plhston part tt scems fo desribe
a prees Feld : a massive spin-i. 7o support Fhis fl-'!'fﬁ?"pre‘."dfroﬂ we look at +the quadnaty
farf of fhe faﬁmn ran To identify fhe wmass Sfeaﬁvm . However we see that we have a
fsframaq“ o J'ecf' . Tl ferm 1?‘3 Au (94¢.) has su obscure fﬂ?tgi;orgr&ﬁ'o)z A g AT 5 a?tc&a'rah'c in ﬁzfﬁdc&
BU{‘ 1"’ mixes e4,- awd’f’z . It és called a Kinetic m;’xim;-

ffH' -;1(4,'5 fbf&t'f, WeE Fememél?ﬁ’ Hmf 1‘&& ’pk'rs.r‘cs a_;C &fdrsfone _J[r'ﬂra@ ﬁd.s & proré ?':hsm{sfeal'enf
.r‘nferr:rehﬁ'au f:F we consider the e:?aueaﬁ'afﬁbfaf variables . So we write:

L)
M= L |ut hedle Vv
o0- gl o]

Forthermore , we cemind fhat the theory is C;-au-ae. tavariavif . This means Hhat if we consider Fhe
Fields - i L )
Poo= P = € UL (ve k) 477

A,.IH- = Aju (3)4' -é’— (3);4“'-’}

‘Hle fhaary is [nvaviant. Stnce thic is trve ﬁ)r every &(x) we chose a .s,oea‘al C?-a,uae +.
with:

ol(x) = X)) Laitary Gavss.
U Li

The.'refare we have:

— LT T
P00 e " L hew) e ST L LGt h0)
AL@= A0 + 5 0rm)

(Fustead of the symbd " weue u to ndicate the specific choice of x(x) +hat
cerresponds fo The un r'?’:al}' Gouge).

JTo write +he éfdaraﬂafﬂﬂ ih tefms of QGu and AU we see thet:
$o0 = Pu eV

LD
Did=e 7 (a“qaﬁu‘ﬂ A4 Do)
Eem/am-‘

£ = ('3#43“ -H-—aﬁf“ud’u)f(?ﬂ-ff%ﬂﬂud;u) @ 4;"; cpu. +1(¢I¢u)z ‘%E»‘F‘u‘j

K-Emamheﬁin% that ¢1|, = \]—4:-2_ (vt A) T could weite EwFlfcﬁ'e—'l'f the Kinetic and ?OTEW\:F&'\ Lo
cobic int. 1:""1'“‘- int.
|

O Porenmidl TERY @ [V(h) = %(ay‘)ﬂ% v hd 4 7‘11_“ —> T caucels ot /

w-alasiue real scd‘nrfleH withh mﬁ:g}ﬂ"—' 2aut
O KNETIc TERN iz_{r}#('ﬁfv) +53A,M (£+1r)]+[?"(ﬁﬂr) -H?g ﬁu (ﬂ’rt*):l =
- L (L)) # £ g MM Cho ) -
= ’i_@u £ ) ("4 + LlatplA N, L gt (Frehv) Au A

—> JT cancels out !




,4” in all ywe ayrive at ;

L= L (ah)0m) - LR -kt Akt

—

74 L gt A 4

4

4
P
z

52' ( L!J-Z ﬁv—) A}Aﬂy

£) We have a massive veal scslar fieM A with mas [y, = 2u? =229 the Hfa6sﬁ‘eu

with a cobic and olw&v'['l"'cr se[f inferacfions.

i) We have o massive ?t’fﬂ‘iﬁda’ with mass |imy = 32

{f{j T”lere el e | Galictony bedar i Fho Thes Y, s d(egvee of /r.sveofom bas been
eaten by the &uae Feeld  (Fhe H?aaa) fo become massive .

We started from a *Irﬁecr:( with 4 DoF. = one complex scalar freld (2 po.F) + one
massle s "'fhatm" ( 2 pOoF) .

We end up with a +'u1eorr in The broKen phsse That stfl has 4 poF. = one real scalar
Field (40.0F) + one msssive pin -2 field (3 Do.rF).

Exercise

Weke fthe Feyuman roles describing the inferection of the h’facas Freld  with the nossie
an . We isclate
Pho‘t n

f[rrt * —%az»ﬁ,?ﬂrﬁﬂ + _i,aezfm./qﬂqﬂg
£ ‘Eazau ‘fbiﬁl’ua‘qy + %z Ug,ﬁ"" ‘f1.3"l-'u'a'$r1J|

5 ft\\ A It does ot vanh fwo
,J’mf = %a:.ﬁlﬁl’, A, 3#1’ — ::‘i:i‘ ‘i:i' Eiﬁf{':ﬁ =8, 33 a0 indeed this is alse Fnsieﬁf

; in sealsr @ &D

2}

Ji.-(| = ia"%ﬁ'ﬂ‘ A»Ar P /' . This is pecoltar of Sp- sy -
w = cu T m
i B ""ﬁ" ;Z{'f o 3” break. f:(smce = v

b

Cempule now the scaffering ampltude of the scaflerine of 4 longifudinall olz v 2ed
p’f}hnm%ﬁe,ﬂs . 9 F ﬁ.wﬁ a 3 / .F

{
B ams emmE mEUmEL
Z I A

o e

* -
CA. e () £ PIELR) e = @igr)’ [ B Gpc i po#gvT  essew ]
i sl=a | T £-mi ’ Uﬂ‘iv‘;"i;_
= &'(R) £'(R) Ef"(f;)ff"{ﬁ.)mr‘ca‘*(-i] (aﬁﬁr ¢ 9rrdve | Gwdve

S m t-my U- mg




lel's check thal tn the hiah euneray limit LM does wcl 3raw with cueryy .
Tu the oltva relativistic fimet® EAF®* %

A

> (M N Avigicd [(ﬁ-ﬁ}(ﬁ-ﬁ) , (FeR)(R-R) +fﬁ-R)(F:vBJ]
m S-mi { -in{ (-3

Remewb&rim% ﬂfla’tt

S= 3m{+2pR =2mFt2RR | — 2R 2RP =S5 -2amf &S
t =2m 2B =2mi-2RPy| — -2p-P=-2Pfu= £ -2m} xt
U =2 2R =2m-2R-P -2f fs =-2PPs= U -2Mf & u

—_— «(‘J{ = --4*3"1:'2 [(5-2#\:3‘ . ({‘—m’i)x . [’u__‘,,.:'z‘jwl S

(s-m)) £=y -t

M4
A 2__ Pyl
L. (__‘EI}!.}M’ SZ : fz . ﬂ-z ).x"- m.‘\ 3 v
mﬁ?z 5-m£ +-w,ﬁ Uu- m;l
L[|« A EETIN «? o F StuDmM;  se itdeesuct
e 5,m‘1 {--D‘I}L u—l'ﬁj!/ zrpw WI‘I’lﬂ- E-Mﬂ'a‘?f

Comment: Consider the am/oﬂ'}(ua’eﬁr The "I .ﬂf‘&ﬂm'aa“ we f:amfpufw’ be fore

; = 4) [ 82 1% w?
"f’}{mr-nnr 2 —m t -m *a—m})

it mstches ferfee:ﬁf with the previeus result.-  Thi teselt lpsrfa::{& sgrees with fhe
fwferPrefafr‘cn thst "the Goldslone boson has been caten by the messless " vector field . 7n

{he hnah euéra-r fimit i} becomes its l’ohgﬁud'r'waf Pahh‘»\&‘h‘aﬁL



NON ABELIAN GAUGE THEORY cASE

IINTRODUC TroN

Consider the Complon sca’t're'rhnca @ @ed . The amplitode verifies the (Nowd identity

Pﬁﬂi_’_{-r iy =0
e

We  nou +r-]r fo qenevalize To a theory in which we have wo ltiple fha?'ahs Sud mu#;}al'e Fermiens.

We 'hwlr to write 3
LY
Pt ’}L_“‘< + /m/”i\; =0
T (‘ ¥ F T i

h(-r-a)hm (Thu'm M(Tb]lﬂﬂ (Tajum
The QIMFII‘&OC.E Iﬂas the sﬂuc“hxrc, (&hemr‘ﬁca&tr):

A (P T + (Tl Tt = (T ok =LTPTh).

¢

The new steoctore that wefu’l‘ speils the ual[J.HIf of Hhe Ward r"d'em‘i-fy .
Unless we have a third diaﬁfam of fhe Kind :

> b Dy o
\ i
= C= NP«
n K r K

Tn such case :
A-H e (TETa)Kn“ (Tﬁ Th}kh -f-(:)(;u (chg.-, mh&'ﬁ: [Ta;Tb] “ﬂf .-{:)gbc (Tc)lm
IF fhe umder{l(iuoﬁ structuve s non-abelian | we may haFe to rescve fhe cauncellation

YANG - HILLS GAUGE THEORY
!

With flis metivation i mind | we 'l’\‘lr to constroct a non- abelan qenerlization of efecfrOMJndfsm
Consider o Theory wilh o 3rabaf invariance onder the -qusformaf?an of & compacl e Groby G

P — P = DI — ot (TH) 6 760 (Zufinifesimal ransf.)

T* ave e 8anera+o'ra wHh  non - abelisn Lie brackets

(T4, 0% r e fane T° (ﬁtac completely am‘.-'aymma‘fh‘c if the grocp s camr:ac"f)

The veop 1S cc;hw?ad- and all finite dimeusional ref»reseu'fafrcv:s are E?ui‘Vafeuf fa onr'fdry

tepresentations
f s (T= T

Since fora compact™ connected Lie greup the expmewﬁa! wap is sorjective , we have i

'[’lﬂ.f. f{'ﬂ.r"l"'ﬁ farm A



P — ' = exp Coat?) Px) = UER) PG

The .(ﬁaramaran Aesm‘b‘nj these fields will hove fhe form -
L= 20560 %0&) and f£-0
We us Efef{‘lroolymmr‘cs as d meadel . We 'hf? fo Fromo'fﬁ the a[oba.{ 5{rmme+rc{ fo be a local

invaviane of the Fqrangiail .
d""

— [P — P - e_wf[—im(x)T“J¢{H) = U P

77[1'2. Jaaramca fan. as r‘f is is obvfmsfy um’ invariant aﬂJﬂr local G—aua& {rdn.sf.grmaf(ons am:l
the reason iz the derivative 1emms.

Examgle
Ccmes'scle'{ a s=et s::f AFNT| Dirac fermions -“'!aﬂr wWe caned‘ wﬁo a N-dimensional \{&cJﬁ:t‘:

V)
V) = :
ye
that fvans forms accerding to the Amdamental represeutation of SON) :
3 i P
0| — ap (i S 4T W
Y i

sze .za rangiam : = —
77" d{q« 5?435’3,-*?'““?@?

is clesrly invarionT vader the olobal ﬁ?rmmef fﬂfac‘f U does uet depend onx and
en j,'f'l"ra'«:x.t W H’le. cJEi’Wa{i‘rE.- ? r? 'p

;ﬁ;swe mele the trasformation lecsl, this is not frue suymare. Zn fact:

Paprn® — Puipra0p) - Puey[Guy cugw) = Porr ) « JuQY g

This speils the fuvartance
To sole This frobrem ,we mimic the minimal caufalilna prescripion of QED and’ we infrocuce a

covariant derivative

D’,« ¢ = 'a‘,v-d} 4+ 4 G;TA‘p

Wheve we inlrodue #dime ':phm"an“/re{is Ga (”Gauaafiel&s“). This coverian? derivalle
must  {rens Ferm G'CCGF&‘:'M? fo i

D.§— (D) = u(Dut)

T 1his way Jecms ke our previovs ?JJ’»“(QA{/} would be cl:uiou.shf (wvarisnt.
We derive the ‘Hdns_fcrwmﬁon Prc;pe.r‘f'r‘es of the é&vae]&“afdfﬁ Gu as Sollows:
(Dud) = ' it T' P 2 U(Qd L6 TAS)

wuuUd) + iGh AU = U 1 LUGCTH S



BUY + LLdT+ AT - Wasd] + CUGT
At the cpecatoria lewl we ‘ave:
— U +i6uTMU 2 e
— - 4(%W 6L TMU = UGKT"

MOHIF!?maby U

onihe 'ﬁ% —_— ..’_;-",‘.-I-'l| = u.('a U'.)u + HG T‘“U

N T -4 =3 Finite  Trous s forima trion
Gu=GuT" Gu = +HL(QUU ™ + UG U of g;auaejffﬁmj

We werKouvt the {‘ramsﬁrmaﬁ'an of G; at the inffﬂﬁesimal Few}
UL = 1 2 ioa) T
— GUT* = ri[B Ui +2eaT) + (A-0aT)GIT (riaT?) =

s (Qﬂodq T + 6T - i TIGAT" G:Tﬁ:'a(,. m =

1]

CaT* + (9.0)T" - LcWGa(T T - T°77) =

= G+ (%uet)T - isa G i TC =

Go T+ (Qo)T e b ey T'-
b T

4t Key gc}uaiigy] Al }
§ : ~ Ty ﬁm festmal fmmﬁmrdfron
SGus G -G — | 8§60 = + (9.%) + fasc 06 G of Gavge fields

I

Comment - Let vs ana{lf}awhat {lars feaus formation is Jre,liima us :

G = Ght (Judh) —z(ff—(ﬂ*‘ﬁd“"}»f —— |62 G+ (o) = ioka (£ )0 G

Exam‘gle
As a concrele eyaMPle , consioler the ;aaranal‘c’m we studied before

L= oo -mgWY = Boproo.y) « Gabr(aiTIY - my By
— | Z- PG - mTY - PG Ty

?%r‘.s /3311—&”?;'3@; IS New r‘wvariaM Uhder lgcai fram_sﬂrm"h‘ons,

TaKe now the [limit e whiclh aa®™) =oa H.caw.fﬂt We dawuzracie back the
franaﬁwma#-m fo a global symmelry . The la raw}fan most be iwvartant | since
lcbal s mm&fr‘f'lﬁ a Srectﬁi\ case o;f !'oc.al’ ram.sﬁ:;rmaﬁoh wilh constaut’

Faé me+era :



C;:Hsetau_e,m.ﬂy . the Gaueae [zafdfs most ﬁamsfom under +he alohﬂ G- acc@r.:!fm&b
Some “representation of "the gvoup. Tf ot =const (Puoa=9)’ we have:

Gl = G—:a(") ~ Lo (17 )ac GI)| — which means that GA(X) transform under
aloba\ G -I'ransﬁ:vrmah'gns &c(om"r'n; fo its

d joi nt re'presmfbi'fgn

-Yf o4 = censt, ‘f'fveﬁbf"f& 'i‘mwsﬁrmafs'm (s Cf,:_lrﬂ — U @;Tnﬂdi which is The action
of the ac{jai‘u{' repres.m?‘aﬁbn of the 3vaup at fhe level of /r'm"!'e ?mt?o elemeun fs

A: 6 —61e)

HJ@)KI—)&XE"
Trwe Gavae The symauefrr afm} the ‘A'dicection Thot s ofa =2 0ta ), then The A
auﬂe fidm {Qc?u.i‘he.s 7%6 ferm?"

G (O — GO + (Yo ) ~ Lot (a6, (¥

Like o pheton , tshifts with
F
%’uﬂ(n UWCJEY & ﬁdﬂge Tr“l"aﬁ_sf-

Jo Cam',ofefe our Canﬂ’rucﬁanf we need to ivdrodvce a ferm liKe i_’f:_?F/TuVF/‘“" +Haat
describes The firee ynamics  of the Gauz.eﬁ‘efd's. OF course +hs gewemfr-u-h‘on
must be suvch thst:

2) "Euv" most be a function of Gt and its derivative
it) ’f'-qi%';',,.,,F’“ Y must be invariaut uwder&aoae transformations
Z{fﬁ :Iﬁw observation is the following . Tf we find 5 fonction By (x) sch
DDy $(9 - DyDu ) = +4 Fiy 60 T' $)
then the okjects Ful will have nice fransformotion preperftes vnder local

G
As we bhave discossed ;

(2. 4)'= UD.) J =
1 1 : — D{u ‘_"ﬂDuU
Cﬂnzeamenﬂ){ oD, P - DIDvY =@AD,,.’L{"¢)(1AD¢TI9M b = ‘u@/u D\NP)
E:faﬁw& that fhe left side of fhe previeus  egustion trans forms c;‘cc.alrdf‘ra
OuDv ¢ - DyDuP) = U (Du Dy P-Dy 2u?)
aud the same most be frve for the re"ghf—hawd side

WEmT ¢ — i Fm T'9) L UMFATS)

=tEe T e




fj_aﬁ T — F’;vTH = U E,.: 1] i frans forms a.:z'om‘{;‘wa
to the aq’jmwf of G

At the tafinitesimal level , we have:
UBoT U = (1-4oGT)EST! (L+ 2T =
= E Tt - JUTPELTT + A B T a6l =
= [EL T i EalT TP =
= o T - ixaFul € fase TC=
o 3 O = 0

A

<.
= ﬁu-u e Fuv < sca T

. - A - = Z'Y:‘nr‘fesf‘maf
? E«v — Fl= /Eu - LG (1) ae Fuv 8 joint transformation

G—Wem ‘Hﬂe.‘ie +r¢w5/ormaf‘r'on Ioroferffcs i ”t s SFMFfe ]Lﬂ wrife. down awn invariant oEJ'ecf, Consicer

the guantdy :
LK b [EATE2T]

b (BT F'T) — b (UBST' WU F 7 T'0) = 4 (UBST'F “w’rsu*)r te(BaT'EY)
evelic

preperty
— tlr(F,uﬁ;;ThFB’PUTB) is tnvariant vnder (lacal) G transformations

We can alse write :

e (ELT e T8 - 5O T de (10 T*)

tr(TATE) ie an imfmr%anjc cbject . Tf the amuf 's c:om}:&c:'l' y w hatever the repr,

We can &‘twa.l.{s Chmsg a basts sucl '”‘&T :

‘h- (Tﬂ TB) e gﬁs (I"‘ a‘?‘“@;m—‘- -h’ (T: T:) =y Sﬁg wher G is The
=) ca'\\e.c] index of +he rspr.)

T the fﬂmd’ameﬂfﬂf Efrﬁﬁﬁfdffbﬁ , we of;‘gu m?u_['hg!
br (T'T8) = £ S

Cmmjuenﬁjc/ , we have thst :
b (EAT FT%) w B F7 5 = A A9

Tlne,freforz i"}f, FYY i tnvaviard | oader (Gauaa) +mn§ﬁ:rma+ion af the ;&mup G




We cnly need fo find F& . We vse hence the definction :
D/uDl’tp _DvDﬁcb = '-'E-E«:Tﬂqj
DD = (pen) = (Qu+dGT)(W1465T)P - (pov)=

= 2t LQuE)T S +L G TAQud) tAGT () - GuT 63T P - g««u)@

fn ,,oarfrcu.'ar we Ha‘f'rce ‘f’ﬁa';l

Theve ace terms that concel oot inthe sum when we awliay mmefrise .
R -wuP=o
(AT Topd) + i) - 26T ) - P d) =
C(RENT* S - GAT'GIT Y - £(2,60)T* +6,T'6/ T =
w2l (Qulo - 2,60 T | +i6) 6 (TAT"-T"T") &1
o (Qu6) - 262) T G + 6i6s 4 fracT ¢ =
= leg| (367 = 262N TS| 11 foeal 6 G2 T
From the comparison we extract -
Bav = (367 - WGL) 1 fon 665 =
= (W65 - 0Gr) ~ Faec GrGy
— | B = w6V 06 - faecCu 65 | Field Shrenght teasor

(%)

I

We arrive a% the lacﬁram%ran;

o{ i ? Eua EWT ) (9, D/ud))
3 at Hhis sfa%e is 3 free constanl  since :
ELEM= L6l el - au. a242) (976 276 - Lo

= (265 - 2062)(3"6™"- 2°6™)  + intevactions
Kinetic terms Sfor each freld Gun md:‘w‘o"aai{y

c¥6%) =

we malke the Winetic ferm ﬁr each ffefd' ;_f;"; cavonical

;’C. we rescale CE,: =2 36;'
(Mﬂe a Fhobw)

&mse-amewﬂy we arrive at the l/am%— Mells laaram%mn
L= - LRF" + 2(0p8)




wheve F/utl = B/"‘G: — by - 3}-%‘:6; Gy 3 has the \m.eaufna, of
. a G—dﬂae c:ourlt‘ma_.
{;)#CP = (9;“ +":‘BG/~T£) 4)

"SINPLE' GAUGE - THEORIES

The shave dsawssion is wlid , strictly Sfeakfng inthe caee of the so called "’léimfnla Lie Group" (Compact

mm’::[p. die f-mup : ‘fﬁsrejﬁ'e, F we add the addifional re?ufrf,men% @fcpm!o@cfne&.?)- There ave difFe rent
e?uwa (ent deﬁm'ﬁbn.s o f 5r‘n9ff€ ..Z‘t'e Jrau_p .

A .S!‘mfjlﬁ .;L'c ﬁrWP i & connected /{’iearﬂf wense &fgebrﬁ [ S{m]pk? . Aif{’, a[aebm (s Sfmj:ie ;}f

ig i1 is won-abelian

i) it has no non-trivial ideals (a0 idesl f of s Lie a-beéra g & » sobalgebrs such that
[ tH]e A VXEBJ,HE{.,

E?:f::::;’e?{flze,a Lie afaebm is simple 1 f and &hfy (f its ad jarnt re/f)raaewf&'Ft‘hh
B v :

This last definifion is more suifable for our purposes - The reason is That both E—::

and G; #ans/afm acmrda‘ng to the adjmnf refresewfafr‘on_ C‘gncejofuaﬁ? , we have The
ﬁfl’amfng distinction.

1) If the grogp /s simple, fhe aJJ'm‘w?" repr. is itreolvechle and oll 6o fslK f-
cach ofhér . Thewis s}m:y one (nvariaut 1hat can be ﬁsrmea" : /‘,’J F4 v

A“ S{'MPIE mmFacf t;{,ie afgeﬁr‘a con be cfassffreaf as !

SUCN) , Nz2 —> SM.

SOMN) ,N25 — G.u.r
Sp(N) , N7t

G2, Eay Es,Ex,Es — ffrfwg ‘ff;é-o.ir}/

f‘:) J/ the 3&790 /s not srmf;fc ,fﬁe ac{jumf' Fef)re&Em'fa‘h'bﬁ con be redvced tute the dived
sum of frr:c{Mr'HEffece.s . Tnihis case rol oll the Gavge bosons 1ol to each otha

Lot} we can ”acfara et them into subse? acccrd':‘naﬁ{he irreducd ble pieces E']['Hff
ad joint .
4

The ‘fyro,-.;al situation is The one in which G is The direct ‘praducf' of simple Lic group
and [or abelian 0(1) facfor:

(= (i %] @ui%\ Gi: eifher simj:vie Jie,{lmup or ah ashelian (@)

In ﬂir'.s case each G« wmes with its own (Gavee ICOU’P(f‘ﬂg 2

2= 2 ‘%} Fos T + L(9D)| Ai=t,..  dimGa

D}.AdD = E,aCP T4 ZGuﬁ;u T;"dj (ﬂ:“de&mbes how Ptansforms under exch factor 6)




INTERACLTIONS /N A YANG -HILLS THEORY

L= ~Leh 77+ £(3,0.4)
9 —

b fake as example
1= G ouy —m g =
“PIAY -y Pa (gGTIY
. 3 Nag Ll 6 .. =q,;)5#3ﬂq{, ""”WTW _aq?ruﬁ;_;ww:
L = Paytoy - me ¥ (D

neae terms describe non- linear intersctions c'n'?wna Gauae Bosons , a f:&.:o{;‘aw'?‘y of
hon - abelian +heories,

THE NON-ABELIAN Hi66S MNECHANISH

?hs-c‘a'er a Ga?«e fﬁm{«y ba sedd on the g,m.xp Su(2). Sfaecc‘ffca[h/ we write the
sgrangian : (MR,
v L= (QH) (D) -V (H) ~ £55 P4

ABc = EAB-r_

where "
H= (H:) isa douvblel of campfex scalar fields (4 teal scaf&l’b-le)
it teans forms vnder  S0(2) acmrdima fathe foadsmental bi-dimensionsl r?aresewfa‘lfcd?
H —7 Ex (’A.D(.qEJH
,ﬂmd U.I'nPJ."E'. r y i
Dult =%+ igWa ToH | (dm6 =3 — 3 Gage fields W)
and :

5; = Wy W - S Ease W i

The Pecuh&ﬂ‘l'? is that the '['henry has the Pg’tewhat :
V(H) = —/u2H+H - 2 (HY H)* J Fio0, x>0

Gaua\e variance is a{}dl‘anﬁ'a&'d er the ‘{'rm&forma‘!fun.sz
= LT el local )

H—U0H |, U0~ exp (-ich0Th) H




with Wp — W = UOWL U™ + £ [ uw]uw™
|

2
3

v '
with W, =WAT* = wA<t

The féeoryfea%ure.s sfcnfameoua < mme+n/ brea ng' ZFf we set X =\l fhe vacoum
maui fold is described L’f the g‘tma&":'m:

+H'/ul:11' Z
H - S L

(,u,?
n

Al these vawa are connected l:nf s0(2) 'l"ransformaﬁons . We malke & choice and define:

o= i(g) This VEV breaKs 5/panf'aﬂeau¢f the SH@) s mme’rry down 1o
Z (v hotling since fhere is no .suémufo of su(@) Tthat leaves the vacwm

‘nvarcant ,

This 5f)@m‘ameou5 Symme‘iﬂ‘y brealhing  shouvld deliver Three Goldston bosons , one

):vr' cath broMen %engrai'drs . In ad :‘ff.an, we e;rf?ef:f’ oh& ina ssive real .sra&:)rﬁ‘e[d,

"JUE ln'lrroduca 'Hne Gold stone  matrix:

= AT\ 4 /o
H(x) = exp (—ﬂ, )\E("ﬁh(ﬂ)

TLEwefore the GColdsfone frelds dr‘,saﬁoearfrm the {pofem‘ff'df Since HW:%(W‘&)E.
We. now intreduce The um"féwli 6'-@.0%-9.. Dc.'q{x)=_-“:£-_“] . Theve fore -

Hy (<) = exp (-M(x)-?) H() = EXP('*:D(“(X}E;—) i (im)ﬁ; (wfﬁm)

21r
- Hu(""}:i( P
Nz \v+he)

Accordmta"wj' we 4'ra.mﬁform +he Gaua-e fre:’d«s To :
W4 = UwAu™® + ;;(a“u)u" FRTEPMY FiLicid

27

B’y cam.:,‘r{mcf.rbnf 'ﬁ]«e Jfa rdngian wrr'Ham. ‘n terms cf Hu(x} amJ WuM(X) ha:.'“ne
same form of the c:w% inal oiaaranaia'n- We thus de the mhsr.rtpf uw* and
wirite -

i e (D‘M H)f(DJ"‘ H‘) = ‘U’(H} o) ‘%"E;:; -I__—_#d,l\)
. i o mfﬁf}f i %ég?
U.Jl'“’L- H B ‘?(’U‘fﬁ) bﬁ?‘{ﬂﬂ f;.‘?é‘Se

O0ScplhAR FOTENTIAL

a ot 4. L it O M
V(&) Z(z;i)ﬁ f&ﬁ,:l-TﬁJ £

mages term T& scalar zelf jnferadfions
M, = gui=zav? cobic and quartic




O KINETIC TERH @ e elaborate it as ﬁ/xﬁw&:
Dl = (g S
©.8) = 2.1 ‘£&H+w =

JH = 9. H + Lgw TUH

W |compute.
O (0 H) = (- ig t! WESH) (PAH + 25 WhATE R ) =

¢ IR - L4 W)+ B+ i e
Consider {he ferms one by one :
o QHDOAH) = L (h)(rh)  Kinetie term for Al)
L LW - WG] - 23 LR (7)) - @i (o) |0

(for A=4,2 cach ferm vanishes ;| 1f A=3 _fz_[(o,?*"ﬁ) é[;ﬁ))- (O‘Wﬁ)é:"h)] =

. %i Wt WA B = ZWE WA RY (4 Eane e Su) B = Z W Sy L (4w)'-
= %ﬂ WA W §pe (v W2 hor) =
= FWwWet« 3 (Rraho) Wy WH
So we arrive at the iaa'mq}fan:
L= £ @b - £ (b - —Ah4
- LEAPN 4 (27 > Wi
P (E) (Brrehr) > whw

i) The Hfaas boson s a massive scalar field with mass | MF = 2pu*=220*

afE) Al su@ Gavge bosons  become massive. Thetr mass s |mg =7:'—§Flr"-

iil) There ae ho Goldsfone lbosons in the spectm : the 2 Goldsfone bosons ot the start
are éatent J:? the Gaua,e fr’.-:.."d's thal are now massive.



< Standand /‘f'(,ciel L S0@E) x SUE) X uM),

I A |
L Colegr " i} Hiyper cﬁars,r_
2 3+ 4 bosons

{ 3 Massve Gau%n.. e(’f{f}_’ﬂ W\‘.’ah'
4 6.30?' mass less mification

A Standard Model introduction ( )
O Eey




