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Cap. 1
BRAVAIS LATTICES




Ricevimento CLASSROOM CODE: CCNYN6Z
Stonza 14% EF , Mon. 44-45

Pl diffraction &'*Et&lﬁ—bfnc!inﬁ

J  midteem fests {

g fhnnms

Book=  Asheroft- Hermin

LATTICES : reau/ar arry of o jects L .
CRYSTHL: 'regu.la ardy o atoms o i 4
0 o
RRAVAIS LATTICE - o
[ -]
'L) UUheVecveV we s{‘/ we see afweyg +his is nef 4
Bravais [afhice

1he same {awd,scape
.2) e can resch all Hhe ,oof:/d of the

lallice via:
R= 0eds+ e d; + 152

. |’l4([/1h Vl'-a are EVI.+€%EYB
*dy,32,3; live i dr'ﬁ[erewf p/anes\

d4,081,33 ave called Frc‘m{‘\i\le vectors of‘}he Brovwals lattice . The s of these wctors
is not vucgue : There are x ranequivalen] cheises .

EXAHPL(ES OF BRAVAIS LATTICES

SJ‘WIP]E’. cubic : B@A"f centered cobie
=2y
=L
R= o + o2, 41,
Face centered cobjc- )
hol ik The same plave aud
inh:ae.v muwuber\g
dy = -;—"‘- (l?f’i) 1 sef of 3 Fra‘mﬂlr'w
vectors
3= & (X+3) ¥ i}
Any Pm‘nj an be
J reaaheJ éy s

R=piagt a4



Number of weavest Vlel'g[ﬂbOUYS ( coordination womber)

— body cenlered cobic : 8

T 'FdCE cen‘}ered cubic : 2 ExamFle of# nearest neiqlocura iw a Fcc.
- simrle cobic: 6

#nn = 42

UNIT CELL - bdsl'c stroctore that we can VBP“C&-"‘Q to -ff” all 4he bravats [afice

Example : {ora simple cobic s the cwbe .

PRIMITIVE FLENENTARY UMIT cete = & cell That sowtiing 4 skom (i isnt Viigud

Examples:

s i =
S?‘-g,— 2 6"?’ 4

— it = wt a frimijﬁve el

h
Frivni‘}i\fe
cell

WIGNER- SEIT2 PRINITIVE <£22 + this cell has the sy mmaﬁn{ of the BL

1 = /-5 prescr.f/:?l/bpz Lo | Lo/
a w-s <el.
& o
[ ]

1he lﬂanc'(mmb /a”l'c'e
M" (s noet a BL.
let's consider a Bl with T - o ./.
& atoms: (biatomic lallie)
./. /. 5T /g basis
EAZSEBE

e e

the *riangu,lu lflice — '}L‘:"{F&’MY“Mb IEH'“
15 & BL aWI BL3| i




Ho neycomé closeol ’pm‘/q, /a#fcg

N

\L Y\
4.\‘,.-!
l D me

Diamgm\ stvuctore Fcc+ basis

Q= %(9’2+\?+3)

—_—




RECIPROCAL LATT/CF :

Consicler » set of poins R consfifufing o BL. Lef's take a plane wave : Eiﬁ.z
(W  plave vector),

—

For s ?eweh'c K such plone wsve will not have the periodicity of the BL -

—> Ziﬁ-(zfﬁ)¢/84k¢ ﬁn, ;mem/) . * °
}—\c [
/ \_//
Soﬂ@se wow , we f@una/ a K sch that : , |
,ZA_K(Z&B) =£¢K£ fo-r J R

How many K veetors ewjoy this forapcrfy? o0

The set of all wove vectors X thet ssiisfy this condifion rs Muow as Recipgacht
LATTICE.

CK-(etR) 4 K-t AR R

£ A — |L =1

THE RECIPROLAL LAT7ICE 15 A BRAVAIS LATTILE

leTL .3, 3 be s st af Fn’miﬁw vecTors for the divect laf;ce.
— R=ma; 4+ a1 msa;

Thew  1he reciprocs| laHlice con be 3mem1‘cc/ lyy:

flu = 22X /(
% V=las- (a:%a3)| is the volume 9_’ s
h = ar éy# of +Le ?rnmi’ri\re\ cell : l’
h = oy 81%Xd 2 Se we can Cow,s“{rud' 'H'Le recilorocaﬁ Ia'chc via:
i %

_K= Ka-b; + ke b+ 6(3}_13

_K_.B = 2T (Ki[ﬂd_ T Klnz + b(g%g,) —2 x .—-;4- < KE =TI

—2 Kih t Uy = (c'w:f er) — Ki,kz,k; are inteserc
— > the reciprocal [af#ice /s @ Brovars Latiice with by as primitive vectors.



Exam g/é’s -

+ The Vzecr'jorocal /dﬂf:e of o s:‘m/o/e cvbic e 3 s/‘m/o/e cobic -
» The VEcr')D}’ac&[ /dﬂfce ofld | Bee is|l gl Feo .

« The Vecr'f)racal laflice of & Fcc is a Bcc.

THE REC/IFPROCAL ©OF THE RECIFPROGAL LA77KF

The reciprocal of the reciprocal sttice s the sef of 8l vectors G solisfying s

,Bié.]‘& =4 V X ielhe recifrocd( (stice

" K-R
Since duy direct laHice vectors has 4his fm?erft{ ,24_ Y |

G "U-R I:
/EA_K=£A__ I Q=_@

So the veciproas| of the reccproca/ bhice is the original Bl

LATTICE PLANVES

Glew a BL. a lattice plane is defined to be auy plane coifaining at least 3 non collinear
Bravals laftice points Becsuse of fhe translational ;cfmmdn/ of the 8L, auy such plone will actually
contain oo [aflice foim:fs_

So anolher way to view a BL is fo thiuk it as com posed £ya family of/dﬂ:‘ce /o/amss
{oara(\el and jwelly sFaceJ. 1hat {i” all he space. There exis? an co wnumber 97(

fomilies . fere some  examples:

The veciprocal |aflice provides s way to classify all possible fomilies of laflice planes.

Theorem :  For ony fomily of lalice plones sepavaled by o distince d There are oo
reciprécal lallice vecfors L 4odhe planes |, the sherlest of which has a
lenght of 21 (T geversl we have |i|= 22T )

Pr“oof 2 I K
—= e aLEWL n [qe a unit vector normal 4o the plamg_ letsqalle K = =?'T;'n

Sivce L% =const iy planes L K and has 1he same valve in plapes
sepam‘(e& btf ?L='2_P;"= ,and s/nce one f?lawe contains 7’/26 BL



-y ‘
il &= ¢ = C=ke — IS @ recipyonsl laftiice Vector.

point o ‘X4 Ve-Ren K procsl lathice vect

K is moreover the shortest h‘:cjmcal attice vector . Jufact forsny || <1Kl will
ive a waUe[ema(n"l' ':9:> 2T Svch aplave wave caunet m%fsfy PRLEEW

a‘/ =R €Bl — 4245'3.;!.-”4 Ve=R eéBL — [ is usta heciprocal latice vector

<—  Asheroft (pag 443)

MILLER INDicEs (b, K, £)

The Miller-ndices of a latlice plane arethe coordinates of the shortest reciprocal laffice
vector normal to {hat plane (with cespect to a specified set of primitive reciprocal

[attice vectors.)
—> K=hb + Kbyt lh el = SE

The condifion svch that +this s the shertest rsIhat hK £ conncl have common
(Cac'{'s\’ (Cafrfm“;}.

(R K, 0) have a geometrical infevprefation iw fhe divect lathice  —> useful 1o fdevdn'ﬁ/ direclisns

lel’s consider Fhe P/e}zc K-xe=A . T4 infevsect the axes tw 26,87, where 24
is odetermivied by e condition :

K' (%4-_@_4'.) =A
—? (h I—D—J’J' %Jr %)’X».t'_a'_’-:A — IThx: =A A
(%* k.lzﬂ/%)-xaéf}\ 7 2K X, =A \

(Iﬂ'/l-{1 +VJ +/€b_3)'X3'§_;=A — 2T L X3 =A

3_4_' :"4 . =A
I i TR e 371

The shaded r!ame can be
a portion of the plane in

h* K: £ :%i-ﬁ— es. “E':%/%:S% which 1he Pcu’mﬁs::{*lhe
2 la ice plane lie or an

lane parallel +o the h“ricfpbm
EK&mFlﬁi cobic lattice f J

a4 d4

Tlprano et s (0,4,0) (4;410)

d4ed;



DETERMINATION OF CRYSTAL STRUCTURE BY X-fAYS SCATTERING

Wh‘f x-mya? Typioal distances in a cvy.sfa,[ are ~ 46 m =4A

7 ALy zl4A fw=C| - ke ~gruuimm — X-rays
X 109m

BRAGc6 - THEORY

T 1843 Braa foond thal crystals gave chavacteristic P:ﬂ‘rehns of reflected

X -vradiation, / {oy— cerlain cje{[/'neqj wave/eu?h%s and rneident  directions, f:vrmca, £7
intense pesks.

'L?)D

Aasvcmphon i Yhere exist laflice planes snd 'they act as perfect mirror (1he sngles
I O are Gﬁu,&i.), ‘ '

WP i Ahese Z vays can ircjrev-Fe.v- (v
a costeuctive ordestruciive
. ma aner depend(naa_ on The fa‘}h
difference. = 2dsins

To EW*QV‘FQVG CeDS'}Y‘Uc‘Hve[l{ this
path. difference wmust be an :‘niaaer
hom ber of u(/avaleua_hfs

L
[ ]
s
)
L ]

2dsing=n )

So rotaling the apparatuy we ( nd
for &,=3 5[:1('“) the ssseciste | Rl
.SPdJr 2d 5

7 .
}-ok a white radialion! we con see wauy

dli ffeveut spots.

voa Ezd ? D

vadiation




n -Hfl.fs 'Hn.ee

VON - LAVE - THEORY 6#6/@n ta:fmano

]ncamimoa
X h;\lfs y

(e phase)

dcos s +dcosel=de(rn-in)

R . ar
A ﬂ(dcosﬁ+dcas€’)=ﬂrj’(ﬁ"‘2’)
5 A A A
Kl= _"E..T[Vl‘ o
A
x- ny Y

o i o
e deecs ﬁﬂ-\- wire 'ﬁ_ consiructive int.

scafiered ﬂ(df@s@{’dmﬁﬁl)zd.(ﬁ—pﬂ)
any Far—!lcular plave n S ‘STW (Wl ).) = CT < ( _-ﬁl)

We observe that d is a 3en&ric vecfor of my BL. So we can write:

p—)

R- (W* F(a')=.27rm.

=P P—(‘- p—(" ) arcciPr‘aCd( _‘&‘“jce, vector
(sinee  safisfy g* FXIR =y

The Von laue, cond/ -on far construclive iuf. /s Then : AR = (R-K) = ff

leJr s show that BrGs% THEORY = ON LAVF TmEoRY

5 = ?-?l
-K
Since . is The shortest vector
K hasto be a muldi ple of Ko
._I; a =2 —
K K-nK.— |K|=n|K|=nZ"
I
da'2id #[W[sing = <Tn
1d . suwe - i
A d

V7

HOW can  experimentslly expleit al\ of this ?
T ’ T T

— |2dsine=nx | v

aLe‘{(a tale a RL :

incoming au’fmm'ma
] L . L) X~y X-Ya.‘f

v
. . Vou- kave = (K-K)=T

. ® . However I choose K, Jlrere

o S ne Fo'am’{ “ﬂ&'\ sa\‘ls{ies the

| I | ] condition (since there are uo
FDWL'L') of the R.L. on Fhe cirdd



TF theres a f;g;m-f of RL. on the cirle T con 65475}‘7 7%8 condiHon

'..c
This meaus thal fhe Von lave condidion is pot always &ﬁ(a-fyf
SOLUT(ON

4. Rolate dhe C\rt_/s'i‘a_‘

[
2. USING 'WHITE' RADIATION
- >~; % : I-F T have AD — AK — ﬂaere is & set o-[:c:i\'z(e_s

3. Powber MNETHOD

Forming o powder of micro-crysials —>  all oriented i all possible oirectons

each micro -cr}/,snl orr'en'fed n a
/, > .s)oecr'ff'c way confributes o a
{ certaim circle . From the distnce

- |
- I I/
K R ..'.";. H ’\() Iag'/wgem each civele we f'ufeV 7%6
|

I I\/ structore of the &¢.




STROUCTURE  FACTOR

Lels consider fhe followina biatomic crystal
| dy=(0,0,2)
d 2 - (‘2"1

)

IN[E

!

NS

b4
%
Le+/s iradiste wvew This cr:rs+a1 with  X-ray. The X-ray which comes s scatieved b'f both afams_l
(not on[lr 4 atem) and I shovld Ueep this ivto accunt .
The answer of this Wind of problem /s given by fhe so wlled struclie foctor of the ewlive crystal.
The radiation  scalleved will come with a phase which JeFean on the Jiffevent fe'H'L tween atom 14

and atom 2, The c/ffferem’ Fafh dv‘}ac’na{f on the distance belween The 2 aloms and this sirvetore
‘deTQl" rs Zf'vgn AY I

o 7
S %&"MJ =[¢—£4H']

Se the struoctie factor /s a modvlation of the amplifude dve to the inferference (.superpoaf-}ron)
of the X-vays scalteved fram atom 4 aud 2.

Ancther Way to calcotate the Vow - Lave condition

lets talkte a BL. Consider 1 atom which 7 talle as my origin snd I call p oll The

BL vecfors which from O so jnlo ol fhe points of my BL - Consieler & X-vay plane
wave incidents 4o this BL. wilh o wave veclor K.

R

Lets call with v the veetor wheeh connects the stom - fo the /oo.sh‘fan. Th
R where £ meagure the scatteved radiation .

£K-P
The radiation which amives i P , it arrives  with a phase glven by 4 2l Becovse when the
mdia-h oI avrives in O, has to 0 on LY his amounf of hase in orefer ‘fo fk.f?f#f‘h 1‘|w. stom ih.f
The scaftercd radiation is a spherical wave . So i R the r‘m‘ensa'fy of the vadistion /s 3;‘;(3% 47

AK-FP /BA'E--E
r

i 3 A
incoming. Plaﬂf. outcomine p'tane
Wave wauve

I(R)= E



Now we observe That , if Irl > Yypical distances ofdhe crystal
5 R

[L]% R -peos (PR)

So the vedistion i R can be approximatel as:

IR ~ F /P/'(:(ﬁ'f + K(R-pcos (pR)))
R

35‘]’ the fo?La/ am/a/(‘/aa/c we sheuld /h/egrafe on all 7//25 voltme

New in order fo
of 1he crystsl.

LKR (k- — hp o5 (PR
I’M = 4 JV V&(f) - £ 4( " (ﬁ\))
i 4
olﬂlmsiiy of sfems
KR i
4 .
= /e "( i )'}-’-
3 VJV~ n(f) ‘L&
However o0y cry.s‘h\:-[ Qre na‘lL /;z[/m/c"szma-/y /wmajeneos — f—9
— I,}OC» Z,ﬁt[k- <2 where = M3y +W3 +F a8 (nm € 2)
el f S1 9 33 P P
A AK-(Mmas+ na +9a3)
_ Z ,f,)t_ ¢ - oy (we, are goimg‘l‘o .;e.e_‘[’[@‘r DY isa RLvecTsr]
V“H”{F

(m X/—z&-g)"_f(% _A__,_) (Z X’—A,AK a;)f

Each one of 1hese 1hree pieces con be wriflew as:

<H4 x,%& _4)": s L /e—i%ﬁ._éx (lizﬂ'iﬂg—%’l——j
i po AR 2T (0AK) | pAiarak eiaeak
= ﬁ_i%a_ﬂ Sin (—_;i- a4 AK)
prteleedg \ L (i._ a4, AE))
z,, Sy =
— A N Sinz(%_a_ A_) S Y



The Feab(.s (:[= Hz) corve spond fo the condifions:

(44 -AK = 21q

{8.-0K =214 T K= gbys £by+sbs — AK isa RLV.
as "AK = 2rs

22

N.B. the folal infensity s 9Iven by | 1T = MENZHZ = M¢

Ex: BIATOMIC  CRYSTAL

Let’s consider a biatomic lathice (4he unit cell  contains 2 stoms)

Il A = |A_§£A(E'dd')|2:

di= (0,0,0) R P K
c|2.=('3,‘f§r§' e @ e = |A (4-"'/9,4_’ )
a
both atoms ] YANNa = |AI'sul® = dhe tnteusity s
emit spherical modulated by +he
Waves and Yhey stroctove factor.

interfer

EX : BCC = SC + BAS(S

J-e‘f’.s consider a Ber trealed as o sc +basie:

ds = (590)
de-(37,%.5%)

" T can inter pref the intensity of the
scafteced g hnt bl{ﬂle Bae as The

P
in'}ensﬁll{ of ‘he scatterd \\'fah‘f lo7
/ ° a simPle cwbic + basis
@

— :EBCC e )Sklz

£ | Jydd: L2 K3
. Zzﬂ K_-.J | ZI ===
Sc= 2

]’n‘i‘ensr‘f/w s;p.ezfrum a{ a sc. Tn"teﬂsi‘ll( S?edrum of & Ber

4
—]3 xlSKIZ

v

So the fkﬂmm
cance| ou e

c—: 9 ‘rocfi’“f’eal(.s

11, an C’OUb'C 'H’IC R =

N4, fH‘l’CHcSH? p‘c '}h@ hsifzing > Sk j— + /2

“even" Feau.s

where K ace the RL.V. sofa 5C

A a A
KSC: %ﬁh (Vh%"l* Vlz‘j-r M3t )

=14

0

|
58|

AT (hetn.+nz)

JC‘IT (Vh."’ it 13)
S the &m?lﬁode is given 1:7  Age = As - Sk = Age (142 )
and we ho“ﬁ‘ae ‘f’ha'\‘ lf

hit0:ts is even — Sk=2  (constructive Mierference)
Nt tN3 73 edd —5 Sy=o (destructive inferfecence)



This Frocedure converts The simple cubrc reciprocs| fatlice into the face - cenfered cubrc
stroctore  that we weold hiave had if we had freated the body- centered cubic direct htfie s
a BL. rother than a laflice with & bssic .

Hﬂe Po\‘nis where  Nitht n;
is odd are invisible

FACE CENTERED cyBIC

(099)

e wow tTo have -?.c[fﬁceren'l‘ ions: A snd B
rtﬂane wave takensidies” from

Eueslion: eSU]DfnS
rnfemal  stroctore

Now ' “Hhere is no resson To assome that the sphevical

A aud Borethe same - Jufocl A ond 8 have Jr}f[eren‘l
and thew +the incident x-vay has a d(‘{ferevzce k'e,Sfense — Sy =ﬁ —fg (nawing o)

lflof' é ‘,
Infacf' I ?enem\ \(Ora Fol\/a‘fovnfc crys“}ca\ :

n N

K-d

— Sx=Z Fflre
J=4

Wheve v (s the atomre /"orm )[;ic'll‘ﬂlr determined éy the internsl structore
o-i: +he on 'H‘La‘\' oCCUEFTe.S f_bsi“ffon. du'_
]CJ(K) is de-ferm,'neJ b7 ‘]%e FO‘j(r)) (}%urrer'l'mmsfarm 075 e/ec“fmnfc Cﬁarv&e.

distribution )
K-r
— Ji(K)= ~%ﬁ3r,e"' £)



CLABSIFICATION OF BRAVAIS LATTICES AND CRYSTAL STRUCTURE

‘Fkom ‘Hne It ofw'ew of Gt’w\ma'\r‘/ a BL is charecterized loff the apecafica*?on o-{: all w‘%rd
operstions. thet foke the loflice into self . The sef of Hors opevalions is called: symmefry g telp
of 'Hr\e B.L.

Symm Grep BL = {‘}m nslatiens, rb"ra'i(ons, reflestion mueru‘emj

Avu/ symmetry operstion of a BL can be computed as @ translation. Tx (frovgh a lattice ve cfor B)
+ a rfaic\ operatisn ]eav{maa at least one flaffice point fixed .

EXAIME/E:
5
410 0O ¢4 O e
) S
90° " ID & P
A 90
20 @) O 0]
3 4 z
zauaL
6
10 04 O o7
@7
+ R L
10 e @] o)
=e P L ARGER ¢
@) @)
& 3
") g = Wa
— [Rel =T 7R,

THE SEVEN CRYSTAL SYSTEN

\When exam ining non-Translalional symmelrces one of ten considers not The eyfire
Symm GrapBL bt only the gpevalions Tha! [feave Q parlicular /Da;'n‘fﬁ')(ed.

This subset of SymmGraupBL is called point group eof the BL.

Theye exrsis on/y % distinct f::ox‘n‘r 3mupa ﬂa‘f‘ a BL can have.

T Any crystal slrocture fwloha.s fo one of stven crysial systems Jefoendr'n? on which of
these Painf Zrouf:s is the )Dm'n‘f gyou)p af the BL.

For each af -Hne 4 f@\'VLJ( vou we cawn i‘éew\tf&r a number oF o’“{ferevfl' .SymmGrmFBL
T fetal it forns oot  that ~we have 14 different Symm Grep BL — 14 d:‘ffereni Winds o f BLs.



Enumersation affhe Seven Crystal System and Fourteen Bls.

CUBIC (3) : i conlains Fhose BL wheose /:w‘n'/grou)o e d'u~"+ the  symmetry Jeap of a cube.
3 BL with non—e?ufvalewf space 8rvuf5 have the cubic PomT g Foup S¢ B, f<x.

TETRAGONAL (2): i s oblained stretchin afch% a direction (cav) a 3¢ or a Bce (well e Bee strelched =

FCc strefched ). The peinl  rup ic The feﬁ‘daonalamup.
S\‘re‘!chima a ¢ — simple ¥eﬁagana|’ 3 a'lre'{cbtiha a Ba (or Fx) — centered ‘?elﬁ?lf‘djonaj

as
cubic. In (b) the points | are
tetragonal is also a distortion

ORTHORHOMBIC (4) ° it is obfained sj(re'{'chfm% a ‘}e{’mao'na\ [sHice a\on‘} 1axis (simple-centered- orfhorhombic )
or along one set of parallel lines fis 246 ( bedy- centeved —orthorhombic) or abna

the set of Pam\\e\ (i nes ffa 4.4(b) (face-amiem] —ovlhorhombic) o square diagonsl
(be se- cenlered or**hommbk) . The for‘m‘ aroUP > aalled orlherhombic 3voop.

MoNocLINIC (Z) : (f s oblained éy di glerling fhe rer}ahaular-Faces/c{ an orthorhembic f.a‘H'I‘CE,
Ferpemdfeular to caxis. ipto F&ud\\eloavams, The fw‘m’jrwf s
called monoclinic gyoup.

Disterdineg a .sim’ofw or{ hovom bic — 5:‘:49/:/2 meneclnic .

Distertt "4 a ﬁir8~cm‘/cr¢d or bady cedteved ol horhombrc —> centered monecline.

TRICLINIC | [d) ¢ it i5 oblained pr a/f‘cs?'pr'/l'ng the c-axis afa woneclinic latice s such o
way i is nof /onaer FerPemaltchar fo the faces. —;»cu-eai\'vma the Frclinic

- Bravais Laficce.

a

b
(e)

TRIGONAL (@) :  the 4riaana\ poinl  oreup desceibes the symmetries of the object crested by
S+re‘|c[xlin9 a cube &(oh? a bd:ly Tazoha\ — +h'aona\ Brovais Lattice

PBE xAGONAL (ﬂ-) 'Hle fﬂexa onal ]:oin‘} %YWP ?a‘fhe symme‘hy rou of Q rr’thr fra'sm with
aveauhr e.xaaoh as bage —2 sim/é)/e /frfﬁ(aa nal Brevers Lafice.




Cap. &2
PROPERTIES OF
ELECTRONS INSIDE
A LATTICE




PROPERTY OF ELECTRONS INSIDE A LATTICE

We wow thal ions sre sorrovnded 4 electrons.  Sinee The ions in a perfect crystal dre arranaed in
4 perfect ay
a reqular periodic wey the electrons fed & perodic pefential  Ulr) (with the periodicily

vlc 'HHQ BL.
U(r+R)= U (r)

QF course eleclrons ave chovged objects and then they rntersrt each other. = so we shovld
consider aleo £-& ‘nteraclion . (Verr( Hw:/?‘a farcb[em c 1t has uot J/mmefr?es)
There are wariovs simplifications :

- Jaudav +heoh! ( Fermi liqueds )

1%& ee intevaction 1s i'mporfdnf " however Since fhe’y are fast {here is a sort of
se// Screenr'r}g .Then wnear the Ferm .Surfacg the electrons Lehaw as free electrons.

v
‘”\fs is why inthe mefsls many rnternal prepertres (conductivity ) are very
Scmilar to +he ones oleduced under the fref-’- e ﬁyfafhtsfs.

So , itis meaw'ngfa// to frest in This covrse electrons as hon inters n"{'ng o (}'e.c%.s with

them selves. %5 not ee intevaction .

Forthermore , dve to the theemal enersy the ions oscllate | So there i3 always a
'!'emf:verdwe —AePamc[ch( Fro\oahilc‘f7 fo fmd mdelaCcd fens  1hat das+ru7 the Ferfer:/'
franelationsl mmefrf — >  lons are nol Jfaffbnary but com’fnua»uy Wzdcr;o thermal
vibratiows about *their wilibrigm sifions.

(Tfru'.s has the Conseauence '/E: ;l'l)e ;‘m/oz:.s:'bfh‘fy 'llo hove an o0 canda’c‘/r'w'/; afmefa/S).

Thelidea |is| +  divide | hs fmb/em in 2 parts:
) Troren Tons — the crrr‘s‘h;i is perfect
z) The deviations }fmm /:erﬁzd /oerfo-/w'a"/y Hreated as Smoll joerﬁ;rba‘ffam

THE PERIODIC POTENTIAL

Quah’ra‘lf\/ehi ) hlr{ca\ crysfalll'ne Ps\evﬁ[aﬁ w'.c‘ah be :

U(r)-

x

F

|

The Shr&:&(wﬁer EA’MB‘{'(OVL -l(or a s(n«ale electron i this /Do*m‘/fa/ (s
Hy = [—j_nivzf u(r)]wfz Y



BLOLH 'S THEOREM

Theorem - The er‘aensTafﬁs V of [—\%szu(r)lﬁfz= gy , where U(r+R)=U(r), forall R can
.f

be chosen ‘]’o have a Flane. wave *times afancf;'an with +the

Pﬂriod(cﬁ‘y of the B-L.

e form ©

—is* telation: 711& (r] i /e""fruhl( (r) Whe"'& u“ﬂ(rf R) = aﬁg_ (V") VR é Bl *

R
Ei equiva lent relation - This fast 2 e?uaﬁon_c I'M/a/y that \}/n!: (f 1R) = 2*° . Vas (r)

FIReT FROOF : Yy (£4R) = P Fas ()
V R €BL we can define a Trslational gperstor Ty such that:
Tr f(£) = F(r+R) (Fany fonelson)
Since H is periodic (dve fo U()= U(rR))  we have:
Te HY = H(reR)Y(r) = H() Y(rR) = HTrY
— Ty =HLy  — [Te,H]=0
Moveover ihe result of two successive Trnslations does not a/e/aena/ on The order :
e () = ToTa Yr) = Y (r+ ReR)
— TrTw = Talz = Trg

Tts possible fo check #het T ferms S agreup (abelisn 5'mvlv). Stnce [TzyHl=e Fhe
6(3%51‘@1&5 of X can be chosen o “be  simulianesu's crgensiates of all the Te.

Y- £y
Tey= c(R)Y
the eigenvalves <) of Tr solisfy the following concliion. Siace e Ter = Tares -
Tele ¥ = c(rR) oy = c(Re(RDY
TR Ty < Tpur = c(RIR)Y
Now let a; be 3 primitive vectors For the B.L. We can alw.ay,r

274 Xy
— c(a;)= £ (i chosen

—— ¢ (RtR) = c(R) ¢(R)

write c(a:)in The focm:

Tf REBL : R=Myas+ Nedss Midz |, Thews

c(R)= c(a¢)n‘ g (a;»,)ml c(a3)m3



But this s e?u,(s/a[en‘} B

c(R)= Pk
where :
K =2,.bs + 2.ba + 23 b3 .
bec‘s%e:
IO e A DA Z LT ST Pl e SN R APTPS PTAN AN

hi ave the R.L.V. (swh‘lhaﬁ bi-a;= 2m§;) . So we have shawn that we can  choose The
eicaen.sfa‘le.s '}P of H such that for cvery RebL

Ty - y(oe) -cly - o) g

BORN- VON KARMAN BOUNDARY coxDITioN

Whet ts K7 How fo determine rf? what happen (evel w

\

To continve we have o impese & bomo/ary condition for the
wauve Unc*f&n T]leu bQ hot celevant to EXPIO*‘ the internal LU{stcal

properlies inside the system, it wefol o fix it only for :am,oufehoual
puvpeses . The natovsl choice is:

x

N

PERIODIc  BOUNDARY CoNpiT/on (Bgrn Von - Karman looumolary canc{i‘l-fan)

Tn fthe Bravois /E?#r’(e L|/s|an Mﬂjm( ma/r’/pé i the (a3flice constonta —> so we dout work
with a box of sfie L (a5 wm the an th'em of an e inside & bex) bult with o box commesorable with

& pri imitive cell . Seo we HFranslate the P conddion to a lahice as:

aj= ?ﬁm(‘riue vectors
"lf/(r t NA_a_J- ) = V’(r) <= 1,23 [Ni = in'l'e%ers
Aff[;/(wg the Bloch - theorem fo this boun,alary conddion e oblarn :
NV K-as i
'L//Mh’. (f-i' N/f é): /EA’ (y/un(‘() A=4,2.3,

which fm?li&s That!:

73 MK a. v
TTr =4 AL=422
59 s\ace H,z x:LLH, 1 5(1‘91" X3 ba we l/la(fef (&Ibd':'s'n—gid)
STLN; X; ‘
£ =4 — %= ez

N
So the %emeva( form for K is :

3
K- 2 bl o

<=4




OL)S@VU&J"IOV\.’. if‘\"ne\’e weve wnet Ng = WK wasa RLV

It follows 1hat dhe wolume AK of W-space (for allowed valve of K) s The
volume of a?aréua(ef)fpeé of ec{ae b{/Nx’

\/a!UWle [s)

1he Brilloyt
AK = 54 I (bz L = Brilloyin 2ene
— Ni NZ ,Yj
~_ Fletofonit clls fo form
Houueuevr the volume of the B2 Ts Iy macre|crysial 5 N

2
V(82.) = VTF = f,/’;

)\Voluww of the ontt cell
(UUiau,ev Seiq cell)

— an - AT 4. 2w
% W

SEcoND PRoOF oF THE BloCH TREOREY

We start sayin fhat every famﬁm can be expanded OJDEYMB\ The Born -ven Karman
condition in the set of all Fiane waves That ,sah‘sﬁ( {he boumdavr condifion  aund hewce with
a Wave vector _‘1 in the -Fov‘m (%)

W)= > 24P e,
1

Becouse Ulr) is [oewoc.l(c i the [alllce , ¢ plane wave expsm'an will cm./7 conTarus
}D[ana waves with 1he periodiccty of fhe [atcc€ and ¥herefore wilk

9 : rec{Pmca[ l@Hice vector.

U D14 Bl
K
where  Ug are obfained by The Fr of U

- K r
U = = [dr um) €=
cell
Prof:er‘ﬂf.s of (,Lﬁ_ :

i) Since U(r) s veal U_K = Ufg

i) If the cw/era' ia sTvnmeﬁ':‘c cunder Farl*ll/ — Ug=Uxg-= U.];E

IF we replace the expansions of U(r) snd Y (1) into the Shrsclfwaer ec)aa-\(sn

_H o2 !
[ %V +u(_r)H £y



L R oy ) AP
= VY 1Z£m7 7 L g
sl - C(xra)x 9'.x
- u(,ﬂq»(; ;e”—ﬁg (,(KJQ:IZ 29" Cq) =% UG, 2 £Z uﬂcq._K,ei“
K )

K9
_) v Y Z _
Ikl [(LAPOP PR 2T AP
1 Zim K
L9-r .
Since £ Vq are lnear fna/[feno/enf /'H/u's eXPrgss{on IS a7u.a! fo 75 //f

(ﬁ_z 1..5)% + %UK Cox =0

2m

It s conveviedd o write in the ;(orm =K-6 where & is arechroca[ [atfice vecter
chesen =o ‘Hn'a'\' E leS in ‘Hne ij Brillovin che.

2m

#e |5 B
- <_ -€)e, ot %UK Crpe®

JF we make fhe Ch&ﬂgg of wriables X — K-6&

2
— (h_ "-&)Cﬂ{j % U___@_ C_@-K =0 (?K)¢

Zm

This equa*\(an (s just the restatement o-F the Shréo!(haer ezfu.a.ﬂon. (n
momentvm space .

For fixed W inthe #°F g2 The sef of egualions V & covples the coefficieds

Cr C"‘"G'd Ceigsl -1 whese wave vectey differ -From n bl/ a RL.V G, .

Thys 4he oﬁaﬂna\ F‘r‘ob\em has separated mto N ind ependen’ faro!:/e,ms :
ene fer ecach ¥ K in the 45"' BZ.

Each svch Froblem has solution that eve éfyoerloocsf‘f(bng off[dne, WA ves
CQn‘faMt'ng on[y fhe wave vector K and wave vectors dffe n‘ng rom K by a RLV..

.c\(_\f'\'—_—_é}, -
— "17[/_5'(_[)=§C5,_6 e

bot :

® I\/I
D)
(b
1
®
i
&
h
N

K.

2K
— Y ()= &7 ug () A




GENERAL REMARKS ABOUT Bloctk THEORENY

4. Bloch‘s theorem indrodvces & wave vector K which Piays the same vole of the U in the preblem
of 1he free glectron in 1he Sommerfield ﬂfdy However althovq the free eleclron. wave veclor s semply b7
where P s The momertom of 1he electron, M the Blech case H.}’(f
This 7s dve o the focl that H does uct have a complete {ranstational invaviaace in the presence of &

non constant /mfuf:l—nf and %ereﬁre ils eigen.ﬂ’afes well be nel simolfonews efam,s*fafzs of 1he momenion
oracra‘['er. P -A“h_V : Infa.ai 5

.

» A K- - ,{:&‘r
BT Y =Y (€ ) = FE Vg ~Lht” T Vit (r)
— wi is het an efaems‘l‘a‘l‘e af P.

NweHHe&s, i s Kuew a3 crystal momertlam of the e(ec‘fron.} fo enphasize s&'mr'/arﬂy- An
infuidive UVLJ&rs'/&nJJ'nj of K will come when well consicler the response of Bloch electrons To ex'farmﬂy
af:fal:'u( EN fieldls.

{K-r

31) lets fake a Bloch - wave - y’(j‘ﬁ € = 4D where K /s Fixed. Subsﬂfuﬂna Y(r)in the
Shradingu equalion We frnd fhe equation Jor Ufr)
Hi Uk ()= €4 tuth)
2 ¢
{i_ (_,((_mﬁ_) 4 U(Y)}aw =£p Uk

2Lm

with the constrain ﬁwm by the FPB.c.:

U (0 = Uy (L +R)

Because of ﬁve FPBc we can Hn’ul( ‘I%f_( as an gr'aemva/ue
roblemn yestricted To a  sinale primitive cell of the arys‘fal : o2
Stuce this Frob]em s sl in 3 fixed fx‘m’;’e volume we expect &
fo frud suinfiaite family of sgelvtions with discretely spaced
ef'aem/a/ves Ew(ﬁ) As in the Frob)em oIC*Hoe fme /Dar‘!f:/e <

- a bay,

= EI/L A/W,z

2.2) Lot eao inthe wmomentom space :
1%t 8.7

)

Any K' can be rewrnten as
—3 K'= Kt¢

— qf'nw (rtR) = ﬂi‘h"g ‘//nw(f)

/z/[ﬁ-ﬁ L -"QE VJMK' (_k\) =

= iL bl/ o‘ef(m‘“an O]C—R.L.V.

I



= 'M i Vnw' (r) =
4KR

T \{/hw' (L+R)

— yﬂnw (f’r ) + ¢ i \Fn n! ([‘{-_@) Reformula‘h"on Q-F"Hfle Bloch ‘Hﬂcor:m

for Y

i e ; = ‘Hﬂ i tored +h #S+ B2 is qual
g Hﬂfﬁ q}/m{ q{/ul&’ +hf m'?foo rf}, sy ;¢here8% S 61

AVLO‘ '('hiﬁ means +[qa+ }f j ern.slafc &” by a RkRly ¢ _G VZQ?IAM? chamaeé‘ 7 (?kj

"y {'%Hi (r)= ’%L tkrey (£)

gn, (H-) = EVL (W"'@)

Tb],ts I‘eao\s +9 2 oescit F‘\'con OF Hne emerc( Leuel-s of awn eec‘}ron th d
Penodrc peleatial v femms of o fomily of £,(K) ,each with the periodicity of the

EW' 'LT:;"T oh)

K

U.}W\% fhat - E() = & (ht+6)

How con T a\(s“'(waq,(sh,
these £ 2

W/t amo“fher Lantom
T number N Qancl index"
K

2 K




W hat L\al}"pen if £ add a ?eerurbaJtIsn,?_

Whenever T pul a perforbation i qu'-he vsoal to [eft the Je%e%emc:./ )
This s what will hamoen whew we’ll add cfaer‘fo rbalien =

~_ | L

s These ave called bands

/ 96p of forbidden enersy

° K
T[MS (s ver fm ar"'an‘] +® Umclfe‘rs{ama\ udllur SOV e vna‘ierials are concjuc'ftma_
materisls  and others {wsulaﬂm? materials .

¢ Solid with baud 9 aps » KsT,,, — insulaters

'So\fd Wf‘”rl l)alna) xaap ~ Ko Tomb —> jutrinsic Semr‘C‘onc/uc‘far

THE FERMI suRTFACE

For each baud we have i fofal N W states which can host 5 electrons . So i fotal
have 2N free slots for each band .

A cectain womber of bands moy be complelely Filled while all ofhers remalhing empty. For example if ¥ hove

L3 (4s'25t) —— 3N folal eleclrons
T \/
. <« here Tout th ni
Fr M/_\“ ::gdrtr:m e rewunna
=1 % M < _ here T_-,ffauf <N elecns

T
o

we

Like rn this exavnfmle a number of bonds may be Pa\rﬂal]7 -fi”eA. The enerdy of the
hiaest occopied ' leve] > celled Fermi ey -

Fo‘a each ?adially filled band there will be C@a surfoce ju A-space sepovaling 1he crcofred
com the vnoccupied levels | The sel of sl such surfeces (s called 'Fermn"smrf%ce.

he Faﬁs of the Feem( surface, dve fo the scngle parirally Filled bgndsfare called branaess

Ana\\ih‘ca(ly the branch of the Fermai surfoce In the nth bound 5 1hst surface (n K space
determ ined b&( S (A) = &

Increasing Fermi Energy

Since  sa(K) sre periodic the R.L. the solution o s i)roblem Ve is @ -
space Surface withe the Pen‘od(c(iry eft RL.



E xam |p[e [ veminder of Fermi sovfoces &Ipl;o//'eof Jo_free elecipn

/NE N KT
2
E(Vi)lim (Kt Ky) 1y 1 £ kg w emply lecels
{Imed
evels
2 ko \/ >Kx
AE
DENSITY OF STATES
, E+dE lfy
N £
Tdea (i the free elecfron case) : N :
[ 12 7 Kx
how lmavu,(!l'{ oinls in
boe &cc+or?_

One most o\qem, caleolate wanjrt'“‘hes “Hna‘{‘ are weiah“fed sumS3 sver 71’116 e"—lctre.[s Df
Vavious one-e” properfies: Such c)u,amﬂh'es are in the form :

Q=2 ZQn (K)
h, K
whichh Yu the sum (sover all the sllowed % a{vm? wysically olrsiinct levels.
T the (Cw it of lavse cryz‘ia‘ the allowed W gdVy cﬁa&e Jogheter amd Hhe sum

may be Telblaceo( with an ?vﬁeava(. Since the Folume of each lﬁ,[oe{M is AVL=L\‘/‘? :

Q=2 2 an(m-ﬁ—Q: 2 2 Qn(h) V. Ak

K nw C‘iﬂ};
3
— a-228a.6K — Jin & |2 (dkulm =9
v ke (e’ V>0 V W Jamp

I‘F Qu (K) alefaends on n and K on[;{ 'f’[wouala the ewet‘ar En (K) then we can
c{eFf‘ne the c{ens['lr of lewels pevc vait volome a(ﬁ) Such that :

A A

9- fdz 4() (&) T idapteane
N2

Compavinea “Hle &Ve\&‘(ions we ea&‘}: K )

£r

8E) 2 4n (%)




wh ere ?,n €) is the densiJrV of levels ia the nin band -
guC£)= fi"— SCE-En(K))

<> ‘
Primiive or equivalently :

cel\ volume.

aw(é)dg =2 , <# of sllowed w inthe whband in) = 2 (% | & E£E&(0)<etde
V fhe enery interal g, £1de (zm)? ¢ ofherwise

How o rewrite  g4(€) in & more computable way?
d .

wmore generdl cetuation

tcle

AN/ 4
A /7//

Ay
f halye 4o | cobut. hele SK(K) —> in each K peivt Yhe
many K point 5 arp dir. L to 8¢ is different
{'here and the (enaht is
different.

. 3;1,(5)3& = /:{Ti Sk (k) =
eming -

Su (62 8) £ (KtdK) =Eh)t FE-o)ﬁ’
s+de = £ + Ve Sk(R)

H@w to determine Sk (X) /

svde= 2+ |Va.W)SKO) —— [SK(k) = _9€

|V éw (1)
| EN u,(f)dﬁ= ds 4 dé
d 217 Ve
Su(éx =€)
fove
e (E%u&atﬁia)

—  [g(&) = 45 4

43 |VEW)

Su (&« =€) ‘\

Recause  Eu(K) is ?er?ao\ic ,bmndﬂd above and below theve wmustbe valves of K i each
Frf\mihve cel in which |VE K =0 . — then Foe ‘rM&av&mA d{venaes - Tt con be shon
that soch sim.bulaw'ﬁes , ik 3-dim_; are InJreamble. However ida;_ — 00 (Vawn Hove .simbularihes).

Exa\m?ale . -_Fvee electron case

Z
£(R) = 2“1 =y |V €)= ﬁ;f =anst ds = srrdn
) -
= e e = A_‘H/ JM- ,W' m =_m 2mé
B AR R I N i ’nfrr“’ﬁE

S(fu"’f)



Cap. &
ELECTRONS IN A
WEAK PERIODIC

POTENTIAL




A\moﬁ &\\ ‘\'\'\e me‘fa\s aye of*ein referred +o as {/ne@rl-.{ frcc e[ec‘{ronﬂmeials. loccau.se. Ahe.

5’(&("&\(\00 inf of {heir dEa:Vija'Hon s The <bmmerfield fffee eleclron ?r.as ,Wloalt'j-(_&'J LY the
resence. of @ wealk periedic Fd\euﬂia\ . TIn this cha?'ie‘{‘ we'll describe some ft-‘&'furec of band

structuR  from the.  “almost free electron® Foin.‘i' of view.

Theve eve =2 fumolamerf\a.\ reasens why fhe condicdion bsnds of fhese metals should be 30
ree - elecfron lile | so 2 fond amenta\ ressons why the m’rong infersclion of the cuuduction electrons
with each othevs and withs the Poa{‘(l\/e_ (o s con have 1he c/fcc-f ofa weak paentia:

) e -iens iilerection is slonger al smal StRREsUEG S but dhe  conducticn electrons  are forbidden

fmm entert {he immedisie nec‘ghourlﬂaxl gf-{he jons becawse this re%(‘on s 8lready Scapieh

lot( the core electrons .

2) The Feet mobilty of the condoclion electtons imFlies a sorl of Screenivwa effect fordhe potential.

U(r) - Z Cs,e A.G—ré: E(K')z hz“Z

GERLY 2m

We Knew that for a fixed K the Bloch weve is:
’LPH_(()= %CH-K €

< (K-KE)r

2nd )Cor esch Vector K there is au equation:

£ ol =
[R (K. K) E] -k T % UK'—-V CH',—]Z 0

JDVL the -’:\ree electron case all the Fourier ComFonemﬁs UK =0 VK so the eqq,aﬁon besomes :

Evg € eni =0 dhen wdefd : Epmag
K-K w-K Wheve we e{mec{ . ‘I_.em.c}

this egr,ua'\'few Tells os hat-

Ck-g =9 ofr E= EOH_.K

For the second relation we have tlve cases : |
1) it is trve ouly for a sinele K . £=|Elk-k (no cle%welracbﬂ

—  {orthat 'K 4he cm\lf coeffio is Cu—K #0
2) 1t is troe for a & feup of RLV. Ko Mm * E= Ex K, = -o- = Eq-Kn (M J%emema{)
—_ for thai K The only cotff#o ave Crh-ws ,Ch-ta --- jCkMun FO

Now we woaat fo see what hafa en Ef Uk #o bat veey cmsll. The snalysis  still divides into
I non Juaeumm‘fe an @uaaf)cle%ememh bagk Yool Laglisl o dhba desd ue &3‘1%61_1

+Wo carves
enevey levele are equal aside from terms of oroler U.
CASE £ (wven depenerste case):- 1»0 :

F[}t A and consider a (:av‘h‘c_u\a\r RLV. K1 such ‘\‘ha.’\“-

| e, - Ec-w) P U for fixed B and VK #1£,

l\( i Ki u‘,M



We want 1o invea*(%aﬁe 1he effecl of this small /aafmfial on that free electron Jevel a ven by:

£ 6‘1{_..](,‘ Ch-ks 0 (CH.-K =OCU) o V¥ K‘*K")
Waek! K Wwow thst 7
So, the ec'ua'lie\r\. to consider {Or Cﬁ.' Ke is: L Bzza;)sﬁ GWU\E’;) :L% Uy, ﬁtnr
where uﬁ, =2 w-Ke 'EK"F_;CI&_K o D(U)
i) (E-€%x) hk = ))o/r‘:n-ﬁi * %#K—m Cr-k g

because we fix Up=0 (scnce the potentislis
defined aside from a conslaat)
Then the Eﬁwaﬂon for a\ Cy-r with KR ({—‘m‘ a\ Ane gthevs K'-fm)
Cf’geu-l() Ch-k < %UH"—K Cr-k'

2) (E= E%k-x) Ch-K

Uki® Crr + %Urclw Cr-k'
#%,

~0(4)

U
c = UK{.‘K . CK—K: Z NOC )
— Sk - "

Utk Cnil
E-&%x) KH (€ - &%)
~ 0(U)

~ O (U Z)
So we found that the corection to Ch-K ) in the zone for away from +he ?va.u' degweraay ngn’B
is of the order of o(L?) :

Ux.<x - Ck-
CK—-K — K; K - k-
(5"5 K-X )

P[ac(m& this tnte the Fi'rd equa‘\Con we. 361’:

+ o (v?)

E-€%x)lnw = > IeBeUkx o 0 o > % Ur-, Vi Cun
K (E-&%x) K+ K%, 7% (E-&%x)

° _ U, Uk 3
g__g L t)c - = 7 KK(. K;KC/{‘ + U
(E-€%x /Mf/ g o (U?)

(€ - €%x)

Thus & differs from  €%-u, byterms of order o(u?) To solve fhe equation )Co\(‘ £ to this
ordey (s +herefore suffices * 'reF\a_ce the € onthe rhs ot the *hrder with £ E%-x,

5 z
—> =i & K-K‘j_ 3= Z UK“’Kc]
Kt E%-x, - E%x)

= EE’K‘; + O(Ua)

This eguation asserts that
the valve o f £
the valve of £.

l(ovr every €x-1 below [ contribites a teem Hhat vaises

wiatle cvery levels that lies abeve £°k-u, contribotes a term that lowers
E A

wet /?;m
{fF Ewtu? Exn &7 A

/

[ s 7 mott)

o & A 17

} ; > €\ ~ofVf)
K. h-K vK K

if Ek-Ks € E%-x &N \




CASE 2 : (c)u.asi) cle.aeneral"c case

.SuP]:.o,se. the valveof K is soch Yhat thee ave . RL. V. Wi, Bm  with:
Eyi_p(‘ N Y E Y K (= S within ow))
and  then

4k ~Ehr [P U Vienm | KrK,. Ka
In amalmm {Vam he P'reun'aus case  we write the &:)uatfon -FoY Cw- K,

m

(‘f’fon—KL)Cu-K,-:JZ Ug, -k Cpx;, * K%U;{{K Ck-XK

A=4,...,m

and the equah'on for the othes cCyy with K+K,... K

M=

(£- En-®)Cy-g =

UK -U viK .3 ZUKK Cp-K' KiK., X
K#K‘lr {Kvn
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Cap. 4
TIGHT-BINDING
METHOD




In Chapter 9 we calculated electronic levels in a metal by viewing it as a gas of nearly
free conduction electrons, only weakly perturbed by the periodic potential of the
ions. We can also take a very different point of view, regarding a solid (metal or
insulator) as a collection of weakly interacting neutral atoms. As an extreme example
of this, imagine assembling a group of sodium atoms into a body-centered cubic
array with a lattice constant of the order of centimeters rather than angstroms. All
electrons would then be in atomic levels localized at lattice sites, bearing no resem-
blance to the linear combinations of a few plane waves described in Chapter 9.

If we were to shrink the artificially large lattice constant of our array of sodium
atoms, at some point before the actual lattice constant of metallic sodium was reached
we would have to modify our identification of the electronic levels of the array with
the atomic levels of isolated sodium atoms. This would become necessary for a
particular atomic level, when the interatomic spacing became comparable to the
spatial extent of its wave function, for an electron in that level would then feel the
presence of the neighboring atoms.

The actual state of affairs for the 1s, 2s, 2p and 3s levels of atomic sodium 1s shown
in Figure 10.1. The atomic wave functions for these levels are drawn about two nuclei
separated by 3.7 A, the nearest-neighbor distance in metallic sodium. The overlap
of the 1s wave functions centered on the two sites is utterly negligible, indicating
that these atomic levels are essentially unaltered in metallic sodium. The overlap of
the 2s- and 2p-levels is exceedingly small, and one might hope to find levels in the
metal very closely related to these. However, the overlap of the 3s-levels (which hold
the atomic valence electrons) is substantial, and there is no reason to expect the
actual electronic levels of the metal to resemble these atomic levels.

The right-binding approximation deals with the case in which the overlap of atomic
wave functions is enough to require corrections to the picture of isolated atoms, but
not so much as to render the atomic description completely irrelevant. The approxi-
mation is most useful for describing the energy bands that arise from the partially
filled d-shells of transition metal atoms and for describing the electronic structure
of insulators.

Quite apart from its practical utility, the tight-binding approximation provides an
instructive way of viewing Bloch levels complementary to that of the nearly free
electron picture, permitting a reconciliation between the apparently contradictory
features of localized atomic levels on the one hand, and free electron-like plane-wave
levels on the other.
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Why not use the Fermi surface in the tight-binding model?

By convention, the Fermi surface separates filled from empty states, where these are infinitesimally close —
that is, where the boundary falls in the middle of a band. If the boundary (the Fermi level) instead falls in a
band gap, we say that a material has no Fermi surface. Thus one definition of a metallic conductor is “a solid
with a Fermi surface”.

In the NFE model, there are only very small band gaps, which are treated as perturbations to the free
electron gas, and there will always be a Fermi surface. On the other hand, in the tight-binding
approximation, there are large gaps between bands, and if (as in this case) we have a filled band, there will
be no Fermi surface.

Why don’t they give the same answer?

Ultimately these two models are approaching the same place from opposite directions: the NFE model says
that solids are basically metals, with some small perturbations that could make them insulators, and the TB
model says that solids are basically insulators, with some small perturbations that could make them metals.
You could think of them like the Taylor series for the same function expanded about different points.
They re both approximations to the same thing, but that doesn’t mean they have to agree with one another —

each is better than the other in different regions.

In order to decide which model is more appropriate for a real system, we’d need to get more quantitative. In
the NFE model, this would mean specifying the weak periodic potential (or, more specifically, its Fourier
components). In the TB model, it would mean introducing more orbitals and being precise about their
overlap.

Given quantitative values for each model, it is indeed possible for them to predict the same bands and
therefore the same behaviour. But with as little information as you were given in this problem, we can’t go
any further than the worked solution that you gave — including the fact that the models give different

predictions.
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ELECTRICAL ConDocTiviTy (N A NETAL in the DRyDE HWODEL
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HALL EFFECT AND HAGNETORESISTANCE

The Hall effect is the observation of a Po‘raw\\a\ difference AV in the transvesa\ divection 1 a
condoctor 3°+ +hraocaln a corcent (n the \ona{*uéim\ direction in a perpendicolar maam‘ﬁc feld.

R

gy Mensl=e sl




The )rorCe. excerts lﬂf H on the clectrens s ; E(t) = '%Ex B

As in the ff%we we choos= 17=ka v H_=Ha$ 2 E('t)": ..;-e_lel’\

WlHn a certain j(\'Wu’. {he sccomdlated chavae is soch that  the Jovents -Fovae, e c::\mPensa‘\'ed Ly
the new electric Field aencra"red in the y divection .

— 7§="z_'u-x|-\? — | B :—_ZLHQ — Vo\'\a%e M\ #o

jln, ‘I’Lu'& wa\1 e\ec’lﬂ‘o\na ’\n\“ move on\\( a‘on%ﬁ. — GVIILI ino (J,{=O)

\Ne can o\efine two quaw\'\'\{es of interesy:

1) The wo %\ne'foreois‘hanw: Plh) = E:: (-lewlevm.( of a wmaterial 4o cjnawae the valee o{?'['s electricd \'es.)

2) The Hall coeffi cient : Rﬁi (chavac’teﬁs{?c of the material , well weasoralole)

Jx- H
The force is in ?‘e\nem\ ‘J_di(l) = F&) —=—2 C‘F(ﬂ = F9dt
— plerdt) =[p® + FO +on](s-2E) = pe) -4 py+Frdt — [9E <F-Lpw
i achs like
S ctent

To c&lco[a’fe Ahem We f{vsﬂ‘f ft'nol \]x and \i\, inthe presence of an E with gqeneric Fx and Ey
and i prezence of B wm the Zaxis . The force ac{t.ma_ of each electron is" F=-e(E1uxn)

% < - (E+ 2 ~b)-£ b, ) (D= -enp® = e po
-ent i 1
o :<—€Ex+ (%)R,—%)x( = ) < Ex +@T)y ~Jx=°
o s B (Rt ) (S5) | E e

Since we want fo be W a statlonary state where fhewes covreut only alowg X and ncﬂ-a\nna

(’1\] JV:O

(i{' does nat ole,otmf on H)

T—P \‘\k = 9 Ex f(H)= 3‘_— (quite corvet for some medals’)
G‘E’ e Jx ('CUc?:) R = E’— =4l (Jus’f a consfant,
H ix hec chavacteristic

+the W\a\'e.ria\)

QH can be tested che‘rimeW\'a\\L[- The mia‘fcrt{ isthal 10 some welals Ry<o (which con firms
+hat tve electrons ave the cavrievs of the curren‘i) and in sememetals Ryzo (which means
that aw \rui Poﬂneln‘ca\ Pesi+iue dnarae. FAHir_\e carries the crrent.

T‘n?s was a rea\ ?'fc].o'lem evew -FU(' the U?Aa'\’eA Je rsion o{: Dyuwde : &mmer-,ce\a Wmdel.



HEAT cowDucTionN IN A METAL

het e Cmove fast)

celd e~ (move slowly)
VT#o0 /
T het F_V, o How the heat is carried
SR iE: fromthe lef+ to the rig2
. . dT
Heat correnY : Jq= - K ——

heat cov\dudivﬁ‘f

Iu the kojt reaion € move Jo The n‘a'ﬁ %= vt
Tn the cold vegion € move 1o the left x=-vt
e == \];" = 2_1;- £ (T(x-vD) + 2_(—13‘) £ (T(x+vD)

4 1 |
b oy ol M b

IF we assvme +hat  L=UT &KL ~o(VT) (.Scaﬁeriha \ena'ﬁ' & thermal variation l\?nafn"' sale) we
can exloamc\ d‘?ﬂl at the Fom'\' x

© Lveer) - £rettt) ¢ Ly 38 I ()«

& v d€ (_AT
J dT \dx
NOW <']fgz>= ('U_lfz>= {'v"xz)= @ ﬁ‘)?:—'_s_‘uXZZj—f VT:—-%<UZ)ZCVVT
— J‘]“I =|- D e, A K =<v> e, %,quc, heat CQWAUC‘}EYEJ?

,Diqic}‘\\nca_ the thermal coho\uc‘hVH-Y bvf the electrical conéuc.{—ivﬂkf:

V2
K - 579 _ | <wdma
o he? 3  ne?
R

It was natoral for Drude to apply the classical ideal gas laws in evelua-\(\ng Cy and <V

Ny |l bl B 2. 3T
Cy > Ke / —Z—YnV—ZKBT—.?'U' 2KsT.
K _ 2 [k’ i
— > I = S 3) ~ \Nfiedmann — Frana eguaﬁoh
ST E Le
2
— WK _ 3 (Me) Bgoa g Wt |-y exp. resoly  Fort viteos
3 = ke a%veeme\n‘\'

Two huae mistales ch/:eh.sai[ea/ each others gl'w‘ng a fbrfw’#aus agreemer/d.



The wain problem of Drude theory is 4ast when T have a wery cleon moferial the o
starts to become higher and then Cexp becomes i her foo, Thes means That €len assowmin
a small veloeity A =|v|T con be ’/Azgher fhon doA How is Fossiéle? The disfonce between 2 tons

wmust be vhc(funaed |

o s i ef Drude +heo was fhe assva{(ﬂh af electrons as classécal far“ric[es

then the estimation of (V| and ¢ was not correct.
The solstion 1o this 1:0%%19. is dee \an{ the Sommerfeld model .

SoHNERFELD HODEL

The Sommerfeld wode\ talkes into sccoont that electrons are Fermientc quavﬂum particles The ﬁey

fo?h‘\‘ s 'Hﬂa"f ’Hﬂetr ‘(\AUQ 'l'D Sa'\isfcr ‘Hﬂ@. P&uu ?rinci?le ,“ncm We can /wf af most 3 electrons (1 spiv op,
4 spin down) per quantom stote  1lievefore we have {o il 5¢¢Juem‘a‘aﬂ7 fhe fevels which have awn ever hig her eneryy
Then we have a [ar%e Kinetic Cuergy <asle For the Fermions (eg for fypreal wetals ~ g-10eV) Then we observe
{hat W] ~T 15 fio lunderastimste (becasse we vnderstand it was hezkeda! the fermionic chavacter of the electvons)

K€ [-0,40] AK= {-f-—

]

|
v- -k . L8 pouk : (nh. T |Rikhes mode!
: ke 3tp2  Ak=2T)

-4 48T olane waves ) I
% \[2 = F [
At Hhe same fime the estimation of Cv was too much overestimated becasse at TwoK the <
has fo venish otherwise we caunot satisfy the 3" principle  of fhermodynamies (the ewdcopy S—=>o forTo)

This is indeed frue for fermionic parlicles  since & ~T. Znfoct if we ?in some heat to oor semple (o see b
ite 'femtagm{ure has cﬁauzec’ as an effect of fhe internal ewersy daanafh? ) the etrs energy can be accepfed only by electrons
near the Fermi enevgy becavse only them have nesr empty stites . How many electrons can  acquire energy 7 Only them fhatare
in 2 shell of order T sround the Fermilevel <o the # of & which con aacept eneryy is of order T . Therefore when Iawe an_energy
of order 6T fhe fofal smovn? afenargy A which can T guve fomy system isof elder ~T* and then & T .

Yo conclvscon CooT is a consequence of the Paul’ Prr'n:r'f:/e feo. (See f;%ure \oelw.))

gle) B 1
SISV For a mudn accovste deeatwmenk:  we Kaow £ j:;
accugmi é'—)s'{.\{ec at T=o i
~ kgT o ad D E')._- 2 dS 1 L. ds m o A‘:‘m ol
T{ ( (2m)3 IVS(K” 4T3 FiK ‘ﬁ-n'é’z ﬁz_K- s 1“8 e
cecupied € stales _,,f‘\“ : ! :
at e \ +00 . pove P
p .‘\‘ 9(er) u_ = S-cli E D(E) < ~N up + T'z
\ " o0 PP
b bev of € states Sommerfel‘! pmees e
\ uug‘ci{ﬁ froT T t9 Co =l M | T pa
/ Ty KBT-%(QF) 2T
: £

EF

U | conclosion | Druce Memy was  wrong Sommer feld %heary gave greal iumVeumu'f bot he still cooldut explatn
Rk (<o or>0). Moreover # 1s sfrang.g to consider electrons as free porlicles in on environmeut foll of tons.

why the e dowet  scabler with *'nem?

The |ast upc[a‘re is the so colled Semiclassical ‘/hear/y of Blech electrons .



SENICLASSICAL MODEL ©F BLocH ELECTRONS DYNAWCS

jw, the hy.sfaly af ﬁcondemed Matrer 'Phystcs\\ there ave Hhree aﬂemf’i‘s to describe thsics of the electrons . a

crystal:

4) Drupe nopeL : T this medel clectrons in asclid ave a ass of Bolfzwann pariis .(oqu,\‘parlﬂfm
theorem |, \mua\n[q estimalion of €. ). By fhe valto of % {he fact That he

Was wione almest conceled except fer s foclorof 2, so atihe beﬁf"m? seme people 1‘6917.# that
Droedes '\he:ur? was ecorrect (o'n\q wreng, by af.gcfcraf 2) . Ne Quantom Nechanies.

-8) OMMERFELD MNODEL ﬂm‘s model ’Iafﬁes r'n‘/‘o accounT Quaunfom Hechanies LU"‘ the ?.)s s considere)
as a}rte-deo‘mn %&S —> Free Fermionic Gas |

A8
&£ = Hw? : . ' - £_=_'ﬁ_!é_= 4 &k 3 =4 i
g zN 7/ f ‘HE / =m m " Ik 7 ’%- 2 4

Peoblem: T doec not exF\aln w'n\( there ave metals aud insolators . ?“Mﬂcf a
System exflamed m this uay belhaves alway s ke 5 metal.

E’) BLOCH'S HODEL i  This model , 8¢ we Kuow, join the Quantm Hechanies with the lattice theary
Thea & freats the electvons lhe @ fevrmionic gas /n a Per:'od'fc Po'l‘em".r'&)
(ns'l' free).

LK-r

Er_c,n (bahds aepavaJceA y Pf’KK P 4 '9&5/. ’lﬁ&(‘fhunﬁ(t’)f
bl{ taan) = £k 9K

Whenever T think of an electron moving, tw 2 cvystal T hovld net think of an e as being in
an cigensiste of the Blech Hamiltonian , becavse i an eigensiate nothin Jepemds on fime
becavse they ave slatiovnary states - If an electon Trauel along & cyslel  we have fo think of
Hhis e deseribed ‘3'1 wave ]:aciﬂe+ ,ie. [inear combina"rion‘ of Blech waves )fonc’ﬂom,wﬂ\n duffereit  wavevectors,
which , since Jdnet( ave erzeu{omﬁons, evove as g <Emt %m :

MK (Umce riatwly of

"i_&:ri
q‘f/u (K,x4) = >1 ?(E;E.') 'Lf{,w (p)e ™ the wave vector)
| S S —
e.a. Gaussian

K

(fer a Gavssian w.p)

We want 1o 2ssign the K-vecter toihe wovepachet with a small uncevlatnty . For exawmple if
AR v T — i ois prachically  complelly vndetermined . Then we want AW <« T

NB JTm fim'ng_ the inakx band = (T canndt f)romd?“é e to a bond fo andher = low eners f\'ocesses)
Let%s exFancl for wW'ah — Wer+@®-k)= Kt bk (asoom'v.wa dhad Gé(ﬂ,w‘) is ?ea\ﬁ,ec{ aeond K)

A(K'y - Ennt )
,'f/uﬁ.‘ = unn‘ (.[)'e + ~ uuy_[(-r-)e

Alk-x - %‘-‘i) ’ei (6-wr - & %*]

F (k- r - Ennt b ) = Vit
2 %(ﬁfr,f) x ung(r)'eltﬁ-r ’ﬁ_) %?’f‘ilﬁ')ti(v’( .VE)[I T ]



Lets Hake a lafice with s‘:ac‘una a . Since we asled thar AW @—E— it means Yt
Ar>a (Ar AK ~4)
‘H\is 18 an electron

‘H\&*\ can Yravels a\m%
1he [aHice (wn\ae‘:ac,‘ﬂe’t)

Awayt ?l’obe the Fm\:eﬁ'nes of an electron i a cqqs{al is to aF‘:\T an external E.M. )C'feld. Sina the ?avr\icle
is uct point\ihe bot s spread with some A, the field coumot vary to fast on fhe xale Ar.
Thew the wave \EV\%\\'\' of 'H\eftc‘c\ will be much \araw oF N —> A Ar

XD A VLI »a
T

Ee',u.ahev\s of metion oK'\

-

1l

_.Y_ zm& = %—?6"5

- 2K the vate of change o f K is o to the fore
'{ﬂﬁ_—, L e [_E__(r,{-) + y;‘! x iCE:f):[ — (if F=0 2 K would beasood ﬁuan‘mm o ber)

N = const of motion (ust iuterband jbmces.Qes) — weal e.m. field

L l, .
ELECTRIC BREAKDOWN eEﬁ_iaiL (praaly eBanws6'H) = L v 45%
What ace dhe vales of 1

E snd H in order to have N#const? MAGNENC RREAKDOWN ﬁwnﬁ;_H 4 Elaﬁf (‘h{ficaﬂ\’ 'ﬁw.'ibfw)ﬁfw,“ige\f
3 - ;.

What ave the conclosion imglied bt{ Hoose s?zca'h'oms?

4s+ sialement. Fiuep (AND EHPT\[) BANDS ARE INERT

A r'”l',J Lamf c/ae.s mﬂ! A an m/e n 7%6 c/kamfcs under ‘H‘ne, A 8su '*ion+ha n'—'cond).
Fpraiiy ¥ rop

* Corrent density  (in a lattice)

. la #: Y
J=ée)n-y: —-a—ﬁ—) Q=C~e)-2ji—“mgl’n5 =@

—_—

LA L
MM Since Uy, isthe derivative of a ?a‘fodic. Fonclien £ (k)= g(kte)

> The iuﬂe%ra'huz_ -(\rom ":g_'— 'ha-‘z" we %e'i‘ o. ¥

- Heat o\ﬂnsﬂ\! ‘ d«

e= 2| am Vng Eng =0 (¥'¢r*ﬂ\e Sawe reasgop)

1°'82
—> WE (AN (6NORE  EHPTY AND FILLED BAXDS




d _
2" STATEMENT THE ONLY INTERESTING BANDS (THAY INVOLE THE € IN A CRYSTAL) ARE THE
PARTIALLY FILLED BANDS

Of course we need an em. f{e_\d! Ju fact J‘f we do wneh ?er\urb the svedem we have as mauny electrons
3om% fowad 85 we have electrons aoin} baclhward — symms¥ry e J=O.

NI
Sy

~
rd

If we perforh on EH./ie/J on a metal af e?w'l{iar:‘um T will have some more eledras n one direction
Han T have in the other 3nd then in +he presencs of an aleclrie }}'eld the aVeraae corrent will be
not Zero jfo —> there is won-zew drift ueioci*r

—”ﬂeorem s (4o prove ) fem
L= fd il f (rir')  where F s tepeated periedally
gy 0 R 2%
Vo T = |dr Vo flree) =fa|r Ur Air) =0 — er VA =o
el .

Motien of Bloch electrons in a constant E field

Vimax

Fh=-2E —> V_‘-(f)-‘-ﬁ@)~%§_t

Vot = %%’L (.f:ertoc!ic )fu\nc‘ﬁan ej: 5,) \\)Z

Vwin

[
e

Seems ‘l\'\a a constant £ Field  shevld cresle an a/fcrna'/('ng corrent LUJ( Tais e wnever been Soserved . We
inoleed sbserve a constont Jrift ueloct’n’ | Wh\,f Becavse we have the ba\am;na of Hue forces : one iathe
force of fhe E field and the other isthe foree exerted by come other d.af. that act |ife a firiction.

This ):h'c#an is not dve éy the jons becavse a ?eriaéic f::c?\'eh'\'ia\ is net ade o exert a.fridicm, but i+ can be

exta-l' Ly TLWo €causes
'1) defects in 4he cry.s*f'a/ (a mfésfna afom somewhere) (dommav\\ ar low '\Em.Perd‘h\re)

9 At high +em?era‘\um the vibration of the crystal (implies that the periodicity s Yrve only on an avera%e) Fme’uces
an effective friction.

Se this ec,u,a"ie‘n is covrrect if we peglet Zollisions™ . If in a crystal there sre collisions , these cdllisions will
Lr—:‘wg oor electron to a steady stale where Hhe ea,u.aﬁon s ot frve anymere.



HOLES

lé’.‘i ‘s show that occuf?fe.d states behave as electrons and Unocchied ohes as Pos\'\m (heles) . e cbserved 'H')a'\':

J = (-€)-2 J ;‘ZL;); V= © (becaose of the ?er;‘Odfcﬂ?)

4515
New inasine fo have » fadia\\nl filled bawd ?( there ave aleo empty lates) . Then :
O=I=J+J' ﬁj’—_-_f |\emp'|7 /
5 g Vempy filled emply ‘ W

—

d d
5 . K L X 1t}
J = (-e)-2 _((rrrﬂ Vhg = R-2 f(z'ﬂ')s Uy

filled emply

S we can wlerpret the emply states as producing & correnf with a charge +e . Those emply shies
are called holes (or pesitrons) . Even if the teve catiies avethe cleckrons we can consider the corrent

fo be carried bf )G‘c{ﬂious FaHtr.\es et that fill +the em,m’r levels |
O{: coorse  since +the fotal #of e is ﬁXed {F an BMFI\{ siste becomes oczufbfa} the dd occoF?e,o] state

becomes em}m‘yi {hen 3uy evolution of my Blochs electrons s sw evdoken where Filled states evdve
inte other filled states and empty slates  evclie into cther emply stales.

74

Relalion between fore and acceleration

= . y d Eux e 2 Eny y iQZE"E .
. =t - A ® Ku — = = Jﬁk‘ — J’“‘ »*
‘hi a FE r E prs l K d=Zi,1,3 dt 2%, ;::::f-;( ) ‘hlwr‘\'ofal(,( P)
-4 _ 14 7
Ndp = F 2&;‘: Tuverse Hash Feusor ( 57mmc'|h'c and 3x3)

The velation % shows that 1o 2 crystal T ond a2 ave nah wecessarly / ond that the proportional facler is
2 33 tensor ; this implies that 5 force along & direction con preduce an sceleration dlong  ancther one.

— K near a band wax (netaaiwe cuvvalure)

e observe +‘na+ : + Mdp 4 4 6w /’
i

+ K uear a band wmin (?os&"five corvalire)

+ (-2) [E * %x_l-}_] equation of motion
(describe beth e and holes)

It
|

— > a=*+MF=+M"%k —>|Ma-¢+

If we expand wear a minimem or the maximum +he dispersion relation we {ind a pavabda, then the A} will be a diasonal
P Sp P / 4] %

matrx with eiﬁehvﬂues im’f,im}’*,:m‘." on the 3 fr-ivacipal axes

(e fk: . A2 . frm? find 7 \““'»r-
| = + e Gl LT 3 ol Ky n W 3
< ot )ﬁghﬂ (2 me o 2M 2, Nz En zm | 2m 2m;
4




T can  frest holes as states with me«aa-hve mass , or e7a;va/en¥£y sfates with /basf-r’r've m3ss and h?a')‘r'w energy
(am& hence Pcsﬂi\le charbe).

I‘l’ is eaay ‘(‘O see ‘Hhﬂ' 17?”1. =;'§§ 5 (n 1[/18 cf}oes.v‘?le a{f-racfian af“ﬂ’if cs'/ec‘/rvﬁs.

The if Tapply a force .:-J/on2 one principal oxis the 2 oftwe e will be 4 o the F(F +) and
an’rlParal\el GF—). For the holes will be / (-‘f—'—) and an"\'n'raralle\ (i€ +)
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CRYSTAL




CLASs\cAL THEORY OF HARNONIC CRYSTALS
We described crystals

since atoms are made

as made Of ﬁxed' atems Uafﬂa the BL formalism . But this s an  ideal dc&rfpﬁen
of nuclei and electrons that oacillate .

I con think a crystal 2as a ,’hr_;«ae molecvle! and so  deseribe %ei\"dywamr‘c with The

7a,m1'am mechanic :
apprex of Bo. :

e much fasfer tham noclei (Since sre more l:’ghier) — sdlve electronic /omble» dssoming steady woclei

sad fhea the eneryy Fe ofthe electron /arob/em act as am effeclive /odmﬂal ferthe wuveler metion

The wocleq so move in an effective Pofm!:‘al =gt 3.5\'3’(: all the wnuclei ave al e Pgsé-hon (minimum) . If
we excite fhe syslem (ie. increaseT ) they oscillate areund 1he e /oou‘/:’em.

Well introdve a classical ‘Hﬂeory fo describe 1he oscllations in a crystal bssed on the harmonic aﬁ:mﬂmair'on
and then we'll quantize oHaim‘nE 7uaufa: phonons . (quents of sounds)

HARMONIC APPROXINATIDN

J\E‘f’s start witha a cn/sw‘al descrlibed |o7 a BL(R) (e:,uilibrcum cast) If T vaise T, before crrs‘f‘al melts,
o\ nucles inthe site can move and we con’ £Find Them on a disr\ace& Faai‘han.

]'M[ <«< a fo‘Hnerwtae b o ° ] - % °: araonc\-.s‘l'aie
[Tqu.icj Ialnasa is more stable
thaw slid (erystal melts)

® e o @ ¢ e - nucler af{er ocscilfalion

—  r(R =R t+uR)

\_)OI:SF\ECGWQW& (discrele ﬁ‘e\é)
The FoJ(en'ha\ evecyy of*he noclel :

u-= -ﬁ- %ﬁ(f(x)t(?)) - % ¢ (R-R

BB

(_E)erMA avouncl Cq~ Pﬁb)

al\dlpcssible pairs

v 42> $(ee) + 43> (B wl-uk) s £ [W@-ue 714, swt

m

D,y L > ¢e)+ 4
RE 4

rASYY

2
> 2 (R % (R)) fus (Wo(R) ~5(8))  where @ =(2§ )
& )"'r‘“(?.)'ﬂ) Py Us=o
We C‘s““‘ha“a‘* the variable R-R! ER", and notice '{'ha“':

2 f(rRr)y =2 fGRY = N %m")

R RI R Rll

—_

L2 72 DR uw@®u,(RYy @
R 2 RR' mv=(ay2) |

Dyuamical matrix



We can Find Do (R-R") by compariyon . etz slact from the 2“°\Pl‘ece m @

4 > 2 By (RRY) [Mu(® Uo(R) + Up(R) Uy(R)) = Uu(RYUp(RY - U(RD Us(R) | =
B|E| MY

We con see $ (R-B') = P(R'-R) (it dePewéa onle [:u/ihe distance between {hem) . T\'\ekgfere:
= % > 2 4.,(zr) [M,. (R)YU(R) - Uu(R) uv(R‘)] =
RE pmv

Now we see t1hat:

2 2 h(R e (BR) W(R) : %(%MR“)} Uu(R) Up(R) = Z(édmz")) Uy (R) Up(R) SCR-R)

RE' m R.R

— | = ;_ZZ'M/A(E\[(%d?(R“)) S(s—g')-cﬁ,‘,(ﬂ-&')}uprz')

BB v

B" comfarim} this resot with @ ] cae'\-

Du» (R-B) = %CP,.,(R“) SER) - o @& | Dynamical matrix

Thanks 1o harmonrc approx. We can describe  the syswtem as t‘hJeFena’en'f normal modes. To solve +he normal
modes problem we flud 1he eigen valves of Duv ond 15 scmple osing, =T

TOYNoODEL 1D : S$RINGS AND BALS

When au ton is exciled it oscillstes H‘amsfern‘n its melien Yo o)\ other stom : motien efor\e ot is wnet & normal
mede . The vibvation i this caece s \cma\'\u&i\l\a\

Becavse we want fo stdy the dynamic of the ion we usethe displacement {rom the origin witha ime
c\EFemdemrc T_)lh(-t)

U = Ue‘? 1 iz'- K % (umt' uu)z : POTENTIAL ENEREY ofthe sys‘l'em
K= 4 > Mu Y KINETIC ENERGY of the system
2 h Y

TLP. faz rawa fan |_.= K"'U

— | =M Dl - Sl alud| = | 9 0L JBL | b ofmdiien
2 n ¢ "n dt 21, ua 1 h=4,.__N

— M ;“lh =i K ('M.mu. -u“) il K (ulﬂ. in uh.t) — Mﬁh =_K (luu '-11“,1 "un.,_.)

The loHice (s net tfinite : 4 lhae borders. This means 1hat we need Te fix {he boundi vy cenditien .
1) Fixed 8. . Hhe sdutions are s‘lahc}Tnca waves (nat ?ropa-aa-liwa) . The veal Bc. bvf the more :om,o/a(.

) PBc . the solvtion are P‘""i’agé““‘} waves. We can thinl oor chain o= B civele ; Uo =Uyn = Uy = Ui
(et physical, however [Fwe are far away from the ends of the crys-ia'l Yhere s e moch d{,ffer:we

between what fhe ion does indhe case of .s'fmdi'nﬁ or'lravel)ﬂng waves a. e - E =



u’ N-oﬂ = uﬂ
P.B.C. or Born-Von Karman 'Douhaaht condidion

We want fo sdve the ez?u.ah‘on inthe PRC. This means that werre loohfw-a For +rave\\in3 waves

solotien ¢ = (qna Ty

U, ()= Ae where v=na isthe dishike of the pMicnto ©.

-y . Lo ; N
Ummﬁihe ERc. U.=Uy ¥t = Adf*£¥)k€ﬁNa e 4:e‘ﬂa
N normal medes
-— ﬁ'Na = 39mn o Cf= =N Mo N = '["ﬂﬁ-ﬁofs«aluﬁan o-f '}‘de
‘irauellima waves is the 4 of dof

(s o discret st of wave vecters . Sivce 9= %% -Naey all live in the 15 B2, (.5 cell in Re)
Movre over -Hnec{ave very dense Atl = | 21 o
anN Slleo
35t g3

; (gna ) Tz 2 =
—  —wiNpael B AN DT

— —w?NA = -2K(L-cos (qa?)A (A=o is he trivia\ case, assume A:;:)

‘D;SPQ reion law w@)

2

— = 2 (s (@) = A s () —> )= 2 {5 [sin ()

T’ne distorbance can ?rs?aza"\re.s accross my [attice lff 1he frec?u.encyw aand q are related
btf ‘Hh's dl‘aj:ersisn /aw y

-

45t BY
As we said qisa discrele set  aud hewce cocy) is » diccrele fowd(‘en. However becauce of N»1 (N~N2) the
set 1s veally dense - Thos in the R.Spae  we draw W) continvesly and becsvse of the PBc we consider only fhe
1%* Ba.
UUmsu GI is amall COW\PateA with -'%_- (i.e- A>»a) T eae’t that w s lineac in LS

K | K - : .
wa@) = ,Z’\I:ﬁl_a = a,|— Iql dispersion relalion for
W1z M ( ?éuc“b\e. souna }>§a)

This is ‘H\e case of m—émary sound waves (if w = kuear jn 9 8_\*00\9 and phase ue\oz.‘d-y are thve same and

;ndi‘:eno\q.nelewﬁ- b\i the frcalu.emctf). Se , %iven Cs= %
K2 T «— string Yension
Cs = ‘% a= |F = ‘I/T ? VELOCITY OF SOUNDS
1 C =~ lneay densi-l-y
Microsco Pi't 4' .
properties ma c rescopic
M:mass of ¢ atom N ft’o?erﬁes
K:el contd batween 2 atoms Celamiic -“neo\(q)

Jn covclesion ftrom X>>a (small o‘) w is linear with c’ and thenw =ouvnd Fro?auaa.{e.s aCCon:liba
the e lasticity ‘Hneo\ry . Poweuer f we tacrease 9 w®) becomes  flad at the bordes.  becasw of
the Per‘c'ackcf‘l'y ,in This case (@) is the Ais‘)arsio“ velation for sound that we canndt hear A~va — w very Lu'ah



vl
N

Until now werre clescvlibimd oscil\ation classrca“y  Whea well quantize well have a ficld whese e’uade
are ‘“ne L’\n\no\ns . These CILL&VL"'Q vhust o‘oe—-f the Bose slatizlic scuce in order '*:a ‘nea\r SaomdlT
most have a [_oi’_ of them — so #‘9’7 sheuld be able to occupy the seme 9a=m?lum statfe

- CAnalagy ‘fb
secfm? /f? L('f — we neeﬁ/ a Aﬂ‘vf P,‘;a?rana)
So o= 1he E.H.ffe(o{ is & covevent sfate of many Pho’/ens ; sooud Te Q coherent state of mony )ohonons.

RARNONIC VIBRATIONS IN A LATTIcE WITH A BASIS.

a " primilive cell ;| L in o eneral K can be different
m W an ‘“n.a.eq pos- of m i3 wnalat
———— e SR laTee | ey v t———  {he center
——n
=1 L h
a h-4 h 3 h H'i 14

Roth M and m are BL . But toghether are 2 BL + basis (2 atem basts) .
Let: Ua be the A?s‘:\aCemen’t of H slems. M ave located in: Ru= Ma+ Un
let: wp be the Ats?bceunw’t of m atoms. m ave located in:

Rm = (M %)a t Wo
Then:

>~
\

%(‘;_ui *r':’—wi> KINETe  eneRey of the system

-Eﬁ vatien of motieon :

diol Lol | .| & 9Ll 5L L=1,,...
dt au, U, fdt quy, Wy
M ;uﬂ =-K (Ue-wz T Ug -(’U&-H-) = ~K (eu;-we-we_,)
—
m we = -K (we “Ue tWe ‘ucu) F=K (-‘“‘Uq - Ue —aﬂﬂ)

—.[ loo‘& for ‘*‘rauel\in% waves solotions impos—tnoa_ P.Bc.

Ua = AE Algps-pt) (*rauel\(moa waveg ave tm\i‘sem\e/l'\'
. om Yae basis)

i (qna-wt) ‘F

wWe= Be

——

M(-cw)*A =-« (2A-B-8 ¢ 1) (2U- w2H)A - K (4t € B=0
m CAiw)R = -K (2 B-—Ae‘aqa-A) (2k- w?m)B - K (4+ e'{-qa)A 0



\Ne loo Vi )@r non Frivial sdutions . T.e. det=o:

K - Nw? -K (416 P
g =0 = (Ho:d be berm'rlravﬂ
i (14 ¢*T) 2K - mw?
ol K- No?)GK-mw?) — K (2t €T &™) =

(2K - Nw?) (2K —mw?) ~ 2k2 (14 cos (9)) =

TP : Before .solui‘t\"’d‘\he eq. check forscond wmedes : q=o &> w=o. If eq. obeys it fhen we cau F""c‘w)'

K _ 2\ (e _ | auE | e (Y _
Nl (M “’)(W “’z> A oot (1)

= e - z(ﬁ +_V_(,)wz+ 4 k? (¢-cosz(ji))=
m N &

Mwm
= wad —2K(L£, L\ w2y 4K Siw,Z(ﬁ):o
m M Mm ez

— w? =K i+-5'— + (. i+i2_4_kzs£h’(ji)

M m M m Mn z

gl

(a (w 2y’ Pos&(u)
The =clbtions are veal aund pos.e.‘ﬁ\(e: opticdl mode
|
CU?'-:_Z:.': 3-?_4—4_"‘2"133—:_(—1& + 2 . 2(9q
e \I X sm(z) [il\I;t- 3;ﬁ‘9m<§)}

acoustic mode

The ) zolvkon soesto zero  for Qi For small 5 & deecribes Yhe propagation of seurd
in the Crt(s'[‘a\ . that’s why s caled oeovatic mode . So j-_c.\- 2o we have:

e LL_ ¥ K<£+i>(4—J1_ 4 4 9*al ) ~
e Hhl (el i s

~

~ K L 4+ ( - 4t qtal f- - _k9*
m 2Mm (p.,u%)f 2 (M)
- | ka2 K a2
_— s] = Csc:, e Cg =
Z(H+m) \ 9 ()




w
I A oplical

acostic
branch

7
(o} % 7

A

So, ;(or suery 9 T have fwe w s ond s twe traveling waves . The + soluten is
called optical mode becavse these modes ,in jonce cryedal can interact with EN vadislion
(c‘i?c\e') and & are re.sfonsmo fo‘r‘ 1he chavracteristic 01:-\?::3\ bebavicor OJC soch crys-}aKsA
The - solotten iz called acoustic mode becaose ite clis.?ersiah at swell 9 s W=Csq
(chavacterigtic of sound waves) .

U(”na* {naﬂaens ¥ {he 2 stoms are equal'{Th €eYe’s no basis 2ud the ap belween beanches disa ppears. The wnew
disP\acemen'} is .3 Jherefore & is also the half. The 1*' 82 becomes bt‘aaer: 3a Ly o

—_— — —
. © " Al = = a
So form > M the besis cose" deuds o 7he o basiscox.

/\(O
acostic
branch
_ar s 0 3 2% £
= a a Q 3

Irn conclosen  in al\ la“\‘cea we \nave Acoustic modes . fn a &t r'f’s 'Hle on/l{ mode we lydve
i BL t+bssis we have alse oP‘\iCa\ modeg |

RuLg . 3 Seund modes s D

(uahere P is the 4 of basis atems
¢ # Oplical wmodec is D(p-4) and D the dimension)

Tn 1D crystal: we have 1 3ound wode and  p-4  optical wmodes
In 20 orystal: we have 2 sound wnodes and 2(p-1) oplica) modes
Th 20 cw/sia\s: we have 3 soond modes  and  3(p-1) optical medes

@l21)
The nomber of o[a[ IS D]:N



QOANTOM  THEORY OF THE HARWONIC CRYSTAL

4

We have the c([,splacemen‘i‘ classical field MU(R,¢E). How con we c.waw\t'-}e i?
We need to deComPose. the field in its pormal modes

2) Thea we can c‘u.amﬂi-ze the normal modes and find ):mallf ﬁ(g,{)

Tn ocor problem we have 3Np hormal Wmodes (# dof). Fach Wormal mode is chavacterivd
\97 each fre,(‘u.c,enc? whick 1s chavacterized by fhe wave vector q and the polaviration S - W)
In a\r\a\oBY : i
- ¢ \fho“‘ohs CL)S(Q') = clil wheve S=4,2 (_DV\I-'( +ramverse)
= For phonons CUs (9) where s=4,2,...,3p
We caa write the classical Hamiltonian as -
™ = Z; ‘ZL(P_q;"' w:(ﬁ)Q)\f_s) 3¢N indipendent havmonic oscillaters
| (wormal modes) P: momenta of normal wiede
We |ach| Wowlte qu,a\n:\iie 4 (L : coordinale of aormal mode

ﬂ i %;ﬁws(ﬂ)(ais 353 x %)

As we said so far .Phonons have fo be bosons . Therefore 1he creation snd snuihilstion cperabn safisfies

3 commotation vole (if they had o‘neyecl the Fermi Divac ststistic there wodd have been an anticommotation
relation) :

[aﬂs’ a+ 'g‘]= sl Si’(‘i_.l\)

S?ed'mm of the Ramiltonian

L N G
E I jzgﬁw.s(ﬁ)(ns(ﬂ)'*%’) = E{“isg S4,---,83p 3
]
1
3NP intese
Free eneray of the Cr:f5+.;\ A
-BE -phw,(a,) (“4(1‘)*%) Bl s, (3 (a1 £)
F= ln> e M . | > | e =
fngs} ng,s 19, S,
-Bh ws@) (@) +4)
= lVl. -l_]_—l—l_ Z € p = convers eut
519 h,q,8 _—> geomedric senies
h, 3)
-Bhws(a) <= - ph ws()
t e TTM = 12 | (e <
= |19 b9, 520 —;\'-——'
Hes : Rl TNe)
- L TTTT L[ 1] zm( L
S j 4_ = ‘eﬁp ws(ﬁ) gls i _1 ﬁ 9




Tuternal Enerey of the crystal

theemal avevasged

IFIcom re the cnternal ene and the (guantum ene 7(-\”?_ et that 'H;e + of uawla
e‘waw\uv,: states is Ll 7 o J 9

4l m‘qs 2 = i—) - {he *‘aerma\ A\TS"H\)U“'TOVL of
) ,?_F wsc.-i Fhoncm.s cbeies the B.E. stakistic

Notice that i the sbove velation theres no =0 . Since fhe #Offﬁonons s hot conserved we can
ouly define their ‘Mermodynamics at ec;m‘“n“um (ie # of paviicles fixed) which means 're.ﬂ\kire x = 2F =0

2N
Sepecific heat

Ex peviwemh{h/ : &
1 ’ v

anharwonie
{erms
devialion

7T

- In -Hne (Afgh T limt T 3e’f the classical [imit (BoH‘% manh cll’sfr(bu’n‘eh) ('ﬁclisarr.ears)

=i % 2 KeT  _ Us = 3NpUs
s | =t 4= 3NpKs
F’ﬁw e s % MDT Vol TV % -

> | Gy = SfN Ug
Vv
EINSTEIN MODEL
Ch(s-l-al is a sef of oscillators ‘“naf oscillate a1 the same constant fra?uency s (2)= W,

— |, = 3PN hwe P 4
v ST £Pﬁweqi




For lﬂfﬁh T we reoblain Du\gn%— Pt as we sheold.

'In the low T (iwit & >4 .

KeT

= _phw, L
——2 Cy = ﬂ’ﬁwelgpﬁw*:: M-thMQP w': BPNKB (hw‘\e P’ﬁa)e
Vv oT v We T2 v eT /

We can Jeﬁue Hhe Einsteln ‘\emrere‘mre ®E=‘h‘”5 , therdae Te<y — @c>T-

Ks
2 @,

®E 2T auan’fom behavioor — v = EP—N“B<®E
T \T

@F «T cassical belﬂaufour — (v 7 3nK;

We observe that ¢ %oesheem exgonen‘ffaﬂz bot GXPerimen‘fauY it %oes to Zero as NTS- Thevefore
Einsleln model fails to describe € for small T .  Einsteins crror  lies in the asso mpfion that sl
the eoscillations have the sime Sfreguency ., 1his meaus that we can say that KeTehias -

This is e for the Of-\ica\ oxcilla¥iens |, i fact {here exist a2 T fram whidh  KeT<«hw and hence
cannot be excited and their cdtribotion 40 ¢y beammes cxfonelﬁ'ta\\y small. Far "'he acostic modes inslead
Fhere will be alwsye a l-ecaton. under KsT and therefore Cy wil have always a contribufion even
if small from Fhose meodes (‘Hw enly selution wevld be faKe T=o Lot this is lmreas-il:fe)

Aw@)
O GT?1 classical (3l 4ne medag
limw it aye excrleel)

O s o S

EEm

KeT << hw@ CLLmens ey

S a
+here will be always a rea ton of
excited soond medels

DEBYE NODEL

The De bye medel considers onl $he ?honons in Hthe acustic brenches , so #& valicl
at low T . At low T the eplical modes are frren (T1s lowerthan the lowest cept)
and therefore they do nol” contribvie 7o <. .

We Kunow that an acostic mode \has far (9l 2o has the fo(\owmc& dfsrers{on relation:

JVLCUS (ﬂ)*" ‘h Cs(%)ljl S=4,2,3 (Sjcodic rlnods)
J; 2 t‘am'SE(’s-a
wuii vector 4 lonadud‘ml

inthe direction

of 9 (in agas thevesns
3 depencletice)

Z'FC ‘{]\I‘l) 2 4 = t sofficie 'H /0 T
<43 S(-) | et £F'FCs(j)l_1|i iroler f{o neg\e {ln:”of‘l‘.m:s

o — Cv=._.4'_
Vv

4

Sinee ﬁare cl(acre‘\‘e hu\- uery very a[ense we can *urm %? —>f



:FITSHV ecall that due to Pe.c. the allowed wave vecfors ave:

= My b, + M, 4y M3 | o< m £N,-1
j Ny = N2 = N3z = © £ m £ Nt
0 <£ mgé N?"
- b b | a b
T T TR TR

N = Ny-N2- N3

Hence the elementary volome is Aq,- (Aﬂ_lekis) w4 by (b xby) - @ camy —> 4 -8

Ns-Na'N3 N-v

— 5 4L 3> f) -2 A sy — fﬂg) =
vV 1 9 NP

3
(:m) a“ m3
3
.3 i £ 4
P I '( 3 Cs(‘l)lj| < — ) =

oT $-423 ﬁé;m 2T JesﬁCS(‘ﬂ'l_'j]i
- 9 Pdada 4 ¢ ()9 L

T S | (mP L FRGE9 VA

/\(_ﬂ-) <« cevlain CD*-Q'Ff
-2 > |dn dq 9% R Cs (@)
ST S5=113 ey ] 2 Bh<s @9 i

hcs@)q
=| 3 2] [ELEE R rdﬁx _x

T 523 ) QM (Bhcs(N)4 I | e

(2.v)
| (de i 662) rdx o
oT saz3J QM (Bhics@))T | g
0

12

I
4
9 KaT)t"hTfé 7 cJJ’Z 1 '"/iS
o7 \ # 1S sa23 ) QM? )

Now let’s define the average sound velocity € svch that:

%

\

Pt

4|9 4 > ¢ L
€3 3 sz 4T (s@)3
Sevnd 4 2 4 2 4 ;
— 5 )= 2 (et 4 -2 T (k). mamw_r)
T (ﬁcy&s; B oT do0  (h)? s fe
2
Seud 2T KT 3
| = Ks( 2 ) gDebx/e. lowT | cu
S ﬁcs

Debye
-C-v ces fo 2ero as i

- Due t= the precence of i W a c]u.an'fotm henomenon

IV (zm)

it depevds
e o\tredi‘on
= A

at lowT gs‘hc.s(mq 2S00

« The velecily of sevnd emooles sppears inan aversge of €s that conseders ‘Hm‘l' tHiere are Sulifjferew‘l" s00nd mades



each one with Sferent c,(9) ond ako that 1he Ve/och‘y afe/oena’s on The direction Cs(3)

TI?E 2""‘J 30&' o-f .Debre was T prove that r'f we don™ a/a/:‘rb.k?ma}eﬁrcu'l'off we Jef' afama‘fsn that

con inlerpolate &, for all 1he lowT. To selve the preblem of  the direction c[efaenafence of the aitafF
the preposal of Debye was:

4) C3(§)= € (sand velocity -averdae) DOebye dlﬂfro)ﬁ'mmlt‘sw
) " B2 = SPHERE oF RADILS Yo

Whal is the best 9ol We impose that the 2 volume woust be the same.

~ Jog = G _@I’N_ - mPn = 4T o}
| ¥'52 ! ¥ g 3
E 4“3* N

Y

S c’b" (GTf?Ifl-)J'y3

9o 9
— a-aT(d e .o (] has
3T S ’ (zm) -@p w’_.,i (_211-)3 ST . {l':"ﬁqu_i
9 s  (Fhon
L[ |dbw A; hicrqe PP L1 Bl HBT) do | 2bef
Gm? . o PRSI _y KeTZ G@m)? H Cs (e*-4)°

We can define the Debye frequency and '/em/oarafvre :

W = Cacib —Ly @D: ’hb?:p — P‘ﬁ Cqbz ’k\?:—‘:- = @_o (climemec'anfess)

T > @D — classic  behaviwr

T « ®D —_— ;)uawluw\ be haviour

T (;%jfo%x ;:—_egz =ranrih (®L)3¢ %H)

A - 3 nKe
® T T Debye (D)
T"«d — (v= Oulg (E) dx 3= 3n3K3 =3n U G Troe ¢
0
®s - T Vil seni/T ¥
?»i—) Cv SnKa@? T_DHKB I >

The'refove Debfe moolel s aoocl )tor [ow @nJ fu‘ahT) bot nel i fhe middle because of the

assumrhmo made are af)fmxima*iens-



Ju conclosion we discorec that the Debye model  describes very well Cvéw"Jfor lew T, i which
I talte info accovnt on/y the sound meodes becaose at low T the cf:‘hca\ modes are " fra?en’.

3
o o
e 2Ty, (L)
5 O}
=4

w )~ cs |1l o™ ﬁn(;fdﬂ - )

Cs(9)?
Tlﬂe_ _El‘msfch Vnoglel :‘ns{eacl bhas 1he a\oi\ﬂc( “'b AESCV&IE C'vefﬂ- Cans-c'e/err‘n? an aversge (Wge

ae cirsf:ers?on law . Their contribution a5 we saw 30125 ekfonem/r‘a///v fo zer af low -/emferav'vm

®:
 opt 2 T
cy = (3p-3)nKs (®E) é ’
{ T /| (le T*F-4)
opt
@ - we
7y
AN
Zp= { w@=w, (Fiastetn)
9
Usefuol TIPS
ex. Fac  h=%
-pn: N (Amm':, of BL points and # does udt care about the [aas[s) (
v ex Bcc =%

3

w

— 9o is the same if have a basisor net becase « 15 only 8 ffected 67 8L poinis.



BoRN - oPPENHEINMER APPROXIMATION

H=T+V
T-Th=-2 (E)w+ 2 (E)w

X eions 2 M«

V ({E},{Ra}) - _4 > je< 4 Z 7 E° + 4 Z Z Zptt

4Té 4 In-nl 4TE Ak |re-Ri 4mée  op R -Ryl

— H ({n}, {R*}) = Te(r) *Th(R-t) + Vee (vd) + Veu (vz;R4) + Vun (R&) — 1fg E'lfé(r;,E.J

The lf(e-, Foivﬂ‘ of Bore Oppenheimer affraximaﬁon is that  WMe ¢« Mips - me”% . Thevefore
sufFosin% Mo voo  the Winetic rons emarar vanishes . Then #the idea is -

1) Solve the electronic problem assoming freezed ions  (Mu~e)  and et Ee({R})
2) F'inallc( siuJy the ionhs f:m\:lem using &= pa‘l'enﬂa.'- the Ee resolt

PURE ELlECTRONIC PROBIEM |ONIC  PROBLEM
H £ (V;| *Rd}) = (vi) t Vee ('ﬂ') t Ven (rJ;JR"‘) HW( Rd) =_rn (Rm) + Vian (Rq) + E: (Ra)
H* 4R = £ (RO ¥ (R H'(R) V5 (Re) = Eey Yo (Ra)

T (va (riiR) = qf/f‘c(r:"f R« )%“(R,() \We &ernufled the problew

SofFose we sclved the pore electronic frbblem:
(Te +Vee+Ve«)"'re(er)=E(Rr'fefﬁm == Y/‘e(‘frﬁ) , ER).
Since (E+Vee+Ven) does not affeet of "L’;"‘ we coold insert in Yhal eguation 2 ’l{/"’:
(Te* Vee+Veu) "f':(f.l?) (V’M(RPE E;(RJ"{:{("«R) Yi(r)

Then if we consider the qeneral equation:

(Te tVee t Veu+ Th+Vh“)"Ll/e’q)“ = E"-}’Q'L'U'"

—  (TetVee t Veu ) Yo" + (TutVi) Yoy = Eyoy
— £ YRy + (TetVw) Pt = Eyy4

— | [ Tu # Vau + BRIV R YR) = EYS6R Y TR)




T cound simplify 'Lf” (t,R) becavse Th has 2 VE . This woedd e exact ff: [_Tm'lfu]]'rh:o
_— Thﬂ'-l/a"f’u _.,f/g-];qun:o
- z _H
Thpeyn- g%%}we(qa) Ph(R) =2 R (W Ok YEoYT) =
o - = 2
- TR Ry ot 1 TEr aprogape + Ty oupeayr s S hypeagyr -
s el + DTE apuggape o ERIRRPEVAY

— [Tyl = A [+ (B )(map)]

To oyove that H\ose +em.s can be twpored we can see that ‘Hnetf conteibote  almost ﬂdﬂv\fn}
fo fhe expectation valee of the Bleety of the system in 2 stale ¥

. is-‘-'hfrm
S Wy (k) =¥ (eRe) ——> 13 bl =g,y (o)
ineg .

“Z-:'ﬂ% ».fmaa:q_{)e zz—_'ﬁl’/“ m_ﬁg_il'll/f = ;<; ﬂ'L[/v) ,hZ 3¢ 'LIJ’E

x  2M« Me 2 M« / 2me 217

. jdrdﬂ,{ .lf*(‘ls‘hrm)LP ox -V,:‘_: ja“r 'l.lﬁf'h_z 9? e vo

2me 1t

nd
| dem td#ofe = const
|
_ Rt ¢ n o ) %0 )l
2 ,(Z rim (Vg"‘-}’ )(ngw ) —55€erﬂg 1{’ (2 4:%)\:[7 «—jc‘r 1})& %{1{,?-:% ?LRoc fdr“\f'f = %%: o

— [Toyeltr =0

—— | [TutVun + B (] PH(R)~ EY1(R)




Cap. 7
THEORY OF
SEMICONDUCTORS




SEMICcONDUCTORS

A semiconductor con be veed as achive element in a circoit (e.?‘ diede /‘fmus:'s'ters)
(paasivc 8!3%1&\/1"’: r‘esfa“fauce / indoctors / rafacr"fers )

A sewmicondvclor is a syslem where T have 1he valence bawnd comp|etel ﬁ“é«d,
and fhe condvction bvand completely emply at T=o snd soch that at T>0 thereisa

?romo\‘\on and o conduciion .
N A

CO hQ\UC{ {
baw il

DIRECT Conductien
G-AP band d
__________ IF we valsc Tro .Hem b el sl Fm‘o
________ {hat s e is thermatl

—— L
vemacled to ‘;he cont;{udicm
fo aT such that | £ L1, and w pTTAMeT

/\ E-Ey £ KeT holes | TF we apply
Valgwce
band

Jn some semicondvctors 1he 7(0/9 of the valence band is in a different K poiat from the
botiem of the conduction band: (well only {reat the previous ones)

Valewuce j“ E fiEH ,4he correrit
band o el
%iven Bl,' the hole.s with

a chmqa te .,

Tn this cage in order to eromdle the e T hawe
INDIRECT GAP not only to pa the thermal ' ever but since the
momeuntom is cohserved I need a mechanism
Ifw fo fake core of This chama:‘wa of momentum AR,
This ?rqcess need to be assisled 107 honens :
if the e creates a Fhonomomsrdwin s Fromo‘lfeh,
¢ > the e can give fo it this extra momewlom .

dets vetoran fo Yue {8t cace. Tothis sitoation LIl have vevy feuu e near the bolom o{'\he
conduclion band (pud very few holes hear the top of the valewce band) therefore is
convenient to deseribe those e inthe effective mass apprex (vnear 1he min. the bavd is =~

famko\ic).
(writing inthe bacis of

the ancipal axis)

N
ndocti
Cobamv (4 ,hz Z M,, -4 ﬁa e
gﬂ; = fc + T < ( ,(P) Kuuﬁ = EC + " (Wl.(-) K‘
--------- f PR
__________ lﬂc‘ h -
&VL£S= EV —h— Z(MD(F) KptKF = E\, —.ﬁ_z (Wl:)il(:

Valewce
band

The wmost \m-?or’\an’( ?m?e‘:l ot awy Sevniconduater st “‘c.V‘nFeva“Qre T isthe womber of
electrons per ooit vdome i the condoclion band as a fonction of T. and the number of
holes t:er onit volome in the valewce bawnd ae o ;Fond\‘en of T.



# of electrons mthe condvetion band per onit volome as a fonction of the ‘l’emPeva%re

spprex. (we bouds extend op to )

P - since the {nteqa) <ow vevges veyy
- fast exfw“&“'\ia?ily we can extend
VIC (T) = IC'E 3,(&‘);(&") 1he vpper limit too
A £ = Fermi distr.
sjwib for i densily o S‘*a'l'
: v es
Vluda%\le in dve fcond. band

# of holes 'n The valence band per ouit volowe as a function of +he {'evnlpeva*ure

&
Pv(™) = de 9,@)[1- 5@)]
l ~ oo l N Fermi diste.
stays fer denedy of stat
Fol,i‘t‘we e:‘: +1|ne )(va\ i f:vd

The Temmi function is :

L4
)c(é) X_F(E-/‘)M

Uél)a“‘f 'Hne chemical odential is somewheve petween The

F taaf (we coold  geedhat ot T=0o
itis exactly n e middle of the -aar) T\\erefore vsoally

EC—/A » KeT
/u = EV > UsT

x

Then tn & semiconductor electrons and holes do wet o\>e\f 1he Tecmi- statistes bst the
Boltrmann - statistics e 'l'\net( are

c,u.asi—clase.ica\ olud&c‘hs. (heiv womber is so lsmall that
We can me%le‘\- the o\eaenera“\ien of the Feemi aas)

) ) o 2
_Bepy  ~ P& -B(E-E) _B(E)
Ne () = jAE .66 = jdé 35(5) 2 i i € MK PE %c(g)e ) NCG)eB d
£ 2. éc

3 = & —p(k-¢€.)
flp-e) pUAE _p(5-¢) =R 0
P = Ide 9,0[¢- 5@ zfclz ?,(5) 5 E)___ p p(~ )PE 3“(‘5) 5 B(g-8) =hv(1)e

—oo
The 'Eem‘)era‘\o\'e AEPC.V\AQHCQ of Ne(1) and T(T) is nof exrome!ﬂia\\y small  becsvee  E-£.

(fv“ £) i> not o (arae nowmleer :Hrlet/ arg s\ow—uhryfmz func*'wn of T.
Insfead  +the T'Jefend'en(e of the Jactors e"ﬁ(&"’/ e‘F(ﬂ‘&J io very .s+ron%. becavse of *

Te calevlate  them we ueed the densily of stafes -

aV,C (E): < Cjan S(E' &iv) CI'H("" CJK1 CJK:AKZ

3m



Since the calcolation isthe same , lets do #t for The conduction band:
L P S
8.(8) = A [dadudn, 5 (e e - K (s )

2 m:

[hanodimb variable - Xi= ki 424,33 / AE = %M\WAE JM Jlex,

& c c%
— 9.0 (8 mi we ws) 5axlaxza,<3 (£ o - Xi-Alond) =
433

1 & yfw—v:ism;)% a3 [dr o2 §(£-gc-r?) =
_ (8 ms me w\;)zjj’r :, s(r-e-z)
T™h ) A
[ amime ) or E2E
s Sc(f) ‘T £-& | f
0 else where

8"(6);[ (2 m . W‘;)&"W for E<&y

™ h3
0 else where
Y 2
Usmoa these veldions T con weile: 2= EK__‘E_‘ e = (mw; wg)? j vz () wim)’
i la( ) ) +00
3, - Ble-& % -2
Ne(T) = J‘lf Nz Mt TeTe e = 2! oy (Jy (2T e
T4 wh
& 0
Y, K10 %, %
= Jzm> - _ | JZ m" T
W(KBT) drlge = \l;z o (MBT) o
(e}

Doin%‘\\)a same for B :

3
CS‘OW Y&T‘j{n«b func‘h'ono Of T) "’T/z

R(1)= £ (2 m, KeT )34

TH

Howeser | wr dosprve that lwe donsd Wnow! Hhe lhbwical petevitial 4| Awd i is
hecessary to com?o+e nG) snd PE) - ' 4

First of sl we e fhat there s a relation thar deee wat involve e loecause
Ai&aﬁaeavs :

iew o,f madss

NP = NeR e 1PEEY el P action

Awnale with la levewntcnl | vdactionl: | el 435 sabhl | an ™ anl 4 belel sre ?To-:)u:ec'
b\( digsecidtion of a combined (eh) (like a chemica)l yveaction). The E?"‘P e the
cnersy to pay fo Wave such Feaction'.



Most of the semicondvctors con be doeed .e. V'eP'adm some atems with othey
atems  with the purpeose of 1'vr\rpd0cuaﬁ some more sléctrons ov some more holes:

extrinsic semicondvctors . .I)f the semicondvctor (s unfpd'e:] we are in the caseof intrinsic
semicondoctors.

INTR INSIc CAsE (UNDOPED  sEMICONDUCTOR)

Tu this cace there sre no extrinsic cavviers . Zn fhis cose condvetion band electrons con
a'lnlt( come from occupied valence band levels (Ieavima heles belind them) snd net from the

T(mr:u ritres.
2 Wh(T)= p@)

1 L Vlc(-r) _ Ne e—B (£¢+£v_"7‘-) 1 (ﬂ)%e—P(fcffv—-Z/a)

v (T) Pv e
' = -2 kTl (e)+ Bl | = s, (chomicol polentia
/ﬂ Z KBTIVI m, z /uI ( 1$;mikaalnﬁ-rfni:}£ :-.;se)
OBSERVATIONS: N
At T=o0 = Ectéy \-/
/A 2 /H(Tro)=fp

>4 — S wear the valemce band

- M THo M aler:emcls o M%Vl =4 — u at the conter
Y <4 — M uear the cond. band

The lvelﬂavicur o*[:/u l«as -H\e )(o“owm-} f‘/\\’s—tca\ ex,:|av\a*\'\oh 3 'Hne EXci'\'a\:ehs AQPQHG\S oh
Fermi )tunC'Hem and c\ensi-ly of states © f(é) is “democralic® iu fad’ s a{mme‘i"rc'c areund
Jo, 5o it moves whad is below &5, overit and whatewer it taks it gives.

AT
i

e ———

EF -
If the two wmasses ave dhe came — the ¢ deuslies of states ore equal is &Y the
center . Tusted if my>m, — 09,59, : T'm taking more then what T'm ebivu'mb
Se 4o 9ive alitle bit move T shoold wove M Op Viceversa L m, >mv —> C>av T'm aivin&

morve thaw what T'm 'l'alﬂm‘ . Se to tilKkea litle bit move T sheold move M down .

Now comkfm‘nﬁ Ne=P =n;  with the low of mass action: Vlc=]7v‘:|ﬂi=\lh(T)P(T)

Egp
# inlrinsic cavviers —— (N7 = \‘Nc By e 2




EXTRINSIC CASE (DOPED SEMICONDOCTORS)

4 yalence € ;) siwce 4 15 even 4 he

W‘“-{ shoo\d I cloPez Consider S . T4 bhas
valence ‘vand s ccm?le‘\e\\r Filled and the conduction band ew‘l}ﬂl{ - itisa

semicond vctor,

Tmagine that we oot Arsenic (or Borum) . Avsenic bhas 4¢ more 4han S3
(B one e left) . Therefore Ar 13 able to eut this extra e in the conduction bawnd
very efficienlly su B is able to Yake 4e from the valence \eawdﬂeaviw% one hole

n if.
ARSENIC : donates 2 e DONORS
BoRUH  : axepts 4 e (Jonates 4 hole) AccepTORS

S we have aun ex‘fr:‘nsk method +a male charae cavriers . N.R. The adcl'\Jtiom gf amimforﬁy
cales a localized level . (et Bloch's \euels)

brea\ls the ?evfed‘ ?eriodiciﬁf —> ‘rl‘ cyr
(lm?url’{y leua\s) /
N
& \ /

Becavee of the presence of donors or acceptors we violste the exact balance betwesn e~ and holes

that is a chavaclevistic of Tntriusic semiconductors

ple) (freua\euce of alonor.s) (n- do?'mﬁ)
<o (prevalence of acceptors) (f"dmfimb)

An = hc-Pv*O

CpnleerIm? also Jdne law af—' action mass

Ne- PV = An Ne = R,*rAV) * Ne = 'A_V'Jr (,_gp_)z+ Vl?
) — 2 \ 2
he v = 0§ Puz+bwfv—wz}=o Pv:'AZW +\(A;1\‘+w?
[ > - 40
. A\n[«n P z (low Evn?uri'ﬁes li\m'\'\')
[ Nerpg r 0 o a®
2 B g
\ ' Pv ~-An . [owl Mzn?) Al20 h,=4n
JBN>n S ( = v
Ne ~ An {An) t =
L 5 zm (’H i"l) A <o i lbnzl
n =
. ¢ v
We can wrde with dhis trick -
"B(E"/“') A Ty ) -B (Hi-p)
n. (™) = Ne(T) e BB(#A = N (m) e p bt

Pu(T)| =| B, (T)e_P(P_E")e_F(F‘_}“) = N () e FUHF)



(kM) -B(pap) )
-€

— Ne-Pr = An =y («fz_IS = ang sinh (p(p)

— v = 205 sinh (p(p-ps)

‘IF Mo — M >/MI . reasonable , We are ?uﬂimb more € awthen M sheold be

meove UP

IFl Anco| —2 M s werre a:\&%w§ holes sud theu e shoold move down

DONOR's  AVERAGE 4t of e Nj= o o it 54 o
/ / me_%e
We have 4 can{rfau\ra&tom &d ] | ’L\L/ becavse of
/ f-e reFulsEu\q
] 'P(EJ‘/“NJ) -B(ea-p)
b= ZNJE ( — 2-5F : J 1 Vl&=<|ﬂ>Nd
T f E;MN;) 4+ 2¢ B 4 +_% p B

ACCEPTORS AVERAGE 4 of holes

Tn  contrast to the previses case 1 he accef:for Jevel can be ‘5""“(‘)"1 or devble occofled

LU-" lma'\ eV‘nP‘};‘r
E; _’[_l_ 1 1 7/
4hoe 2hole

|
o hole 1 hole

e E_2 )
<P>= aSeP/u+26 F(aﬂ) _ Ep(ﬂ'%).‘.i - 4 e Pa=<17>Na
2 ety e PE- TGP

Nd > Na

At T=o the val bond is ComF\eJmI\{ ](i led . £s is em "17 M T>0 1he e ave excided and
and £ has Nde . Tominimize Suevy( Na of he N§ & vedisteibofe) among 1 hose levels
c\ro? {:roam £l Tel £a. Sivce heir & =cosY ) N+ N4

S UAL. BAND =3 FIUED ; Zd filled with- NiNa e ; cond band emfi;z. most exceed Nd-Ns by the 4 of
holes in dheval band aud sce leve).

N
ENMFH/ T=0 K
e T>e
. v"” /

2d — :—'./A & /

[Nd(;\:):): 1 ) Nae aa:eﬁeJ 54 -
ey Vi
£ == 1
;i %
/ \ a 55
év
Netd = Ng-Na+ P +Py 1((-[[«1 \

—> N+ d+ Na=Nd+ s R
—> AW = Nc-R = Nd-Na+ Pa—14d

A




So we lhavwe an equation for iu:

-BEW)
Nc ¢ FE t N, = NJM*— Na 4 p
14 42-33(54-/*) 4+ d oPlED
2

JP-

that we can solve numerrcally at ch?u'\ev.

(At voom 'l‘esm?era‘\u re )

Usual\({: & —/u D UeT / /4—& > KeT
——> Ni=Na ) Pa=NI
l (l acceptors ave

o\ow re ave
ion?’iec\ (—1&,\&,7 DQ;H.,, io\ni%ec’

devaled al o)

>  Anz= W-% = Ng-Ns

U&'na This result wilh * (lrevnetmlmrin% M ng )

Anso —> Ny > Na Sm ~ Ni-No

g Nd—Na
Av<o — Nyc< Ma {hc NJ -V
Pll 2 N -Na
Com?\ﬂe M

Thew  siuce wnow we Wuow An  we can

Alﬂ)

o= fs T saw.h'i(ew

—— A
ob&@\'\la‘\\an . 2—{(11 -
L, A _ 4 /o B(eps)_ —BLEF
AV >0 e o _Z(e yﬁwﬂ) L
A _ 4 B N B4
AV]_(O %/;(4/0‘1: T _-_—Z.WY_C )

/{/\f\

via

sinh (B (p-ps) = L(e by TBUPD)

/a -'3/"1 + T lln (AM_VI)

b\ I
=

An<o

A>o



